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VI: The proof of the proposition on local 
Riemannian invariants. 

Spyros Alexakis* 

Abstract 

This is the last in a series of papers where we prove a conjecture of 
Deser and Schwimmer regarding the algebraic structure of "global confor- 
mal invariants" ; these are defined to be conformally invariant integrals of 
geometric scalars. The conjecture asserts that the integrand of any such 
integral can be expressed as a linear combination of a local conformal 
invariant, a divergence and of the Chern-Gauss-Bonnet integrand. 

The present paper, jointly with [6j [7] gives a proof of an algebraic 
Proposition regarding local Riemannian invariants, which lies at the heart 
of our resolution of the Deser-Schwimmer conjecture. This algebraic 
Propositon may be of independent interest, applicable to related prob- 
lems. 
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1 Introduction 

This paper is the sixth in the series of papers [3]-[H], where we confirm a conjec- 
ture of Deser and Schwimmer on the algebraic structure of "global conformal in- 
variants" . For the reader's convenience, we briefly review the Deser- Schwimmer 
conjecture^ 

Definition 1.1 Consider a Riemannian invariant P{g) of weight —n (n even). 
We will say that the integral Jj^„ P{g)dVg is a "global conformal invariant" if 
the value of J^^„ P{g)dVg remains invariant under conformal re-scalings of the 
metric g. 

In other words, Jj^j„ P{g)dVg is a "global conformal invariant" if for any 
4> e C°°(M") we have P{e'^'l'g)dV^2^g = /j,^„ P{g)dVg. 

The Deser-Schwimmer conjecture [16| asserts: 

Conjecture 1 Let P{g) be a Riemannian invariant of weight ~n such that 
the integral Jj^j^„ P{g)dVg is a global conformal invariant. Then there exists a 
local conformal invariant W{g), a Riemannian vector field T^{g) and a constant 
(Const) so that P{g) can be expressed in the form: 

Pig) - W{g) + div,T{g) + {Const) ■ Pfafr(i?,,fc,). (1-1) 

We prove: 

Theorem 1.1 Conjecture[J\ is true. 

For the reader's convenience, we recall in brief the main results obtained in 
the earlier papers in this series; we then (again briefly) discuss the relationship 
of our work (and this paper in particular) with work related to Riemannian 
and conformal invariants, a subject largely inspired by Fefferman's program 
to understand the singularities in the Bergman and Szego kernels of strictly 

^We refer the reader to the introduction in [3] for a detailed discussion of the notions of 
"Riemannian invariant" , "local conformal invariant" . 
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pseudo-convex CR manifolds. Finally, we give a proper statement of the results 
we will be proving in the present paper and an outline of their proof. 

In [21 m [5] we proved that the Deser-Schwimmer conjecture holds, provided 
one can show certain "Main algebraic propositions" , namely Proposition 5.2 in 
[3] and Propositions 3.1, 3.2 in [5]. The next three papers, (including the 

present one) are devoted to proving these "Main algebraic Propositons" . 

In [5] we set up a multiple induction by which we will prove these Proposi- 
tions. In particular, we presented the "fundamemental Proposition" 2.1 in [B] 
(which we reproduce here, see Proposition 11.11 below) which is a generalization 
of the Main algebraic Propositions, and which depends on certain parameters 
(more on this below); we explained that we would prove Proposition II. II by an 
induction on these parameters. Since Proposition 2.1 is rather complicated to 
even write out, we first recall Proposition 5.2 in [3j: 

A simplified description of the main algebraic Proposition 5.2 in Given 
a Riemannian metric g over an n-dimensional manifold M" and auxilliary C°° 
scalar-valued functions ili, . . . , ilj, defined over M", the objects of study are 
linear combinations of tensor fields X^zeL ^'^g *^ ' where each C^^'"^" is a 
partial contraction with a free indices, in the form: 

pco7itr(V(")i? • • • V("=)i? ® V^^'^ni ® • • • ® V('''")f7p); (1.2) 

here V'-™-'i? stands for the m*'* covariant derivative of the curvature tesnor i?0 
and V'^^^Vlh stands for the 6*'' covariant derivative of the function il/j. A partial 
contraction means that we have list of pairs of indices (a, t,), . . . , (c, d) in (jl.2p . 
which are contracted against each other using the metric g"^^ . The remaining 
indices (which are not contracted against another index in (|1.2p ) are the free 
indices i^, . . . 

The "main algebraic Proposition" of [3] (roughly) asserts the following: Let 
'Yliii^L o.iCg'^'"^'^ stand for a linear combination of partial contractions in the 
form (|1.2p . where each (^^''i - '*' j^g^g given number ai of factors and a given 
number p of factor Assume also that (Xi + p > 3, each 5^ > 2|f| and 

that for each pair of contracting indices (a, &) in any given (^^'^i - ^f"^ ^j^g indices 
o,f) do not belong to the same factor. Assume also the rank /i > is fixed 
and each partial contraction Cg*^ G has a given weight —n + /iQ Let 

also X]/eL> aiC^^'"^^^ stand for a (formal) linear combination of partial con- 
tractions of'' weight —n + yi, with all the properties of the terms indexed in L^, 
except that now all the partial contractions have a different rank yi, and each 
yi > M- 

The assumption of the "main algebraic Proposition" is a local equation in 
the form: 

^In other words it is an (m + 4)-tensor; if we write out its free indices it would be in the 

form V$.™'.r„-Rijfei- 

^This means that each function is differentiated at least twice. 
*See [3] for a precise definition of weight. 
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(1-3) 

which is assumed to hold modulo complete contractions with (t+ 1 factors. Here 
given a partial contraction - ^j^g form (|1.2p Xdivi^ [C^''^ "*"] stands for 
sum of cr — 1 terms in dwiJCg''^ ' *"] where the derivative is not allowed to 
hit the factor to which the free index belongs H 

The main algebraic Proposition in [3] then claims that there will exist a 
linear combination of partial contactions in the form (|1.2p . X^he// a?iCg 
with all the properties of the terms indexed in i>;j, and all with rank (/x + 1), 
so that: 

^ ajC^.C'i-v) + ^ ahXdiv,^^,C'/''-'-^'-+' = 0; (1.4) 
leL^ heH 

the above holds modulo terms of length a + 1. Also the symbol (...) means 
that we are symmetrizing over the indices between parentheses. 

Local Invariants and FeflFerman's program on the Bergman and 
Szego kernels. The theory of local invariants of Riemannian structures (and 
indeed, of more general geometries, e.g. conformal, projective, or CR) has a long 
history. As stated above, the original foundations of this field were laid in the 
work of Hermann Weyl and Elie Cartan, see [551 US]- The task of writing out 
local invariants of a given geometry is intimately connected with understanding 
polynomials in a space of tensors with given symmetries, which remain invariant 
under the action of a Lie group. In particular, the problem of writing down 
all local Riemannian invariants reduces to understanding the invariants of the 
orthogonal group. 

In more recent times, a major program was laid out by C. Fefferman in 
[18] aimed at finding all scalar local invariants in CR geometry. This was mo- 
tivated by the problem of understanding the local invariants which appear in 
the asymptotic expansions of the Bergman and Szego kernels of strictly pseudo- 
convex CR manifolds, in a similar way to which Riemannian invariants appear 
in the asymptotic expansion of the heat kernel; the study of the local invariants 
in the singularities of these kernels led to important breakthroughs in [11] and 
more recently by Hirachi in [22]. It is worth noting that an analogous problem 
arises in the context of understanding the asymptotic expansion of the Szego 
kernel of strictly pseudo-convex domains in C" (or alternatively of abstract CR- 
manifolds). In particular, the leading term of the logarithmic singularity of the 

^Recall that given a partial contraction - ^j^g form l|1.2| l with a factors, 

diVi^Cg'^'"^"' is a sum of rj partial contractions of rank a — I. The first summand arises 
by adding a derivative V" onto the first factor Ti and then contracting the upper index '■" 
against the free index ; the second summand arises by adding a derivative onto the 
second factor T2 and then contracting the upper index against the free index etc. 
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Szego kernel exhibits a global invariance which is very similar to the one we 
discuss here, see [23]. 

This program was later extended to conformal geometry in 19 . Both these 
geometries belong to a broader class of structures, the parabolic geometries; 
these admit a principal bundle with structure group a parabolic subgroup P of 
a semi-simple Lie group G, and a Cartan connection on that principle bundle 
(see the introduction in |13|). An important question in the study of these 
structures is the problem of constructing all their local invariants, which can be 
thought of as the natural, intrinsic scalars of these structures. 

In the context of conformal geometry, the first (modern) landmark in un- 
derstanding local conformal invariants was the work of Fefferman and Graham 
in 1985 [19], where they introduced the ambient metric. This allows one to 
construct local conformal invariants of any order in odd dimensions, and up to 
order ^ in even dimensions. The question is then whether all invariants arise 
via this construction. 

The subsequent work of Bailey-Eastwood-Graham [TT] proved that indeed 
in odd dimensions all conformal invariants arise via this construction; in even 
dimensions, they proved that the result holds when the weight (in absolute 
value) is bounded by the dimension. The ambient metric construction in even 
dimensions was recently extended by Graham-Hirachi, [2l]; this enables them 
to indentify in a satisfactory way all local conformal invariants, even when the 
weight (in absolute value) exceeds the dimension. 

An alternative construction of local conformal invariants can be obtained 
via the tractor calculus introduced by Bailey-Eastwood-Gover in [10]. This con- 
struction bears a strong resemblance to the Cartan conformal connection, and 
to the work of T.Y. Thomas in 1934, [24]. The tractor calculus has proven to 
be very universal; tractor bundles have been constructed [T3] for an entire class 
of parabolic geometries. The relation betweeen the conformal tractor calculus 
and the Fefferman-Graham ambient metric has been elucidated in 14J. 

Broad discussion on the main algebraic Proposition: The present work, while 
pertaining to the questions above (given that it ultimately deals with the al- 
gebraic form of local Riemannian and conformal invariant^, nonetheless ad- 
dresses a different type of problem: We here consider Riemannian invariants 
P{g) for which the integral Jj^„ Pi9)dVg remains invariant under conformal 
changes of the underlying metric; we then seek to understand the possible alge- 
braic form of the integrand P{g), ultimately proving that it can be de-composed 
in the way that Deser and Schwimmer asserted. 

Now, Proposition 1 1 . jFI is purely a statement on local Riemannian invariants 
(in this case intrinsic scalar-valued functions which depend both on the met- 
ric and on certain auxilliary functions ili,. . . ,flp). Thus, this is a proposition 
regarding the algebraic properties of the classical local Riemannian invariants. 

^Indeed, the prior work on local conformal invariants played a central role in this endeavor, 
in [1[5]. 

^We recall that this is a generalization of the "main algebraic Propositions" in [SJH], which 
we outlined above. 
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While the author was led to led to the "main algebraic Propositions" out of the 
strategy that he felt was necessary to solve the Deser-Schwimmer conjecture, 
they can be thought of as results of independent interest. The proof of Propo- 
sition [TTTl presented in [S1[71IH] is in fact not particularily intuitive. It is proven 
by an induction (this is perhaps natural); the proof of the inductive step relies 
on studying the conformal variation of the assumption of Proposition 11.11 be- 
low. This is perhaps unexpected: Proposition 11.11 deals purely with Riemannian 
invariants; accordingly (jl.6p holds for all Riemannian metrics. From that point 
of view, it is not obvious why restricting attention to the conformal variation of 
the equation (jl.6p should provide useful information on the underlying algebraic 
form of the terms in (|1.6p . It is the author's sincere hope that deeper insight 
will be obtained in the future as to why the algebraic Propositions 5.2, 3.1,3.2 
in [Slllj hold. 

Let us now recall Proposition 2.1 in [6]: 

This claim (reproduced as Proposition 11.11 below) deals with tensor fields in 
the form: 

(1.5) 

(See the introduction in [B] for a detailed description of the above form). We 
recall that a (complete or partial) contraction in the above form is called "ac- 
ceptable" bi > 2 for every 1 < i < p. (In other words, we require that each of 
the functions Hi is differentiated at least twice). 

The claim of Proposition 2.1 in ^ which we reproduce here is a generaliza- 
tion of the "main algebraic Propositions" in [3l H] : 

Proposition 1.1 Consider two linear combinations of acceptable tensor fields 
in the form il.5\} : 

^ aiCg'^'"'^' (f7i, . . . , rjp, . . . , (pu), 

where each tensor field above has real length a > 3 and a given simple character 
^simp- We assume that for each I £ i>/i, /3; > /i + 1. We also assume that none 
of the tensor fields of maximal refined double character in are "forbidden" 
(see Definition 2.12 in f^I). 
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We denote by 

^ajC^ini, . . . ,rjp,0i, . . .,(/)„) 

a generic linear combination of complete contractions (not necessarily accept- 
able) in the form m.8\) below, that are simply subsequent to Ksimp^ We assume 
that: 

aiXdiVi, . . . Xdiv^^^ c"'.'! .-v (l^^ , . . . , rip, (^i , . . . , 
aiXdivi^ . . .Xdivi^^Cg^^'"'''^' {Qi, . . . ,flp,(j)i, . . . ,(j)u)+ (^iq^ 

^ajC^(17i, ... ,r2p,0i, ...>„) = 0. 
id J 

We draw our conclusion with a little more notation: We break the index set 
Lfj_ into subsets , z lE Z , (Z is finite) with the rule that each indexes tensor 
fields with the same refined double character, and conversely two tensor fields 
with the same refined double character must be indexed in the same L'^ . For 
each index set L^, we denote the refined double character in question by . 
Consider the subsets U' that index the tensor fields of maximal refined double 
character^ We assume that the index set of those z 's is Zmux C Z . 

We claim that for each z G Zuax there is some linear combination of ac- 
ceptable {fJ. -\- I) -tens or fields, 

where each Cg'*^ "*^^^(rii, . . . , fip, 0i, . . . , has a ^-double character Lf and 
also the same set of factors S„V^^^ Rijki as in contain special free indices, so 
that: 

ai&g'^-'- {ni, . . . , rip, 01, . . . , 0„)V,,u . . . V,,,z;- 
J2 ar^dw,^^,C7i-*^+i(Oi,...,f7p,(/.i,...,0„)V,,w...V,^u= (^j) 

teTi 

modulo complete contractions of length >a + u + ^+l. Here each 
C*^^--^-(f]i,...,r!p,0i,...,0„) 

*Of course if Def(Ksimp) = then by definition J^jg j • • • = 0. 

^Note that in any set S of ^-refined double characters with the same simple character there 
is going to be a subset S" consisting of the maximal refined double characters. 
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is acceptable and is either simply or doubly subsequent to U' 

(See the first section in '6] for a description of the notions of real length, 
acceptable tensor fields, simple character, refined double character, maximal re- 
fined double character, simply subsequent, strongly doubly subsequent. 

Proposition 1 1 . 1 1 is proven by an induction on four parameters, which we now 
recall: 

The induction: Denote the left hand side of equation (|1.6p by 
Lg{ili, . . . , ilp, . . . , (j>u) or just Lg for short. We recall that for the complete 
contractions in Lg, ui stands for the number of factors V'^"^^Rijki and (72 stands 
for the number of factors S^V^'^^ Rijki- Also $ stands for the total number of 
factors V(/), V0, Vcj)' and —n stands for the weight of the complete contractions 
involved. 

1. We assume that Proposition 11.11 is true for all linear combinations L^^i 
with weight — n', n' < n, n' even, that satisfy the hypotheses of our 
Proposition. 

2. We assume that Proposition ll.il is true for all linear combinations Lg of 
weight —n and real length a' < a, that satisfy the hypotheses of our 
Proposition. 

3. We assume that Proposition ll.il is true for all linear combinations Lg of 
weight —n and real length a, with $' > $ factors V(/), V(j), V(j)' , that satisfy 
the hypotheses of our Proposition. 

4. We assume that Proposition ll.il is true for all linear combinations Lg of 
weight — n and real length a, $ factors V0, V0, V0' and with fewer than 
(Ti +(72 curvature factors V''"^^ Rijki, S^V'^^^ Riju, provided Lg satisfies the 
hypotheses of our Proposition. 

We will then prove Proposition I 1 . 1 1 for the linear combinations Lg with weight 
— n, real length cr, $ factors and with ci + (72 curvature factors 

V^™"^ Rijki, S^.V^'^'^ Rijki- So we are proving our Proposition by a multiple in- 
duction on the parameters n, cr, <i>, ai + (72 of the linear combination Lg. 

In [3] we reduced the inductive step of Proposition 11.11 to three Lemmas 
3.1, 3.2, 3.50 (in particular we distinguished cases I, II, III on Proposition ll.il 
by examiniming the tensor fields appearing in (|1.6p and these three Lemmas 
corresponded to the three cases). In [6] and [7j we proved that these three 
Lemmas in [6] , imply the inductive step of Proposition 11.11 

In the present paper we prove Lemmas 3.1, 3.2, 3,3, 3,4, 3.5. Lemmas 3.1, 
3.2 in [B]. Lemmas 3.1, 3.2 will be derived in part A of the present paper, which 

^"Recall that "simply subsequent" means that the simple character of Cg '^ is subsequent 
to Simp{L^). 

^^Lemma 3.5 in ^ tiepends on two preparatory Lemmas, 3.3, 3.4 in [6]. 
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consists of sections [5J [21 131 These two Lemmas are simpler to prove than Lemma 
3.5; the analysis performed in part A will lay the groundwork for the proof of 
Lemma 3.5 in [B] (and Lemmas 3.3, 3.4 in in part B of the present paper, 
which consists of all the remaining sections. 

For the reader's convenience, we will reproduce here the statements of Lem- 
mas 3.1, 3.2, 3.5 from [6], which will be proven in the present paper^ There 
will be separate discussions in the beginning of parts A and B outlining the ideas 
and arguments that come into in the proofs of these Lemmas. For the reader's 
convenience, however, we will first provide a very simple sketch of the claims of 
these two Lemmas. We do this in order to present the gist of their claims, freed 
from the many notational conventions needed for the precise statement: 

A simplified formulation of Lemmas 3.1, 3.2, 3.5 from [6j: The as- 
sumption of our Lemma is the equation ()1.6p . We recall that all the tensor fields 
appearing in that equation have the same u-simple character^ which (in simple 
language) means that the factors V0h, 1 <h <u contract against the different 
factors V^^^^ Riju, S^V^"^ Rjki, V'^^^^h according to the same pattern] for exam- 
ple, if the factor V(/)i contracts against the index i of a factor S"* v[i^..r„i?ir„+ifei 
and the factor V(/)4 contracts against one of the indices ^ , . . . , r„ , r„+i for a ten- 
sor field - in (|l.6[) . then the factors V0i, V(/)4 contract according to that 
rule in all the tensor fields in (11.61). 



The notion of Xdiv: For a tensor field (i.e. a partial contraction) - 
in the form (11.51) . given a free index which belongs to a factor T , the regular 
divergence dwi^Cg'*^ ' *" equals a sum of cr + m (a — l)-tensor fields: The sum 
arises when we hit any of the a + u factors in (7^«i- -«" by a derivative 
and then sum over all the resulting (/i — l)-tensor fields. Now, ATdwi^Cg'*^'"*" 
stands for the sum of cr — 1 terms in the sum divi^ (^Mi - «a ■y^f]^ere we only consider 
the (T — 1 terms where the derivative V'^ has hit a factor in one of the forms 
V(™)i?yfc;, 5'*V('')i?yfci or V(")l7ft[B but not the factor T to which the free in- 
dex belongs. Thus, given any tensor field Cg'^^---"^" (ili, . . . , ilp, 0i, . . . , we 
can think of Xdivi^ . . . Xdivi^Cg'^'^'"^" {Qi, . . . ,17p,(^i, . . . ,(/)„) as a linear com- 
bination of complete contractions in the form: 

pcontr{V''"''^R,,ki ® ■ • ■ ® V("=)i?,jfe,0 
V^^^^Qi «) • • • ® V^^^^Qp (g) V01 ® • • • (g) V(/)„); 

The (simplified) statement of Lemma II. It This Lemma applies when 
there are tensor fields of rank in (jl.6p with special free indices in factors 
S^V^'^^ RijM In that case, our Lemma picks out a particular subset of the ten- 
sor fields of rank /i, all of which have a special free index in a factor S^V'^'^'^ Rijki 



^^These Lemmas are reproduced as Lemmas 1 1.1 1 [L2l II. 31 in the present paper. 

(which contracts against the free index i^). 
^■^In other words V" is not allowed to hit one of the u factors V0h, 1 < h < cr. 
^^Recall that a free index in a factor S* V'^'-Rijfc; is special when it is one of the indices fc, 
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(denote the index set of these tensor fields by L* C it also picks out one 
of those special free indices-say the index , which will occupy the position k 
of the factor S'*V('')i?,jfciVVi. 

We then consider the {pi - l)-tensor fields Cg'"-'''V^,(j)u+i, I E L*0 The 



claim of Lemma 11.11 is (schematicaly) that there exists a linear combination 



of {fj, + l)-tensor fields, X^^eff "^ti^re each tensor field 



^h,ii...if^+i is a partial contraction in the form (jl.Sp . with the same u-simple 
character Kgimp, and with the index occupying the position in the factor 
S^V'^^'^Ruku such that: 



heH 

here the terms indexed in J are "junk terms" : they have length a + u (like 
the tensor felds indexed in Li and H) and are in the general form (jl.Sp . They 
are "junk terms" because they have one of the two following features: either 
the index (which contracts against the factor V0„+i) belongs to some factor 
St,V^'^^ Rijki but is not a special index, or one of the factors V0/i, I < h < u) 
which are supposed to contract against the index i in some factor S^V^^^R^iki 
for Ksimp now contracts against a derivative index of some factor V^"'^R^jklUJ 

The (simplified) statement of Lemma II. 2t This Lemma applies when 
no tensor fields of rank /x in (|1.6p have special free indices in factors S** V'^'^^i?ijfc;_M 
but there are tensor fields of rank a that have special free indices in V'^™^_R,,i i,.;F^I 
In that case, our Lemma picks out a particular subset of the tensor fields of rank 
fi, all of which have a special free index in a factor V'^^^'^Rijki (denote the index 
set of these tensor fields by i* C it also picks out one of those special free 
indices-say the index , which will occupy the position ^ of the factor V'^™'i?y fei. 

We then consider the (^ - l)-tensor fields Cg*' ''^ V,i(/)„+i, / e The 
claim of Lemma 1 1.1 1 is (schematicaly) that there will exist a linear combination 
of (/i + l)-tensor fields, J2heH '^hCg'^^"'^''*^\7i^(f>u+i, where each tensor field 



^^These (/x- l)-tensor fields arise from (^^''i ' **' by just contracting the free index i-^ against 
a new factor V0u+i. 

^^In the formal language of Lemma ll.ll introduced in |6], in this second scenario we would 
say that Cg''^(ni, . . . ,Qp,{j>i, . . . ,<f>u) is "simply subequent' to the simple character Ksimp- 
^^Recall that a free index in a factor S,'V^"'' Rijki is special when it is one of the indices fc, 
^^Recall that a free index in a factor V^'^'-R^j^j is special when it is one of the indices 

^''These l)-tensor fields arise from (^^''i "**' by just contracting the free index i-^ against 
a new factor V(/>u+i. 
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- ^ partial contraction in the form (|1.5p . with the same u-simple 

character Ksimp, and with the index occupying the position ; in the factor 
"^^"^Rxjku such that: 

aiXdivi^ . . . Xdivi^Cg"-^ {fli, . . . , fip, 0i, . . ■ , (f)u)'^ii(l>u+i = 
a^Xdiwia .. .Xdii;j„^iCg'*i---'°+iV^i (1-10) 

(?!>«)Vji 1; 

here the terms indexed in J are "junk terms" : they have length a + u (like the 
tensor felds indexed in Li and H) and are in the general form (jl.8|) . They are 
"junk terms" because they have one of the two following features: either the 
index (which contracts against the factor Vc^u+i) is a derivative index in some 
factor V^"^'' Rijki, or one of the factors V</)?i, 1 < h < u which are supposed to 
contract against the index i in some factor SM'^^'RiM for Ksimp now contracts 
against a derivative index of some factor V'^"^^ Rijkic3 

The (simplified) statement of Lemma ll.31 Lemma [T73l applies when all 
tensor fields of minimum rank /i in p.6|) have no special free indices in factors 
SfV^'^^ RijM or V i?ijfc; El In order to distinguish cases A and B of Lemma 
11.31 we must recall some facts about the notion of refined double character of 
/i-tensor fields in the form (|1.5p and the maximal refined double character among 
the /i-tensor fields appearing in (|1.6p l^ 

The notion of (refined) double character, and the comparison be- 
tween different refined double characters: We recall that for a tensor field 
^^11. ..t^ in the form (|1.5p with no special free indices, its refined double charac- 
ter (which coincides with the double character in this case) encodes the pattern 
of distribution of the free indices among the different factors. 

Furthermore, in [6 we introduced a weak ordering among refined double 
characters: Given two tensor fields (^^''i - v ^ - v same simple 

character, say Ksimp), we have introduced a comparison between their (refined) 
double characaters: We formed a list of the numbers of free indices that be- 
long to the different factors, say Listi = (si,...So-) and Listr = (ti, . . .t^r), 
and considered the decreasing rearrangements of these lists, say RListi, RListr- 
We then decreed - to be "doubly subsequent" to d'^^'"^'' if RListr is 
lexicographically greater than RListi. We also defined two different "refined 

^^In the formal language of Lemma ll.ll introduced in |6], in this second scenario we would 
say that Cg'*^ (f^li ■ • ■ i <Pi^ ■ ■ ■ t 4'u) is "simply subequent" to the simple character Kgimp- 
^^Recall that a free index in a factor StV^^^ Rijki is special when it is one of the indices 
, ; ; a free index in a factor V^"*' Rijkl is special when it is one of the indices i, j, kti- 
^•^The reader is refered to [6] for precise definitions of these notions. 
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double characters" for which neither one is doubly subsequent to the other to 
be equipolent. 

Now, cases A and B for Lemma [1.31 are distinuished as follows: Let us con- 
sider the different /^-tensor fields of maximal refined double character in (|1.6p . 
Let us suppose that their corresponding lists of distributions of free indices (in 
decreasing rearrangement) is in the form (M, si, . . . , Sa-i)- Case A is when 
si > 2. Case B is when si < 1. 

A rough description of Lemma in case A: We canonicaly pick out a 
particular subset of the /^-tensor fields of maximal refined double character in 
(|1.6p : we denote the index set of these tensor fields by L^,z S Z'j^^^^ (/i-tensor 
fields with the same refined double character are indexed in the same index set 

and vice versa). 

For each - i ^ [j^^^, L^, we denote by - - ^-j^g tensor 

field that arises from by erasing a certain particular index i^^^^ and 

adding a free derivative index onto a particular other factor(s)13 

The claim of Lemma 1 1.31 is (schcmaticaly) that there will exist a linear com- 
bination of l)-tensor fields, X]/ig// '^ft.C'p'*^ "'^"'''^ Vij0„+i, where each tensor 
field ig a, partial contraction in the form (jl.Sp . with the same u-simple 

character Ksimp, and with the index being a non-special index in the crucial 
factor, such that: 

aiXdiv,^ . . . Xdiv^^C'g''---'''{ni, . . . ,np,(j>i, . . . ,(l)u)Vi,(l)u+i = 
J2 aiXdiv^, . . . Xdiv^^C'/'-'- . . . , rip, (/.I, . . . , 
J2 anXdiv,, . ..Xdiv,^^,C''/'-'-+'W,,cl>u+i 

heH 

(1.11) 

Here the (/i — l)-tensor fields indexed in L are acceptable in the form (jl.Sp and 
also have length a + u (like the ones indexed in each L^), but they are doubly 
subsequent to the {fj, — l)-tensor fields in the first line. The terms indexed in J 
are "junk terms" ; they have length a + u (like the tensor felds indexed in and 
H) and are in the general form (|1.8p . They are "junk terms" because one of the 
factors V0/i ,1 < h < u) which are supposed to contract against the index j in 
some factor S^V^"^ Riju for the u-simple character Ksimp now contracts against 

^■^As defined in the previous paragraph. 

^^As noted in [B], this operation is well-defined. 
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a derivative index of some factor V*^™^i?ijfe;l^ 

We note that we proved in 6^ how Lemma 11.31 (in case A) imphes the in- 
ductive step of Proposition ll.il 

A rough description of Lemma l 1 . S\ in case B: In this case the claim of Lemma 
3.5 in [B] coincides with that of Proposition ll.il 

The rigorous statement of Lemmas 3.1, 3.2 in [6]: 

For both Lemmas 3.1, 3.2 in [5], we canonicaly pick out a particular subset 
of the /^-tensor fields of maximal refined double character in (|1.6p F1 we denote 
the index set of these tensor fields by L^,z € Z'j^^^ (/z-tensor fields with the 
same refined double character are indexed in the same index set and vice 
versa). 

Then, Lemma 3.1 in ^ asserts the following: 

Lemma 1.1 Assume 111.6]} . with weight —n, real length a , u — and ai + 02 

factors V'^^^^ RijkiT S^V'^'^^ Rijki-assume also that the tensor fields of maximal 
refined double character are not "forbidden" (see Definition 2.12 in l^). Sup- 
pose that there are ^-tensor fields in 11. 6\) with at least one .special free index 
in a factor S^.V'^^^ Rijki. We then claim that there is a linear combination of 
acceptable tensor fields, 

^apCf-*''(f}i,...,np,(/.i,...,0„), 

pGP 

each with b > fi + 1, with a simple character Hgimp o,nd where each 
C^'^^'"^'' {fli, . . . , flp, (pi, ... , 4>u) has the property that the free index is the 
index k in the critical factor S^V'^'^^ Rijki against which VcpMin is contracting, 
so that modulo complete contractions of length > a + u + 2: 

J2 aiXdtv,,...xdtv,^c'g''' -'-{ni,...,np,^i,..., 

a^XdiVi^ . . . Xdiv.^C/^-^'^ (r^i, . . . , flp, (/.I, . . . , (|)uW^Au+l- 
OpXdivi^ . ..Xdivi^C^'^^---'''{fli, . . . ,np, cpi, . . . ,(j)u)Vi^(j)u+i = 

peP 

^atC*'*' (ill, . . . ,ftp,(j)i, . . . ,4'u)^i,4'u+i. 

(1.12) 

Here each Cg'*^ (fii, . . . ,f2p,(/)i, . . . ,0tj)Vij0M+i is acceptable and has a sim- 
ple character K simp (andi^ is again the index k in the critical factor S^V'^'^^ Rijki), 

^^In the formal language of Lemma 11.31 introduced in [6], we would say that 
Cg'^^ (f^l, . • • , f2p, . • . , is simply subsequent to the simple character Ksimp- 

^'^We refer the reader to the discussion above Proposition 2.1 in [6] for a rigorous definition 
of this notion. 
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but also has either strictly fewer than M free indices in the critical factor or is 
doubly subsequent to each L^, z £ ^mos- ^Ouch C*'** (ili, . . . , fip, ^i, . . . , (l)u)'^i, ipu+i 
is either simply subsequent to Ksimp, or C*'** (fii, . . . , flp, . . . , (/)„) has a u- 
simple character Ksimp but the index is not a special index. All complete 
contractions have the same weak {u + I) -simple character. 

In order to state Lemma 3.2 in |6J, we recall that it applies in the case 
where the tensor fields of maximal refined double character in (|1.6p have special 
free indices in some factors V'^'^^ Rijki^ but no special free indices in any factor 
S^V'^'^^Rijki. We recall also that for each Cg*' "*", Z e L^, z G Z'j^j^^ the set 
stands for the index set of special free indices. 

We also recall that for each I g L^,z E Z'j^^^^ and each i,^ G I^^i (we 
may assume with no loss of generality that is the index i in some factor 
\'^"^'>Rtjki), we denote by Cg*'"'*^ (fJi, . . . , fip, 0i, . . . , (/)„)Vi^0„+i the tensor 
field that arises from Cg^^'"^" {^i, . . . , flp, 0i, . . . , (/'M)Vi,^(/)„+i by replacing the 

expression Vr™'.r„-Rihifei V'<^«+i by an expression 5** Vr^i'.r^-Rihjfcz V"'(/)„+i. 
Then, Lemma 3.2 in [6] asserts: 

Lemma 1.2 Assume lll.6\) with weight ~n, real length a, u — ^ and ui + 1J2 
factors T/^"^"^ Rijki, S^:'^^'^^ Rijki. Suppose that no fi-tensor fields have special 
free indices in factors S^'S/'^"' Rijki, but some have special free indices in factors 
V^"^^ Rijki . In the notation above we claim that there exists a linear combination 
Sdei? o-d.Cg'^^''"''^'' (r^i, . . . , rip, 01, ... , (/)„, (t>u+i) of acceptable b-tensor fields (in 
the form m.5\) and (u+l) factors V4> and length cr + M + 1 ) with a {u-\-\)- simple 
character Kgi^p and b > fj,, so that: 

XI XI XdiVti---Xdiv^^...Xdivi^Cl-'^-''^{ni,...,np,(j)i,...,(t>u) 

Vi^ + ^ a^Xdivi^ . . .Xdivi^Cg''^- {fli, . . . , fip, . . . ,<j>u)Vi^(j)u+i- 
veN 

^ adXdiv,^ . . .Xdiv^.Cf {ni, . . . , lip, . . . = 

^atC*--(f^i,...,r!p,(/.i,..., 0u)Vi.0„+l, 
teT 

(1-13) 

where the (/i — l)-tensor fields Cg'*^"'*'' (fii, . . . , ftp, (j>i, . . . , (pu)'^ ii4>u+i o.re ac- 
ceptable, have {u + l)-simple character K'simp ^'■^o either have fewer than M 
free indices in the factor against which yi^ (j)u+i contracts^ or are doubly sub- 
sequent to all the refined double characters , z E Z'j^j^^. Moreover we require 
that each f^g ^/jg property that at least one of the indices m . ■ . ,r^,j in- 

the factor S^,vi'f^...r„Rijki is neither free nor contracting against a factor '^(p'l^, 
"Fewer than M free indices" where we also count the free index i^. 
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h < u. The complete contractions C*'** (f2i, fip, 0i, ...,(/)„, (/)„)Vi, are 
simply subsequent to K'simp- 

The rigorous statement of Lemma 3.5 in [6j: 

Lemma 1.3 Assume lll.6\) with weight —n, real length a, u — ^ and ui + a2 

factors V'^"^^ Rijki, S^.V'''^^ Rijki , and additionally assume that no fi -tens or field 
in m.6]) has special free indices; assume also that i'^U-^/i ~ ^ (^^^ 

statement of Lemma 3.5 in and the discussion above it). Recall the case A 
that we have distinguished above. 

Consider case A: Let k stand for the (universal) number of second critical 
factors among the tensor fields indexed in UzeZ', ■ ^^^'^ ^ number 
of free indices in the (each) second critical factor in each (^^''i- -*^' ^ each 
z € We claim that: 



Vj^„^2(^„+i + ^ a^XdiVi^ . ..XdiVi^Cg'''^---'''''{fli, . . . ,VLp,4>i, . . . , i^(l)u+i + 
atXdivi^ . . . Xdivi^^Cg'"^'"'"* {Qi, . . . ,Qp, (jji, . . . , (j)u+i)+ 

teTi 

atXdiVi^ . . . XdiVi^^Cg'^'"'"* {fli, . . . ,flp,(j)i, . . . , (j)u)yn4'u+i + 

atXdivi^ . . . Xdivi^^Cg'^'"'"* (fJi, . . . , fip, . . . , (j)u+i) 
(+ ^ atXdivi^ . . . Xdivi^^Cg"^^'"'"* {Qi, . . . ,flp,4>i, . . . ,(j}u+i)) = 
^ajC^(fJi, . . . ,fip,(/)i, . . . ,0n+i) = 0, 

(1.14) 

modulo complete contractions of length > a + u + 2. Here each 

acceptable and has a simple character i^^^j^^p and a double character that is doubly 

subsequent to each L^'^, z e Z'-^i^.^ 

tGTi 

is a generic linear combination of acceptable tensor fields with a {u + 1) -simple 
character K^i„ip), and with zt > fi. 

29^2,tt jg ^[^g refined {u + l,fj. — l)-double character of the tensor fields 
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^ atCg'"'"'"* (Qi, . . . , rjp, 01, . . . , (jju) 

(zt > fJ- + I) is a generic linear combination of acceptable tensor fields with a 
u-simple character Ksimp, with the additional restriction that the free index i-^ 
that belongs to the (a) crucial facto^^ is a special free index¥^ 

Now, t €z T3 means that there is one unacceptable factor Vf2/i ( and it is not 
contracting against any factor V(j)t ) and moreover the tensor fields indexed in 
T3 have {u + I) -simple character K^^^p and Zt > 

The sublinear combination X^teTi • • ■ o,ppso-'''s only if the second critical fac- 
tor is of the form V^^-'O^, for some k. In that case, t £ means that there 
is one unacceptable factor Vllfe, and it is contracting against a factor \/(j)r: 
Vif2fcV'(5ir7 and moreover if zt — then one of the free indices i^, . . . , is a 
derivative index, and moreover if it belongs to a factor V'-^-'i^/j then B > 3. 

Finally, 

^OjC^gini, . . . ,rjp,0i, . . . ,0„+i) 

stands for a generic linear combination of complete contractions that are u- 
simply subsequent to Ksimp- 

In case B, we just claim that Provosition \l.l\ is true. 



1.1 Outline of Part A: The main strategy. 

In part A of this paper we prove Lemmas ll.ll and ll.21 and set up the groundwork 
for the proof of Lemma 11.31 in part B . 

The starting point of this proof will be the analysis of one local equa- 
tion: We denote the assumption of these Lemmas (the equation (|1.6p ') by 
Lgip.1, . . . , rip, 01, ... , (j)u) = 0, or just ig = for short. The point of departure 
of our analysis will be to study the first conformal variation of this equation, 

Imagel^jLg] = 0E 

Now, our first result here is to pick out a specific sublinear combination, 
Image^^^^ [Lg] in Image^ [Lg] and to prove that it must vanish separately, 
modulo junk terms that we do not care about; this is the content of Lemma 
12. H and is done in subsection 12. 21 Roughly speaking, the sublinear combination 

^"l.e. the second critical factor, in this case. 

^^Recall that a special free index is either an index ^,1 in a factor St'V'^"^ Rijki or an internal 
index in a factor S/^™"^ Rijki- 

^^If Zt = fJ, then we additionally claim that V</<u+l is contracting against a derivative index, 
and if it is contracting against a factor V'^'fiji then B > 3; moreover, in this case (^'''I ' ^f" 
will contain no special free indices. 

•^•^ Since the equation Lg = is assumed to hold for all Riemannian metrics g, we may 
consider its first variation under conformal deformations of g; i.e. Image^ [Lg] = is the 

new local equation -^It^oL u4,^_^_-i = 0. 
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Image^^^^[Lg] consists of the terms in linage^ +ii-^g^ which have one of two 
properties: 

1. Either they have cr + u + 1 factors {u of them in the form V(^i, . . . , V^m 
and a new one V(?!i„+i)15l have the M-weak character Weafc(Ksimp)|f3 In 
rough terms, this means that the factors V0i, . . . , V(/)„ contract against 
the different factors V*^™^i?yfci, V'^^^O^i according to the same pattern, and 
also the new factor Wcjiu+i contracts against the "correct" factor. 

2. Or, they have a + u factors, u of them in the form V0i, . . . , V0u, and a 
new one in the form V^"^"'"^-'(/)„+i; this new factor has replaced one of the 
factors V'^^^Rijki or S^.V^'^'^ Rijki in Lg, by virtue of the transformation 
law (j2.ip . In this case, we additionnaly require that if we formally replace 

the factor Vifl.rA-2rA-.irA4'u+l by factor Vff "rL3-RrA-2rA-l5rA 

(by virtue of applying the curvature identity to the indices rA-2i rA-i)^ 
then the resulting term would satisfy the first property above. 

We next naturally break up Image]^^ ^ [Lg] into three sublinear combina- 
tions, see (|6.ip below. In the rather technical subsection 12.31 we "get rid" of a 
specific sublinear combination in Image^'^^^[Lg] which would otherwise cause 
us trouble. 

In section [3] we consider the terms in Image^^~^^^[Lg] which have a + u fac- 
tors. This sublinear combination is denoted by CurvTrans[Lg]. Our aim is to 
"get rid" of these terms (since the Lemmas we are proving assert claims about 
linear combinations with a + u + 1 factors), by introducing correction terms with 
a + u + 1 factors in total, which we can control^^ In order to obtain correction 
terms which we can control, we argue as follows: We establish that the sublin- 
ear combination C'urvTrans[Lg] vanishes separately, modulo longer correction 
terms (which apriori we can not control). Moreover (as we check after multiple 
calculations in section [5Tl]) , CurvTrans[Lg] retains a lot of the algebraic struc- 
ture of the terms in Lg] in particular, it can be expressed a linear combination 
of Xdiv^s of high order, plus terms which are "simply subsequent" , in an appro- 
priate sense. Thus, we iteratively apply the inductive assumption of Proposition 
11.11 to derive that we can write CurvTrans[Lg] — [Correction. Terms), where 
the correction terms have length a + u^l and also retain the algebraic structure 
that we want. We note that the analysis of section applies to Lemmas 11.11 
11.21 and to Lemma 11.31 

Finally, in section[4]we deal directly with the terms in Image]p'^^_^ [Lg] which 
are "born" with a + u + 1 factors. Our analysis in part A applies only to Lemmas 
11.11 11.21 After long calculations, we find that these terms have the algebraic 
features we would like them to; so if we add that sublinear combination to the 
correction terms we obtained from C'urvTrans[Lg], we straightforwardly derive 
our Lemmas 11.11 11.21 

^^Recall that the terms in Lg have a + u factors, u of them in the form V</>i, . . . , V(/)u). 
^^This is the same u-weak character as for all terms in 1 11.61 1. 

•^^This phrase mostly means that the corrections terms will be generic linear combinations 
which are allowed in the RHSs of the Lemmas we are proving. 
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A note is in order here: As explained in the simplified version of Lemmas II .11 
II. 2[ terms with a + u + 1 factors for which the factor V4>u+i contracts against 
a derivative index in a curvature factor ^^"^^ Rijki are considered "junk terms" 
in the statements of those Lemmas, and are thus allowed in the RHSs of our 
claims; we do not have to worry about their algebraic form. In other words, we 
are allowed to "throw away" many terms that apear in Image^^^^[Lg], since 
tehy are allowed in the RHSs of the Lemmas 11.11 11.21 This simplifies the task 
of proving the Lemmas 11.11 11.21 and indeed wc are able to derive them by this 
long analysis of the single equation Image^'^^_^ [Lg] ~ 0. We will see in part B of 
this paper that the corresponding task for Lemma 3.5 in [6] will be more arduous. 

Technical remark: In the setting of Lemma ll. 21 there are certain special cases 
where the Lemma can not be derived from the analysis below; in those cases. 
Lemma 11.21 will be derived directly, in a "Mini- Appendix" at the end of pat 
aFI These special cases are when the tensor fieds of maximal refined double 
character in (|1.6[) satisfy: 

1. Any factor '^^'^^Riju in one of the forms vf™^.r„-R|itJtttJ oi' ^i-™^.r„,^(/ree)tti)jj 
where each of the indices ^ , ■ • ■ , r„ contracts against a factor V(/)/i; each 
index jj is contracting against an index in another factor in (^^'^i ' ^^" _ 

2. All the other factors in (^^'^i - 'f- a,re simple factors in the form S^Rijki, or 
factor V''^''ri;i which are either simple and contain at most one free index 
or contract against exactly one \74>h and contain no free indexF^ 

So when we deal with the Lemma 11.21 below, we will be assuming that the 
tensor fields of maximal refined double character in (jl.6p are not in the forms 
described above. 



2 Proof of Lemmas 11.11 and 11.21 : Notation and 
preliminary results. 

2.1 Codification of the assumptions: 

Recall that the main assumption of Proposition 11.11 is the equation (|1.6p . This 
equation is also the main assumption for each of the Lcmmas ll.Hll.2l and Lemma 
11.31 Recall that we are seeking to prove Lemmas 11.11 11.21 and Lemma 11.31 for 
weight —n, where all the tensor fields in (jl.6p have a given simple character 
^simp (with u factors V(/), and p factors V'^^il/i). 

In the remainder of this paper, we will prove Lemmas 11.11 and 11.21 and set 
the groundwork for the proof of Lemma 11.31 in part B. 



•^^In fact, in that case the claims of Lemma ll. 2l and Proposition 11.11 coincide. 

•^^Recall that a factor V^'^'Q;, is called "simple" if it is not contracting against any factor 
V0f,. A factor V^'^'-Rij^; is called "simple" if its indices ri,.-.,r„,j are not contracting 
against any factor V(/)^. 
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2.2 Introduction: Some technical tools. 

The main tool in proving the Lemmas 11.11 11.21 in the present paper, will be 
a careful analysis of one equation. This analysis will also be one of the main 
ingredients of the proof of Lemma 11.31 in part B of this paper. The starting 
point for this analysis will be the first conformal variation of the hypotheses 
of Lemmas 11.11 and 11.21 Recall that we denote the hypothesis of Lemmas 11.11 
and 11.21 bv Lg{ni, . . . , Qp, 0i, . . . , (pu) = 0, for short. Then, the first conformal 
variation is the equation 

Imagel^^^[Lg {ni, . . . , lip, . . .,</>„)] = 0, 

where we recall that Image^ [Lg] is defined via the formula linage^ [Lg] = 

^|t=o-^e^**"+i (^1' ■ ■ ■ ' ^P' ■ ■ ■ : 4'u)- Given that Lg consists of complete con- 
tractions involving factors V^^^Riju^ V^^^fi/j, V(/)/j, it will be useful to recall 
the transformation law (under the conformal change gij(x) = e^'^'^^^ gij{x)) of 
the tensor Rijki and the Levi-Civita connection V: 

Vfcryi(e2'^.g) = V umig) " k<t>m - "^iHk + V'4>r]sgki- (2.2) 
Recall equation p.6p . which we re- write: 

Lg{nx,...,VLp,<j)i,...,(f)u) = ^ aiXdiv,, ...xdm^cl''^--'''{ni,...,np, 

l£L' 

X! ajC^g{ni,...,np,(j)i,...,(j>u) ^0; 

(2.3) 

the complete contractions indexed in J" have length > a + u + 1 (the ones 
indexed in J have length a + u). All tensor fields above are acceptable^^ and 
have a given u-simple character Ksimp@ The tensor fields indexed in have 
rank ^, and the ones indexed in L' have rank strictly greater than /^Cj The 
complete contractions C-' are simply subsequent to Ksimp- The above equation 
holds perfectly-not modulo longer complete contractions. 
Clearly, the above equation implies that: 

•^^Recall that this means that all functions Qf^, I < h < p are differentiated at least twice. 
*''See the definition 2.5 in [6] for the precise definition of this notion. 
■^^The rank in question is not necessarily the same for each I £ L' . 
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(2.4) 



In fact, we will not be using the equation (12. 4p itself to prove Lemmas 11.11 
and ll.2l but a slight variant of it: 

We inquire which of the factors V^^'^^rii, . . . , V'*p-'r2p in Ksimp are not con- 
tracting against any factor Vcj) / . With no loss of generality, we assume they are 
the factors V(*i)r2i, . . . , V^'^^rjy. 

We will then be considering the equation: 

Sgifli, . . . ,rjp,0i, . . . = Imagel^^^[Lg{ni, . . . , r2p, 0i, . . .,(/)„)] 



+ Lg{ili, . . . ,ilY ■ (t>u+i, ■ ■ ■ ,^p,4'i, ■ ■ ■ ,4>u) = 0, 

which holds perfectly, i.e. without correction terms. 

Lemmas ll.li 11.21 and ll.3l will be proven by carefully analyzing this equation. 
For now, we start by recalling some facts regarding "simple characters" . 

We recall that for all the tensor fields and complete contractions appearing 
in (|2.3p and for each factor V^/, /, 1 < / < u, there is a unique factor V^"^^Rijki 
or S^^V'''^^ Rijki or V'-^-'fi/i against which V0/ is contracting. Therefore, for each 
f,l<f<u we may unambiguously speak of the factor against which V(/)^ is 
contracting in each of the tensor fields and contractions in . 

On the other hand, we may have factors ^^"^"^ Rijki in i^simp that are not 
contracting against any factor V4)h- We recall that there is the same number of 
such factors for all tensor fields with the given simple character Ksimp- We will 
sometimes refer to such factors as "generic factors of the form V*^"'-'i?yfe;" . 

Notational conventions: Examine the conclusions of Lemmas 11.11 11.21 
Focus on the first lines of those conclusions. For Lemma [TT^ all the tensor fields 
in the first line have the same {u + l)-simple character which we will denote by 
i^timp- Lemma [1.11 we observe that all tensor fields in the first line of the 
conclusion have the same w-simple character Ksimp, and furthermore the factor 
is contracting against the index ^ in a specified factor T = SM^^Riiu 
in Ksimp- While strictly speaking these tensor fields are not in the form (|1.5p ri 
and hence we cannot speak of a simple character, we will abuse language and 
define that in the context of the proof of Lemma II. 1[ any tensor field that is 
contracting against (w + 1) factors Vcjyn has a (m + l)-simple character K^imp if 
it satisfies the properties explained in the previous sentence. 

Now, recall that there is a well-defined notion of the "crucial factor(s)" in 
the context of Lemmas ll.il 11.21 introduced in [B]. In particular, for each of the 
three Lemmas above, we may unambiguously speak of the set of factors V(/)/j in 
Ksimp that are contracting against the crucial factor. (Recall that this set may 
also be empty-in that case we have a set of crucial factors, which are all the 
factors V^^^Rijki that are not contracting against any Vtph)- 

''^Because the factor \7<f>ii+i is contracting against a special index in a factor StRiji^i. 



+ Lg{ni - (f>u+i,ii2, . . . , r^p, 01, . . . , ^u) -t- . . . 



(2.5) 



21 



We denote by (Ksimp)i the set of numbers h for which \7(f)h is contracting 
against the crucial factor. 

We will now introduce some further notation, for future reference. We will 
formally construct a new w-simple character for contractions with a + u factors 
(whereas K'^^^p corresponds to contractions with a + u + 1 factors in total). (The 
definition that follows is highly un-intuitive, but the discussion below provides 
some intuition). 

Definition 2.1 Consider the simple character Ksimp- Pick a tensor field (in 
the form U.5\} ) with a u-simple character Ksimp- In the case where the crucial 
factor(s) is (are) of the form S^.V^'^^ Rijki or \7^'"^Rijki, we will define a new 
u-simple character prcK^^^^ as follows: 

Recall that Ksimp is a list of sets. Consider the entry in Ksimp that corre- 
sponds to the crucial factor. That entry will either he a set of numbers Sh or 
a set in the form {{a},Sh), where a is a number and Sh a set of numbers. 
Respectively, the entry will either belong to the list Li or the list L2. Then 
prett^^^p arises from the simple character Ksimp by erasing this entry ({a}, St) 
or Sh from Li or L2 and adding an entry S'p+i = '5'/i1J{q!} or Sp+i = Sh, 
respectively, in . 

A more intuitive description of preK^^^^ is the following: Consider any com- 
plete contraction Cg with a u-simple character Ksimp- Consider a crucial factor 
T in Cg21 along with its indices, T'rj...r,„+4. Assume that two of the indices in 
T (say J i-m+4 ) ^'"s '^ot contracting against factors V0 (this can always be 
done, i.e. we can always find a contraction Cg that satisfies this requirement-by 
adding derivative indices onto T if necessary). 

Formally replace T^j . ,.„_,_4 by a new factor Vr™i*^2+ii-„+3^^p-i-i- The indices 
that contracted against rm+2:i'„+4 now become free. pf^K^imp is then the it- 
simple character of this new partial contraction. 

Now, in the setting of Lemma [1.31 we will slightly generalize the above no- 
tions. Although we have defined a notion of "crucial factor" (which is either the 
"critical" or the "second critical" factor) , we wish to allow ourselves some extra 
freedom, and thus we will be picking another factor (set of factors) in Ksimp and 
we will call it (them) the selected factor ( s ). 

Our choice of selected factor(s) is entirely free: We can either pick any 
well-defined factor in Ksimp and call it the selected factor (recall a well-defined 
factor is either a curvature factor that is contracting against some Vcj) or a 
factor V(P)^2ft), or we can pick the set of factors V^™''^ Rijki in Ksimp that are not 
contracting against any factors V(/) and call all those factors the selected factors. 

Having chosen a (set of) selected factor(s) in Ksimp, say Fs, we then formally 
construct the (u-f- l)-simple character K^^^p by just adding a derivative Va onto 
the (one of the) factor(s) Fs and just contracting a against a new factor Vc/'u+i 
(and S'*-symmetrizing if Fs is of the form S^:V^'''' Rijki). Then, if Fs is a curva- 
ture factor, we define the (u + l)-simple character preit^^^p as in Definition 12. II 

'*''For this definition the crucial factor must be a curvature factor. 
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(If Fs is not a curvature term, then preit^^ is undefined). 



A note: In the rest of this section, we will be referring exclusively to the 
"selected" factor. In the setting of Lemmas II. 1[ 11.21 and in case A of Lemma 
11.31 we will take the selected factor(s) to be the crucial factor(s). Therefore, in 
most circumstances the two notions coincide. 

Now, we define sublinear combinations in Image^ il-^gli where Lg is the 
left hand side of our hypothesis (|2.3p . We note that these definitions still make 
sense for any linear combination Lg consisting of complete contractions with a 
given weak character k and a given (set of) selected factor (s) T in k. 

Definition 2.2 We denote by Image]^^^^ [Lg{ni, . . . , ftp, (j>i, . . . , </)„)] the sub- 
linear combination in Image^^^_^ [Lg{fli, . . . , ilp, (j)i, . . . , 0„)] that consists of com- 
plete contractions Cg(r2i, . . . , f2p, (pi, . . . , 0„) with the following properties: 

1. Cg(r2i, . . . , r2p, 01, . . . , ipu+i) must have no internal contractions. 

2. If Cg{VLi, VLp, 01, . . . , (pu+i) has length a + u + 1 then it must 
have a factor V(/)u+i (with only one derivative) and a weak character 
Weak(K+^p). 

3. If Cgifli, . . . , flp, 01, ... , 0„, 0u+i) has length a + u, then it has a factor 
V^'^^^u+i, A>2. Moreover, it must have a weak u-character 
Weak{preii+^p). 

Definition 2.3 Define Image^"^^ [Lg{Q,i, . . . , ilp, 0i, . . . , 0„)] to be the sublin- 
ear combination in Image^ [Lg{ili, . . . , fip, 0i, . . . , 0„)] that consists of com- 
plete contractions Cg{fli, . . . , ftp, 0i, . . . , 0„) with length a + u + 1 and a factor 
V-"^^0u+i with A > 2. We also denote a generic linear combination of such 
complete contractions by J2z£Z (^zCg{ni, . . . , flp, 4>i, ■ ■ ■ , 4'u+i)- 

We define Image^^^^ [Lg(f2i, . . . , ilp, 0i, . . . , 0tj)] to stand for the sublinear 
combination of complete contractions Cg(f2i, . . . , flp, 0i, . . . , 0u+i) in 
Image^ [Lg(r2i, . . . , fip, 0i, . . . , 0„)] with the following properties: 

1. Cg(r2i, . . . , 01, . . . , 0u+i) must have precisely one internal contraction. 

2. Either Cg(fli, . . . , i7p, 0i, . . . , 0u+i) has length ct + u + 1 and a factor 

4'u+i- 

3. Or Cg{fli, . . . , flp, 01, ... , 0u+i) has length a -\- u and a factor V'^'^Vu+i 
(A>2) (which does not contain the internal contraction). 

Finally, we define Image^'^^_^ [Lg{Q,i, . . . , Op, 0i, . . . , 0„)] to stand for the 
sublinear combination of complete contractions Cg(r2i, . . . , f2p, 0i, . . . , 0«+i) in 
Image]ij^^_^[Lg{Qi, . . . , i7p, 0i, . . . , 0„)] with one of the properties: 
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1. Either Cg {Qi, ... ,flp, 4>u+i) has length a + u, a factor V^^^ (j)u+i 
and a weak character which is not W eak{pren^^^p) , 

2. Or Cg(rii, . . . , r2p, (/)!,..., 011+1 ) has length cr + u + 1 and a factor V(/)„+i 
hut its weak character is not W eak{K^^^^^) . 

We make note of the fact that we are not imposing any restriction to the 
weak character of the complete contractions that belong to 
Image]^^^^[Lg{Q.i, lip, 0i, (/)„)]. 

Now, assuming any equation of the form . . . , fip, </)i, . . . , c^u) = (this 

equation is assumed to hold perfectly-here Lg consists of complete contractions 
with length > cr + u) we observe that: 

Image\^^^^[Lg{ni, . . . , fip, 0i, . . ., (/)„)] = /mogeJ,'^+ jLg(f7i, . . . , rip, 0i, . . . ,0u)] + 
Image]^'^^^[Lg{Q.i, . . . , lip, 0i, . . .,(/)„)] ^ Image]j;^^^[Lg{Q.i, . . . ,np, . . .,<?!)„)] + 
/TOa5eJ,'J^jLg(f}i, fJp, 0i, ...,(/)„)](= 0), 

(2.6) 

(modulo complete contractions of length > a + u + 2). 

This follows by the definitions above and the transformation laws (|2.ip and 
(1221). 

Our next claim will be used frequently in the future, so we present it in 
somewhat general notation: 

Lemma 2.1 Assume that Lg{fli, . . . , ilp, (jji, . . . , is a linear combination of 
complete contractions with no internal contractions and with a given weak char- 
acter Weak{K) (where k is any chosen simple character consisting of a + u 
factors). Assume that 

Lg{ni,...,np,q^i,...,q^u)^0, (2.7) 

modulo complete contractions with length > a + u + I. Then, in the notation of 
Definition \2. 21 we claim: 

Image]^'^^^[Lg{ni, . . . ,np, (j>i, . . . ,(/)„)]+^ a^C|(f7i, . . . ,np, (j>i, . . .,<j>u+i) = 0, 

zez 

(2.8) 

modulo complete contractions of length > a + u + 2. Here X^zez stands for a 
generic linear combination of contractions with a + u + I factors, one of which 
is in the form V'-'^Vm+Ij c > 2. 

Proof of Lemma \2.1i Our point of departure is equation (|2.6p . In view of 
that equation, we notice that it would suffice to show that: 
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Image]j;^^_^ . . . , 17^, <^i, . . . , (j>^)] = ^ azCg{ni, . . . ,^p,(t>i, . . . , (j)u+i)-, 

zez 

(2.9) 

Image]j;2^^ . . . , fip, ^i, . . . , = ^ a^Cg (Oi, . . . , r2p, ^i, . . . , (?!)„+i), 

(2.10) 

modulo complete contractions of length > cr + m + 2. If we can show the above 
equations, then by virtue of (|2.6p we will immediately deduce our claim. 

We will denote by /mageJ,'^f^'^+"[ig(rJi, . . . ,D.p,4>i, . . . , 0„)], 

Image^^ ^^^^[Lg{ni, . . . , fJp, . . . , (pu)] the sublinear combinations of complete 
contractions with length cr + m in 

Image^'^^^ [Lg(fii, fJp, 0i, (/)„)], l7n,age^2+i [ig(^^i, ■ • • , ^^p, 0i, ■ ■ • , 0n)], re- 
spectively. We will also denote by Y^wawf awC^l^i, . . . , lip, 0i, . . . , 0„), 
'^w£W-i ■ ■ ■ ,^pt4>It ■ ■ ,4>u) generic linear combinations of complete 

contractions as the ones that belong to the linear combinations 
Image^'^^^[Lg{^i, . . . , lip, 0i, . . .>„)], /mageJ,'J^ jLg(17i, . . . , f2p, 0i, . . . ,0„)], re- 
spectively, which in addition have length cr + u + 1 . 
We claim that: 

Jma5ieJ,f^'^+"[Lg(17i, . . . , rip, 0i, . . . ,0„)] = ^ a^C™(rJi, . . . , r2p, 0i, . . .,(/>„) 
+ ^ azC'|(rJi,. . . ,rjp,(;!)i, . . . ,0„+i), 

z^Z 

(2.11) 

/r7ia5eJ,'^^'^+"[L3(fJi, . . . , f2p, 0i, . . . , 0„)] = ^ a„C™(rJi, . . . , f2p, 0i, . . . , 0„) 

(2.12) 

These equations are proven by the usual argument: Recall that (|2.6p holds 
formally. Then, we observe that if we pick out the sublinear combinations in 
those equations that consist of complete contractions with a + u factors (denote 
those sublinear combinations by Zg), then lin{Zg} = formally. (Recall that 
lin{Zg} stands for the linearization of the linear combination Zg-see [3]). Now, 
since both the weak character and the number of internal contractions are in- 
variant under the permutations that make lin{Zg} formally zero, we derive that 
the linearizations of the left hand sides of (I2.11|l . (j2.12|) must vanish formally. 
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Hence, by repeating the permutations in the non-linear setting, we obtain the 
right hand sides in (|2.1ip . (|2.12[) as correction terms. 

Thus, substituting the above two equations into (|2.6p . we obtain an equation 
in place of (j2.6p . where the sums analogous to Image^^^^ [Lg{ili , . . . ,ilp, (j)i, . . . , cj), 
ImageY^ [Lg{Vti, . . . , 0i, . . . , (/)„)] contain no complete contractions of length 
a+u. So if we denote by Image'^^^'^'^^[Lg{VLi, . . . , 0i, . . . , the sublinear 

combination in Image^^^^ [Lg{Vti, . . . , 57p, . . . , 0tj)] that consists of complete 
contractions with a + u factors, we obtain that 

/TOageJ,'~'^'^~''"[Lg(rii, . . . , fip, 0i, . . . , (/)„)] = 0, modulo longer complete contrac- 
tions. But then, since this equation must hold formally at the linearized level, 
by just repeating the permutations that make the linearized linear combination 
formally zero we derive, modulo complete contractions of length > cr + u + 2: 

/TOa5eJ,'^+'^°'+'"[Lg(f}i, . . . , 17^, 0i, . . .,(/)„)] = ^ ahCg{VLi, . . . , rjp, 0i, . . . ,0„+i) 

h&H 

+ ^ a2C|(f^i, rip, (/>!,... , (j)u+i), 
zez 

(2.13) 

where each (fii, . . . , fip, 0i, . . . , (/iu+i) has length <t+u + 1 and a factor V0„+i 
and no internal contractions and also has a weak character WeakijZ'^). 
By replacing this also into (|2.6p . we derive: 

'^ahCg{p.i,...,VLp,(l)i,...,(l)u+i)+ ^ at„C^(f^i,...,rjp,0i,...,(/)„+i)-H 

^ a„C™(f7i, . . . ,rjp,0i, . . . + ^ a3C|(f^i, . . . . . . j^u+i) = 0. 

(2.14) 

Now, since the above must hold formally (and the weak character as well as 
the number of internal contractions are invariant under the permutations that 
make the linearizations of the left hand side formally zero), we derive that: 

^ at„Cg"(f^i, . . . . . .,cj)u+i) = 0, 

^ ai„Cg"(fii, . . . ,fip,(/)i, . . . ,0„+i) = 0, 

modulo complete contractions of length > <t + ti + 2. 

Thus, (|2.1ip . (|2.12p combined with the above two equation complete the 
proof of Lemma 12.11 □ 
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Further break-up of Image^~^^_^ [Lg(rii, . . . , flp, (/>!,..., 4>u)]' 
We break 

Image]^^^^ [Lg(f7i, . . . , f]p, . . . , 0„)] 

into three subhnear combinations: We define CurvTrans[Lg{Qi, . . . , V,p, . . . , 
to stand for the subhnear combination that arises by applying the transforma- 
tion law (|2.ip to a factor V^"^^Rijki or S^S/^"^^ Rijki, in some complete contraction 
in Lg. We observe that the complete contractions in CurvTrans[Lg{fli, . . . , ilp, 0i, . . . , 
have length a + u. They will each be in the form: 

V(™)0„+i (g) V^-'^i^rJi «) • ■ • ® V^^p^rip ® V01 «) • ■ • ® V0„). 

(2.15) 

We denote by LC[Lg{fli, . . . , Up, 0i, . . . , (/)„)] the subhnear combination in 
Image^^ jLg(rii, . . . , flp, 0i, . . . , that arises by applying the transforma- 
tion law ()2.2p . Finally, we denote by W[Lg{V,i, . . . , Up, . . . , (j)u)] the subhn- 
ear combination in Image^^^_^ [Lg(fli, . . . , flp, (pi, ... , 0„)] that arises by apply- 
ing the transformation Rijki — ^ e'^'^"+^ Rijki and bringing out an expression 

Then, by definition: 
Image]i^^^^[Lg{ni, . . . ,np, (j>i, . . . ,(/)„)] = CurvTrans[Lg{ni, . . . , f2p, </)i, . . . 

+ LC[Lg{ni, ...,np,(i)i,..., (/.„)] -f VF[Lg(i7i, ...,np,<j)i,..., 

(2.16) 

Much of this section and of the next ones consists of understanding the 
three subhnear combinations above and of using our inductive assumption on 
Corollary 1 in 3J in order to derive our three Lemmas II. 1[ II. 2[ 11.31 

2.3 Preliminary Work. 

We will be generically denoting all the tensor fields that appear in (|1.6p by 
C^>'i-*»(f2i, .. . ..,(/.„). Also, C^gi^i, . . ., rip, <^i, .. .,(/)„) wih stand for 

a generic complete contraction with a weak character Weak{Ksimp), where 
is simply subsequent to Ksimp- 

We need a definition in order to formulate our claim: 

Definition 2.4 We define LC,s,[XdiVi^ . . . Xdivi^Cg'^^---^" {fli, . . . , ftp, 4>i,. . . , </)„)] 
and LC$[C^(fii, . . . , VLp, (pi, ... , </)„)] to stand for the suhlinear combinations in 

LC[xdiv,, . . . xdiv^^cl'^^-'- {fti, . . . , rjp, 01, . . . , (/.„)], LC[c^g{ni, ...,%,<Pi,..., 0„)]ig 

Recall that by definition these subhnear combinations consist of complete contractions of 
length a + u + 1 with weak character VFeafc(K^^^p). 
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that arise when we bring out a factor V 4>u+i by applying the transformation law 
112. S\) to a pair of indices (\'a,b) where Va denotes a derivative index, and 
where either \7 a or b is contracting against a factor \'4>h l£ h < u). 

We observe that a complete contraction in 
LC%[Xdiv,, . . . Xdiv^^Cl^'^-'' . . . , rip, 01, . . . , 

LC^[CUfli, . . . , flp, 01, . . . , 4>u)] can only arise by applying the transformation 
law (|2.2p to a pair of indices (Va, b) in one of the following two ways: 

Firstly, if the index Va is contracting against a factor \7(j)h and the index b 
is contracting against the selected factor and we bring out the third summand 
in (|2.2p . Alternatively, if b is contracting against a factor V0?i and Va is con- 
tracting against the selected factor and we bring out the second summand in 

The aim of this subsection is to show the following: 
Lemma 2.2 Consider HI .6]) . Then, in the notation of definition \2.4\ we claim: 



aiLC^[Xdiv,^ . . . Xdiv,^CY'-''^{VLi, . . . ,Vlp,4>i, . . . , </)„)] + 
^ajLC*[C^(rii, . . . , lip, 01, . . . ,0„)] = 

(2.17) 

^ alXdiv^^ . . .Xdiw,„C^''i (f^i, . . . , lip, 0i, . . . , 0„)V,;.0„+i + 
leL' 

^ajC^(f7i, . . . ,rjp,0i, . . . ,0„+i), 
je.J 

where J^ieL' aiCY^'"^"''^' (^^i, • • ■ , i^p, 0i, ■ • • , 0u)Vi^ fpu+i, in the setting of Lem- 
mas \1.1\ and \1.2l stands for a generic linear combination of acceptable tensor 



fields of length a + u + l, with a > ij and with a {u + 1) -simple character K^j„jp. 
On the other hand, in the setting of Lemma \1.3\ it stands for a generic linear 
combination in the form 

atCg*^"'*"' (ill, . . . , rip, 01, ... , 0u+i)Vii 0,1+1. 

%^g(^ij ■ • • ; ... J 4'u+i) stands for a generic linear combination of 

complete contractions that are simply subsequent to K^^^p (in the setting of all 
three Lemmas). 

Proof of Lemma [2721 

In order to show this Lemma, we will again introduce some preliminary 
definitions. We recall that in equation (|2.3[) all the complete contractions of 
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length a + u have the same weak characterCj For each partial contraction with 
a simple character Ksimp, we let {Fi, . . . , Fx} stand for the set of non-selected 
factors that are contracting against some factor V(/)/. 

Then, for each 1 < h < X, we define an operation Hity^ that formally acts 
on each tensor field C*^'*! - *" . . . ^ Jl^^ 0i, . . . , </)„) and each complete contrac- 
tion C^(f7i, . . . , fip, 01, ... , (j)u) in p.6p by hitting the factor Fh by a derivative 
index V,i and then contracting „ against a factor V„t. We also define: 



HitvAXdiv,^ . . .Xdiv^^Cl;'-^ {Qi, . . . , 0i, . . . 



J2 Hit^AXdiv,, . . . Xdiv.^CY'-'^ (f^i, . . . , rip, (/-i, . . . , 



(2.18) 



h=l 

and also: 



X 



(2.20) 



Hit^r[ci{^i, . . . , fip, 01, . . . , 0„)] = ^ mt%,[ci{n^, . . . , fip, 01, . . . , 0„)]. 

/i=i 

(2.19) 

Since (|2.3p holds formally, we derive that: 

^ aimtvAxdtv,, . . . xdiv^^&f {ni, 

^ ajHityriC^i^i, ■ • ■ , f^p, 01, ■ • ■ , </»«)] = 0, 

modulo complete contractions of length > a + u + 2. 

Terminology: For any complete contraction Cg in the form (|1.5p or (|1.8p with 
a weak character W eak{K,simp) , we have assigned symbols -Fi, . . . ,i^x to their 
factors V''"^^Rijki,S^'V'^'^^Rijki,y^^^^h in Cg which are contracting against some 
V0/j. Now, regarding the complete contractions in Image^ ^il^sl, impose 
the following conventions: 

For each contraction of length a + u + 1 in Image^~^^A^g] '^iU '^till 
speak of the factors Fi, . . . , Fx- (They can be identified, since all the complete 
contractions in Image^~^^A^g] ^tiU have a u-simple character Ksimp)- On the 
other hand, for each contraction of length ct + m in Image]^^^^ [Cg] (with a factor 

V^^'+^Vit+i that has arisen from some Fa = V^'^^Rijki or Fa = S^V'^'^'i Ri-ju), we 
will speak of the factors Fi, . . . , _Fx, only now Fa will be the factor V'-"+^Vm+i- 

We now separately consider the sublinear combinations in 
Image\^^^ [Xdiv,, . . . Xdiv^^C^^ (f^i, . . . , 0i, . . . , 0„)] and 

/r7ia5eJ,^^^JC^(f7i,...,r2p,0i,...,0„)] that belong to Image]^^^^[Lg]. We de- 
note these sublinear combinations by 



^See [B] for a precise definition of this notion. 
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Image]^^^^ [C|(rii, . . . , Vtp, 0i, . . . , Then, (|2.8p can be re-expressed as: 



^ai/ma5reJ,'J^jXdw,i . . . Xdiw,^C^''i---'»(f7i, . . . , rjp, 0i, . . .>„)] + 

^aj/ma5ej,'^+ JC^(f}i, . . . , lip, . . . = ^ a^C|(17i, . . . , rjp, 0i, . . . 

(2.21) 

modulo complete contractions of length > cr + u + 2. 

Thus, we again define the operation iJitvr on the linear combinations 

Image]j;^^^[Xdivi^ . .. Xdivi^C^'^^ {fli, . . . ,Qp, (j>i, . . . ,(/)„)], 

Imagel^+^^[C^g{nu . . . ,np,(j)i, . . . as in (HUD, ^M- 

On the other hand, we can also consider 
Image^^^_^{Hityr[XdiVi^ . . . Xdivi^Cg'^^ - '^" {ili, . . . , V,p, 0i, . . . , 0„)]} and define 

Image'^^^^{Hit^T-[Xdivi^ . . . Xdivi^CY^'"'^'' (fii, . . . , ilp, 0i, . . . , </)„)]} in the same 
way as above. 

This leads us to consider the quantity: 

Difference[Xdivi^ . . . Xdwi^Cg"^'--"" (f^i, . . . , 17p, . . . = 
Hit^r{Image);;^^^[Xdiv,^ . . . Xdm^C'g''---''' {Qi, . . . , rjp, . . .,(f>u)]}- 
Image]j;^^^{Hit^r[Xdiv,^ . . . Xdiv.^Cl;''---''' {fli, . . . , rjp, . . . 

(2.22) 

Analogously, we define a quantity: 

Dif ference[Cl{ni, . . . , rjp, ^i, . . .,</)„)], 

for each j E J. 

Then, since (12. 3p holds formally, and just by virtue of the transformation 
laws (|2.ip . (|2.2p and our definitions above we have that: 

^aiDif ference[Xdiv,^ . . . Xdiv^^CY^-'"'{ni, . . . ^Qp, 4>i, . . . ,(^„)] + 

^ (2.23) 
ajDif ference[C^g{ni, . . . , fip, </)i, . . . , 0„)] = 

modulo complete contractions of length > (T + u + 3. This equation, suitably 
analyzed, will imply Lemma [2T2l 
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Easily, we observe that both 
Di f f erence[X divi^ . . . XdiVi^CY^'"^"^ {^i, ■ ■ ■ ,^p,4'It ■ ■ t4'u)] and 
Dif ference[C^g{Q.i, . . . , ilp, 0i, . . . , consist of complete contractions with 
length > (T + u + 2, each with one factor V0ti+i and one factor Vt. This is 
because the contractions with length ct + u + 1 in (|2.22[) will cancel perfectly 
(without correction terms with more factors). 

Now, we write out: 

aiDifference[Xdivi^ . . . Xdivi^C^^ {Tli, . . . ,f2p,0i, . . . ,0„)] = 



atC*(fii, . . . , rjp, 01, . . . , 0„, r), 



(2.24) 



teT 



^ajDifference[C'g{ni, . . . , fJp, . . .,(?!)„)] 

J 6./ 
yeY 



(2.25) 



We then consider the sets of complete contractions C* and for which the 
factor Vr is contracting against a given factor Fh, 1 < h < X^^ We denote 
the index sets of those complete contractions by , T'^. Of course, since p.23p 
holds formally, it follows that for each h < X: 



y^ atCliili, . . . ,np,(j)i, . . . ,(j>u,T) + 

'1^ (2.26) 

modulo complete contractions of length > a + u + 2. 

Now, for each h £ {1, . . . , x} we define Set{h) = {ai, . . . , a^^} as follows: p G 
Setih) if and only if V0p is contracting against Fh in Ksimp- For each p G Setih), 
we define ^'"[C* (l)i, . . . , l^p, 0i, . . . , r)], G^-^lCK^li, . . . , flp, 0i, . . . , r)] 
to stand for the complete contraction that arises by replacing the factors V^r, 
Vj(/ip by a factor gij (we thus obtain a complete contraction with length a + u 
and one internal contraction). We also define: 



■^^Recall that {i^h}i<;i<x is the set of all the non-selected factors that are contracting 
against some factor Vijiu ,v <u. 
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aiDif ference[XdiVi^ . . . X divi^Cg'''^ {fli, . . . , fip, (^i, . . . , (f)u)] + 

leL 

ajDifferencejC^jni, . . . , fip, </)i, . . . = 

X 

EE«* E G'''^{c*(f^i,...,f2p,(/.i,...,0„,T)}+ 

h^ltGTi^ p£Set{h) 
X 

E E «^ E . . . , rip, 01, . . . , r)}. 

/t=iygyi peSet(h) 

(2.27) 

Then, since (|2.23[) holds formally, we derive that modulo complete contrac- 
tions of length > (T + ?i + 1: 



X 

E E «^ E Gf'^{cy{nu...,np,<pi,...,<i,^,T)} = o. 

h=lyeY'^ p£Set{h) 

Now, we wish to explicitly understand how the left hand side of (|2.28p arises 
from Y,i(:zL "-iXd.i^ti ■ ■■ Xdiv^^CY^ . . . , 0i, . . . 

Sjej "jC'^(^i) • ■ • ; ^pj • ■ • j We will find that the left hand sides of these 
equations are closely related to the LHS of the equation in Lemma 12.21 (which 
we are trying to prove). 

We introduce some notation in order to accomplish this. 



Definition 2.5 We define an operation that formally acts on the complete 
contractions in the linear combinations 

LC^[Xdiv,, . . . Xdiv.^C'g'^-'- (r!i, . . . , rip, 01, . . . , ,^„)], iC$[C/(r!i, . . . , rip, 01, . . 

Firstly, we define an operation G^'^'"''' for each h,l < h < X and each 
Ub G Set{h) = {ai, . . . ,0^^}. G'^'^'"''' formally acts by erasing the factor V^a^ 
that contracts against the factor Fh ( say against an index ^) and then by hitting 
the factor Fh by a derivative V-^ (so we again obtain a complete contraction 
with an internal contraction and with length a + u). Then, we define: 



32 



G^{LC^[Xdiv,, . . . Xdiv.^C'/^-'^ . . . , rjp^i, . . . , (/.„)]} 

X 

= J2 J2 G^^''''''{LC^[Xdiv,,...Xdiv,^ (2.29) 

h=l a,,£Set{h) = {ai,...,arf^} 

01,... >„)]}, 
G»{iC$[q(f]i,...,^2p,(/.i,...,0„)]} 

= E E G«^"''^^{LC*[q(f7i,...,f]p,<^i,...,0„)]}. (^■^'^^ 

h=l ab£Set{h) = {ai,...,ari^ } 

Now, for our next definition we will treat each factor S^V^'^'^ Rijki as a sum 
of factors in the form V'^"^ Rijki- We do this for the purpose of picking out the 
factors V0?i that are contracting against internal indices in each of the sum- 
mands V^'^'^Rijki of the un-symmetrization of S^-.V'^'^^Rijki- Thus, we are now 
considering tensor fields and complete contractions in the form (jl.Sp in paper 
[S]. For each tensor field C'^^*i - «» (fi-^^ . . . ^ fi^^ (^-^^ . . . ^ and also for each com- 
plete contraction C^{^i, . . . , fip, ■ ■ ■ , 4>u) we consider the factors V''"^^Rijki 
which have a factor ^(ph contracting against an internal index. For any such 
factor Ffi, we denote by 11; (/i) (or Ilj{h)) the set of numbers tt for which V(/),r is 
contracting against an internal index in the factor ■ We will denote by 11 (or 
11;, 11/ if we wish to be more precise) the set of all numbers tt for which V^^r is 
contracting against an internal index in some curvature factor V^™^i?ijfc;. For 
the purposes of the next definition we assume that if tt g 11 then the factor 
is contracting against the index i of a factor V'^"^^Rijki. This assumption 
can be made with no loss of generality for the purposes of this proof. If it were 
contracting against one of the indices j,k,i, we can apply standard identities to 
make it contract against the index 

Now, for each I e L and each vr G 11; (/i) and each given complete contraction 
Cg[VLi, . . . , r^p, 01, . . . , (/)„) in Xdivi^ . . . Xrfiwi^C^'*!-*" (fii, . . . , fip, 0i, . . . , 0„), 

we define an operation Oper^^'^^[C g\ that acts as follows: If the index k in Fh 
is contracting against the selected factor, Oper^'^^[C g{Vti, . . . , 0i, . . . , 0„)] 
stands for the complete contraction that arises from Cg(r2i, . . . , VLp, 01, ... , 0„) 
by replacing the expression '^''^}.r^Rijki'^''4>-n by -Vfe0„+i v[™^.r„i?ya; VVrrV^r. 
If k is not contracting against the selected factor, we let 

Oper^^'^'J'[Cg(rii, . . . , rip, 01, . . . , 0u)] = 0. Similarly, we define the operation 

Then, for each j & J and each tt e Hj{h), we define an operation 
Oper'^'^_^[C^g{Vli, . . . , fip, 01, ... , 0„)] that acts as follows: If k (in Fh) is con- 
tracting against the selected factor, we define Oper^^^|'[Cj (ili, . . . , fip, 0i, . . . , 0u)], 
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to stand for the complete contraction that arises from C|(r2i, . . . , fip, (f>i, . . . , (j>u) 
by replacing the expression yi^}.r^Rijki'^^4>f by an expression 
— Vfc(/)„+iVf™?....r™i?ya/VV7rV°r. If k IS not contracting against the selected 
factor, we define 

Oper^'*^J'[C^(rii, . . . , rip, (pi, ... , <j>u)] = 0. Similarly, we define the operation 

Oper^'''^^ [C^(rii, . . . , Hp, (pi, . . . , 4>u)\- This operation extends to linear combi- 
nations. 

We then define, for each I ^ L: 



Special^^_^^[Xdivi^ . . . Xdivi^C^^---'" {Vti, . . . , fip, 0i, . . . ,(/)„)] = 

G^'^Operll^^^iXdtv,, . . . Xdiv.^CY'-'^ {^i, . . . ,Hp,(Pi, . . . , <Pu)V 

7ren(i) 

Operl'llWXdiv,, . ..Xdiv,^CY'-'-{Hu . . . ,Hp,(pi, . . . ,4>u)]}, 

and also for each j ^ J: 

Special^^^^[Cl{VLi, . . . ,Vtp,cj)i, . . . = 



(2.31) 



^ G^'^{Operl'^f^[Cl{^li, . . . ,%,cPi, . . . ,<t>^)]- 

7rGn(/) 

Operl^'j^^[Cl{Hi,...,np,<Pi,...,(P^)]]. 



(2.32) 



Thus, by construction each tensor field or complete contraction in 
Special^^^^[Xdivi^ . . . Xdwi^Cg'^i---*" (rii, . . . ,np, 4>i, . . . , 0„)] or 
Special^^^^ [C^ (ill, . . . , flp, (pi, ... , <pu)] has length a+u and an internal contrac- 
tion in a factor V'^'p^ Ricik- Moreover, we observe that each complete contrac- 
tion in Special^^^ [C|(J7i, J7p, i^i, (/)„)] will have at least one factor Vcpb, 
b G Def{Ksimp^Il contracting against a derivative index of a factor V'^^^^ Rijki 
or V^P^Ric. 

We then claim: 



*^Recall that Def{Kgimp) stands for the the set of numbers h for which some factor V(/)(, 
is contracting against the index i in some St,W^'^'> R^jj^i. 
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Lemma 2.3 In the notation above, we claim that for each h,l < h < X : 

(o=)E«* E Gf^^{cl{n,,...,np,<p^,...,ci,^,T)}+ 

teT'' peSet{h) 
yeV" peSet{h) 

^ a, G^iC* [Xdiv,, . . . Xdiv,^ ■ ■ (l^i , . . . , , 01 , . . . , 0„)] } .2 33) 

+ Special ^^^^[Xdivi^ . . . Xdwi^Gg*^'"*" (f^i, . . . . . . , <?!'„)]}+ 

^ a,G^{LC^[Cl{^l^, . . . , rip, 01, . . . , 0„)]} 

+ Special^^^^[Cl{^li, . . . , fip, 0i, . . . ,0„)]. 

Thus, in view of equations (|2.24p . (|2.25p the above Lemma in some sense 
provides us with information on the hnear combination 

aiLC^[Xdiv,, . . . Xdiv.^Cl'''-'" {ili, . . . , f7p, 0i, . . . , 0„)] + 
^ (2.34) 

22 ajiG$[G^(rji, . . . , rjp, 01, . . . , 0„)]. 

Proof of Lemma \2.Si We see our claim by the definition of the operation 
Difference[. . . ], by book-keeping and also from the definitions of the operations 
G and G«. 

(Brief discussion:) Notice that for any complete contraction Cg in 
Xdivi^, . . . Xdivi^Cg'^^ - '^'' or G^, the complete contractions appearing in 
Difference[Cg] arise exclusively by applying the third term in the transforma- 
tion law (|2.2p to two indices (Vs,zjff| in some factor Fk in Cg (provided the 
factor V0U+1 that we then introduce contracts against the selected factor). We 
then obtain a complete contraction Cg{V (j)u+i) that arises from Cg by replacing 
the expression (Vs,z)V*t by an expression —\7 z4'u+i{s,^'^t) (here the factor 
V^T is now contracting against the "position" that the index ^ occupied). Fur- 
thermore, consider any factor V0p that is contracting against the factor Fk and 
denote by f, the index against which it contracts. 

Now consider the case where one of the indices z , b described in the previ- 
ous paragraph are derivative indices. We then observe that if we replace two 
factors Vq0p, Vpr in Gg(V0„+i) by gafi, we obtain precisely the complete con- 
traction that arises in LG$[Gg] when we apply the second or third term of the 
transformation law (|2.2p to the indices z , 6 and then replace the factor V0p by 
an internal contraction (as described in the definition of the operation G"). It 
is easy to see that this gives a one-to-one correspondence between the LHS of 



(where Vs is contracting against the factor V*r that we have introduced— i.e. provided 
that z contracts against the selected factor in Cg) 
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(|2.33p and the terms G" [. . . ] in the RHS of (|2.33p , except for the terms arising 
in the LHS when both the indices b, z discussed above are internal indices. The 
same "book-keeping" reasoning then shows that the terms we obtain from the 
LHS of (|2.33p correspond to the terms Special^^^^-^ [. . . ] in the RHS of (|2.33p . □ 

The goal of our next Lemma will be to "get rid" of the sublinear combination 

aiSpecial^^^^[Xdivi^ . . . X divi^C^'^^ {fli, . .. , ftp, <j>i,. ■■ , (l)u)] 

'^^^ (2.35) 
+ 22 a-jSpecial^^^-^ [C^(r2i, . . . , f^p, . . . , 0„)] 

in (j2.33p , and to replace it by a new linear combination which will have one inter- 
nal contraction involving a derivative index (rather than an internal contraction 
in a factor V^^'ffic). To state our next Lemma, we will be using tensor fields 
and complete contractions with an internal contraction in a factor V'-™-'i?yfcz, 
where that internal contraction will involve a derivative index. It will be useful 
to recall the operation Sub^^ from the Appendix in and the discussion directly 
above it. 

In particular, we will show the following: 
Lemma 2.4 In the notation of equation i2.3S\) . we claim that we can write: 

aiSpecial^^^^ [Xdivj^ . . . Xdiwi^Cg''i---''"(f2i, . . . ^ftp, (f)i, . . . ,(/)„)] 

leL 

+ X! ajSpecial^,^^^ [C^(rJi, . . . , r2p, 0i, . . . , = 

. . (2.36) 
^ atXdiv^^ . . . X(iw,^C*'*i---'"(rJi, . . . , rip, 0i, . . . , 

+ X! ■ ■ ■ Mp,<l>l, ■ ■ ■ , </'«+i), 

where the complete contractions and tensor fields on the right hand side have 
an internal contraction in exactly one factor ^^"^'^ Rijki md that internal con- 
traction involves a derivative index. Furthermore, in each tensor field and 
each complete contraction in the above equation precisely one of the factors 
^(j)x, X = 1 . . . ,u is missing. We accordingly denote by , the corresponding 
index sets of the complete contractions and tensor fields where ^(l)x is missing. 

We furthermore claim that in i2.36\) each of the tensor fields Sub^^{Cg''^^^^^^''} 
has the following properties: In the case of Lemma \l.l\ and it is acceptable 
and moreover has a {u + 1) -simple character ^^i^^p. In the case of Lemma \l.3\ 

atSub^^iXdivi^ . . . XdiVi^Cl''^-''- {fli, . . . , r2p, (/>!, . . . , <j)u+i)} 
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will be a generic linear combination of complete contractions like the ones in- 
dexed in Ti [J T2 (in the conclusion of that Lemma). 

On the other hand, for each j e , Sub^^ [C^(r2i, . . . , fij,, (pi, ... , 4>u+i)] is 
simply subsequent to K^^p- 

Let us show how proving Lemma 12. 4[ in conjunction with equation (j2.33p 
(which we have aheady proven), would imply our Lemma 12.21 

Proof that Lemma \2.4\ implies Lemma \2.Si 

By virtue of the Lemma [2.41 we may refer to l|2.33p and replace: 
'^aiSpecial^^^^[Xdivi^ . . . Xdwi^Cg'^'"'" (fii, . . . , f2p, . . . 

as in the conclusion of Lemma 12.41 
We then obtain an equation: 

^ajGHiC<i>[Xdwi, . ..Xdivi^Cl^'''-''^{ni, 
leL 

^a,G«{iC$[q(f}i,..., rip, 01,... 

atXdiv,, . . . Xdiv,^C*/^-''{ni, ...,np, 01, . 

tGT 

where the linear combinations indexed in T, J are as in (|2.36p . 

We can then derive Lemma [2?2] straightforwardlv: We break the above equa- 
tion into sublinear combinations according to the factor T/4>x that is missing. 
Each of these sublinear combinations must vanish separately, since the above 
holds formally. We denote the respective sublinar combinations in each G^j. . . } 
by G^'^{. . .}. Thus we have that for each x: 

= ^ aiG^'^'lLC^iXdiv,, . . . Xdiv,^C'/'-'-{nu . . . , 0i, . . . , 0„)]}+ 
leL 

J2 ajG«'^{LG*[G^(r!i, . . . , f]p, 0i, . . . , 0„)]}+ 
jeJ 

atXdivi^ . . .Xdiw^^G*^'i--'"(Oi, . . . , fip, 0i, . . . ,0„+i) 

+ X! o,jC^g{ni, . . . ,np, (1)1, . . . , (i)u+i). 

(2.38) 



, f2p,0i, . . . ,0„)]}+ 



,4>u+i) 



(2.37) 
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We then use the operation Sub^^ (which acts on each complete contraction 
Cg in the right hand side of (|2.37[) by picking out the one factor 

Vr™i'.r„i?r„+i...r„+4 Or V" vf i'. .rp i^/t with the internal contractionF^ and 
replacing it by an expression v[™^.r,„^r„+i...r„+4 V''"(/)j:, vf^^..rpi^/i V^^^;). 
Now, by just keeping track of the definitions above wc find that: 

u 

Sub^AG*^^LC^[Xdtv,, . . . Xddv.^C];^-'- {ni, 0n)]}} = 

x=l 

LC^[Xdiv,, . . . Xdiv^^CY'-'" rip, </.!,..., <^„)], 

(2.39) 

and also, for every j g J: 

u 

^ 5u6^JG«'-{LC*[q(f}i, rip, 01, ...,(/.„)]} = 

x=i (2.40) 

Lc$[q(rii,...,rip,0i,...,0„)]. 

Hence, acting by Sub^^ on ()2.37|) . we deduce our Lemma [2?2l □ 
Therefore, if we can show Lemma |2.4| we can then derive Lemma 12.21 
Proof of Lemma \2.4\ 

Firstly we make a few observations: The complete contractions and tensor 
fields in the sublinear combinations Specialci,^_^-^[. . . ] are each in the form: 

si(t>z^ ■■■® V0,„ ® v^;^^^ ®---® y^',^^, ® • ■ • ® V0,„^,^, ® • ■ • ® V0,„^,^ J, 

(2.41) 

where for each of the complete contractions and tensor fields in the above form 
one of the factors V0i , . . . , V0„ is missing (the factor ^(px in the notation of 
Lemma l2.4p . Accordingly, we will re-express the LHS of our Lemma hypothesis 
as: 

*^The indices (V''",r„) are contracting against each other. 
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^^aiSpecial^^^^^[Xdivi^ . . . Xdivi^CY^'"'"" {^i, . . . , f^p, </)i, . . . 
leL 

+ ^ ajSpecial^^^^[Cl{Vti, . . . , 17^, 0i, . . . , 0„)] = 
51 «jC'^(^i'---'^P'</'i'---'^"+i)}' 

(2.42) 

where complete contractions and tensor fields indexed in L'^, J'^ have the factor 
V(/)a; missing. (We will explain momentarily how c is related to a). 

We will then prove the assertion of Lemma [2^ for each of the sublinear com- 
binations indexed in Lf^, separately. Clearly, just adding all those equations 
will then show our whole claim. 

Recall (from the Appendix in [3]) the operation Rictoft (also denoted by 
UnRic) which replaces the factor vi^\.rpRicik by a factor v[,^^^^ In 
view of (j2.33p we derive that for every x < u: 

xdm^&/'-'^''^{nu. . . , ,^1, . . . , (/.„)v,,0„+i+ 

(2.43) 

,rjp+i,^i, . . . ,^„+i) = 0, 

modulo complete contractions of length > a + u + 2. This holds because (|2.42p 
holds formally. 

We will be using the equations (|2.43p to derive our claim. We have two 
different proofs based on x: Either x € Def^Ksimp) or x ^ Def^Ksimp)^^ We 
start with the case where x G Def{Ksimp)- 

Proof of Lemma \2.4\ in the case x G Def{Ksimp): 

In this case we will derive our claim in two steps. Firstly, (in the notation 
of (|2.42p ) we claim that we can write: 

^"Recall that Def(K,i,iTnp) stands for the set of numbers o for which some V^o is contracting 
against the index i in some factor S*^^"^ Rijki. 



aiXdiVi^ . . . 
^a,q(f7i,... 
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/>u+i) + ^a,q(f^i, 



(2.44) 



where the tensor fields and complete contractions indexed in T, J are as in the 
conclusion of Lemma 12.41 while the contractions indexed in J' have exact_l; 
one factor V'^P'^Ric but also have one of the factors V4>y,y £ Def{K.simp 
contracting against a derivative index in a factor V^"^"^ Rijki or, in the case of 
Lemmas \l.l\ 11.21 the factor V(/)„+i is contracting against a derivative index of 
the (one of the) selected factor(s) V'^"^^ Rijki- 

If we can show (|2.44p , then by replacing the above into (|2.33p and using the 
notation of (|2.42p . we obtain a new equation: 



a,Gi'-{LC^[Xdtv,, . . . Xdtv.^C'g'^-'- (fii, . . . , fip, 01, . . . , <^„)]}+ 
J2 a,G«'-{LC$[q (17i, . . . , 01, . . . , 0„)]}+ 

atXdiVi^ . . . XdiVi^Cl''' (Oi, . . . , rjp, 0i, . . . , 0„+i)+ 

teT 

Y^jC^gi^l, . . . ,l^p,01, . . .,(j)u + l) + 

Y "J^s(^i' • ■ • ,^^p>i, • ■ • + ^ ajC^(f7i, . . . ,rjp,0i, . . . ,0„+i) = 0; 

(2.45) 

here the linear combination indexed in J' is not generic notation, it is precisely 
the linear combination appearing in the right hand side of (|2.44p . Furthermore, 
we observe that the complete contractions belonging to the sublinear combina- 
tion 

Y • ■ ■ ,^^p>l, ■ • • ,0u) 

will have at least one of the factors V0a;, x € Def{Ksimp) contracting against a 
derivative index of some factor V'^™^^ Rijki- This follows by the definition of the 
operation Special^^^-^ [■•■]■ 

Now, applying the operation RictoQp-^-i to the above we derive an equation: 

^^Recall that Def(Kgimp) stands for the set of numbers p for which some factor V<^p is 
contracting against the index i in a factor 5* V^^^-Rij^;. 
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^ ajC^g{ni, . . . 01, . . .,(f)u+i) + ^ ajC^girii, . . . ,rjp+i,(/)i, . . . ,0„+i) = o, 

(2.46) 

where C-'(rii, 17^+1, 0i, </)„+i) arises from C^(rJi, . . . , fip, 0i, . . . , 0„+i) 
by replacing the factor V^y^Ric by V^^+'^^np+i. 

Since the above holds formally, we may repeat the permutations by which 
we make it vanish formally to the linear combination 

a]Cl{VLi, . . . ,r2p,0i, . . . + ^ ajCli^ti, . . . , fip, (^i, . . . 

isJ' jeJ4 (2.47) 

Au+i) = 0, 

modulo introducing correction terms of length o" + it + 1 by virtue of the formula 
VaRicbc — ^bRicac — ^''Rabic, and also correction terms of length a + u + 2 
(which we do not care about). Thus, we derive that we can write: 

ajC^i^i, . . . ,flp,<j>i, . . .,</»«+!) + ^ ajC^g{ili, ...,np,(f)i,..., 0„+i) 

(2.48) 

Therefore, in the case x e Def{Ksimp), matters are reduced to showing (|2.44|) . 
Proof of rap - 

Now, we see that since all C*^.*!.- -^*"^ I e L in (|2.33p have a given simple char- 
acter Ksimp, it follows that all tensor fields C'''^---*'^'*'' (fii, . . . , fip+i, 0i, . . . , </)„), 
/ G Lfp in ()2.44p will have the same {u — l)-simple character (the one defined 
by the factors V(/)i, . . . , V(j)x, • • ■ , V(/>u)l£l We denote this {u — l)-simple char- 
acter by K^i. Moreover, each C^(rii, . . . , ilp+i,(j)i, . . . , (/)„), j G must be 
(u — l)-subsequent to k^i- 

Now, an observation: In the language of the introduction in 6 , if p.6p falls 
under case 11 or 111 (i.e. if we are proving Lemma 11.21 or Lemma II. 3p then for 
each I G Lfj, we have Def*{l) = (i.e. in the tensor fields (^^''i - 'f (jl.6p have 
no special free indices in any factor S^'V'^'^'' Rijki)- Thus, we see by construction 
that in (|2.42p each c is > /i. On the other hand, in the setting of Lemma Tl. 11 
we have that for any in the form S^V^'^'^ Rijki for which ^ is a free index then 
we may write out: 



52 See the notation in 112.421 1. 
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Note that if Z G (i.e. if a = yit) then the tensor fields on the right hand side 
will have the factor \I(j)u+i contracting against a derivative index in the selected 
factor. Thus, in the notation we introduced: 



arXdivi^ . . .XdTOi^_jCg'''---'° '(ili, . . . , f^p, . . .,(j>u+i) 

(2.50) 

3 a J' 

Therefore, after this observation, we may assume that all the tensor fields 
indexed in each L'^. in the equation ()2.42p have c > /i. Now, we will prove our 
Lemma by an induction: We will use the notation 

^atXdiv^^ . . .XdiWj^C*''i---*°(f^i, . . . , 17^, . . . 
teT 

X ajC^(f7i, . . . ,rjp,0i, . . . 

to denote generic linear combinations as described above. We assume that for 
some m> fi: 



X aiXdiv,, . . .Xdiv.^Cl''' {fli, . . . , rjp, ^i, . . . , (/)„)Vj,(/)„+i 
CdXdivi^ . . . Xdii^j^^Cg (fii, . . . , fip, </)i, . . . , 



(2-51) 

"YatXdm, . . .Xdm^Cl'^'-'-'-'ini, . . . . . . 

teT 

jeJUJ' 

where here the vector fields (^^^^ ^ _ ^ (^u+i) are in the 

form (|2.4ip with a factor V^P^Ric and each has > m. Moreover, they each 
have a (ti — l)-simple character k^i- We then claim that we can write: 
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'^"^'"^^ . . (2.52) 

atXdiv^, . . . Xdiv,^C*/^ - '-'{ni,. . . , fip, 0i, . . . , 0„+i) 

teT 

with the same notational conventions as above. 

Clearly, if we can show the above inductive statement then by iterative rep- 
etition we will derive (|2.44p . 

Proof that i2.51\) implies S2.52\) : We observe that all the tensor fields in 
(|2.5ip have the same {u — l)-simple character, which we have denoted by ii^i- 

Now, by applying Rictoflp^i (see the Appendix in [5]) to (|2.5ip and using 
p.43p we derive: 



CdXdiVi^ . ..XdiVi^^Ricto^p+i[cf''^ '^"''{Vli, . . . , fip, ^i, . . . , 

+ ^ ajRictoflp+i[C^g{ni, . . . . . .,(j>u)] = 0, 

jeJ' 

(2.53) 

modulo complete contractions of length > a + u + 1. 

We pick out the index set D™'* C D"^ of those tensor fields for which 
ad = m. Then (apart from certain "forbidden cases" which we discuss in the 
"Digression" below), we apply the first claim of Lemma 4.10 in [3] to (|2.53p ff| 
we deduce that for some linear combination of (m-l- l)-tensor fields with (u — 1)- 

simple character (say X^ses as^'s (^ii ■ ■ • ; ^p+1; <?^i> ■ • ■ > '/'i^i </'i.+i))i 
we will have that: 



^''Note that 1 12.531 1 formally falls under the inductive assumption of this Lemma, because we 
replaced a curvature term by a factor V'^'^Qp+i, hence we are in a case in which case Corollary 
1 in [6] already holds, by our inductive assumption. Observe that li m = fj, there is no danger 
of falling under a "forbidden case" by weight considerations, since we are assuming that the 
equation in our Lemma assumption does not contain "forbidden terms". The possibility of 
"forbidden cases" when m > fi will be treated in the "Digression" below. 



43 



adRictonp+i[c^'''---''^{ni, . . . , rjp, 01, . . . , 0„, (/)„+i)]Vj,-u . . . v,„u 

- Xdiv^^^, ^ a^C^'^i-'-^^+i (r^i, . . . , f2p, 01, . . . , 0„+i)Vj,-u . . . V,„i; 

= ^ aji?ictorip+i[C^'*'---*'"(Oi, . . . ,r2p,0i, . . . , (/)„)ViiW . . . V^^w]; 
J 6 J' 

(2.54) 

(we are using the same generic notational conventions as above-the m-tcnsor 
fields i?iciof2p+i[C|'*i (Sli, . . . , VLp, 0i, . . . , 0„)] again have a (u — l)-siniple 
character that is simply subsequent to Therefore, since the above must 

hold formally, we conclude that: 

QdXdivi^ . . .Xdivi^Cg'"-^ {ill, ■ ■ ■ ,^p, (j)!, ■ ■ ■ ,0ti,0„+i)- 
Xdivi^ . . . Xdivi^Xdiv^^^^ ^ a^Cg'^i-'-'^+i (17i, . . . , fip, 01, . . . , 0„, 0„+i) = 
atXdiv,^ . . . Xdiv,^Cl'''---'''{ni, . . . , rjp, 0i, . . . , 0„+i)+ 

(2.55) 

where (^^'^i-'-^^+i (^^^^ ^ fip, 0i, . . . , 0„, 0,i+i) arises from 

^s,ii...j„+i ^^^^ ^ ^ ^ ^ ilp+i, 01, . . . , 0t(, 0ti+i) by formally replacing the factor 

Vri^..rpf^p+i by a factor Vr^...rp_2^iCrp_irp- Furthermore, X^teT ■ ■ • ^ generic 
linear combination as described after (|2.44p . 

This is precisely our desired inductive step. Therefore we have derived our 
claim in the case where x G Def{Ksimp), except for the "forbidden cases" which 
we now discuss: 

Digression: The "forbidden cases". As noted above, the only case where 
Lemma 4.10 in [6] cannot be applied to p.53p (because it falls under a "forbidden 
case" of that Lemma) is when m > fi. So, in that case we derive from (|2.5ip 
that Z)™'* = D™, and then applying the "weak substitute" of the fundamental 
Proposition 2.1 in [S] we derivePH 

^■4 See the Appendix of [6]. 
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^ adXdivi^ . ..Xdivi^C ..,(l)u+i) = 
J2 atXdm, . . . Xdiv,„^_,CY'-'^-' (. . . , 0„+i)+ 

tGT 

(2.56) 

where the terms indexed in J are simply subsequent to Ksimp and have a factor 
i?ic, while the terms in F have the contracting against a non-special 

index (and both terms above have a factor Ric). 

Then, replacing the above into (|2.5ip and applying Lemma 4.10 in [5] (notice 
it can now be applied, since the factor V(/)„+i is contracting against a non-special 
index), we derive that: 

afCf/'-'—^ (. . . , 0„+i)V,, w . . . V,^_,v = 0. 

(Here (. _ ^ fi^+i, (^„+i) arises from C'^''i- -'"-i (. . . ^ 0^^^) by applying 

Rictoflp+i) . 

Thus, we may erase the terms X]/eF ■ ■ ■ (|2.56p : with that new feature, 
(|2.56p is precisely our desired equation (|2.55p . □ 

Proof of Lemma \2.4\ in the case x ^ Def{Ksimp)- 

We recall that the factor V0j; (a; ^ Def{Ksimp)) is contracting against a 
factor T*(x) — V''™^ Rijki- We then distinguish two cases: Either in Ksimp there 
is some other h! ^ x with /i' e Def{Ksimp) so that V(/)/i' is contracting against 
T*{x) in Ksimp, or there is no such factor. Another way of describing these two 
cases is that in the first case the factor T*{x) = V^™^Rijki has arisen from the 
de-symmetrization of some factor S^W^'^^ Riju (for which the factor V(j)h' was 
contracting against the index i), while in the second case V^"^^Rijki corresponds 
to a factor V^^^i?^^; in Ksimp- The second subcase is easier, so we will start 
with that one. 

Second subcase: We observe that in this setting we must have = (refer to 
(|2.43|) ). Moreover, for each C^, j G J^, we must have at least one of the factors 
V(/)u,, w £ Def {Ksimp) contracting against a derivative index of some factor Fb 
in C^(rii,...,f2p,0i,...,0^,...,(^„,0„+i), where in addition Ft, ^ T*{x). In 
view of these observations, it is enough to show that in this second subcase: 
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''t^ „ (2.57) 

modulo complete contractions of greater length. Clearly, that will imply our 
claim for this second subcase since L'^ — % in (|2.43p . We derive this equation 
rather easily: By (|2.43p we have: 

51 °^jCg(f^i, • ■ • ,^^p+l,01, ---Ah,-- ■ , (l)u, (f'u+i) = 0, (2.58) 

where we recall that for each C^, j £ J'^, one of the factors V0c, c S Def{Ksimp) 
is contracting against a derivative index of some curvature factor. 

Now, since (12.58^ holds formally (at the linearized level), we may repeat the 
permutations by which we make the left hand side vanish formally to the linear 
combination 

and derive the right hand side in (|2.57p as correction terms. 

First subcase: Recall that we are assuming x ^ Def{Ksimp), and moreover 
the factor V^^; is contracting against some factor T*{x) in Ksimp in the form 
S^V'^^^ RijM- Recall also that we are now assuming that 'SI(j)x is not the factor 
that contracts against the index i in T*{x) in Ksimp- That factor is ^(jjh'- 

In this first subcase we define X^je/" o-j ■ ■ ■ to stand for a generic linear 
combination of complete contractions in the form (|2.41[) with the factor ^(ph' 
contracting against a derivative index in a factor V^^-'i?ic. We also denote by 

ttxCg''^---'"' {ill, . . . , rjp, 01, . . . , (^/i, . . . , 0„, 0«+i) 

xex 

a generic linear combination of tensor fields in the form (|2.41[) with a factor 
Ricij (with no derivatives) where V(/)/i' is contracting against the index i in 
that factor RiCij, and where a> ji. Finally, we define X^jej' ■ • • to stand for 
the same generic linear combination as in the previous case. 

It then follows that in this first subcase we can re-express the terms in the 
equation (|2.42p as: 
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ajC^(17i, . . . ,r2p+i,(^i, . . . ^u+i) = 

atXdivi, . . . xdivi^c*/'-'" {ni,...,np,(j)i,...,(Pu+i)+ 

teT 

Xdivi^ ...Xdivi^ ^ a2;Cg'*i---*''(rii, . . . , fjp, . . . , . . . , 

X! ajC^(0i,...,r2p,(?ii,...,(?i„+i). 
ie./U-f'U"'" 

(2.59) 

This just follows by the definitions and by applying the second Bianchi identity 
to the factor V^^^ffic if necessary (this can be done, because p > 0). 

We then prove Lemma l2.4l in this setting via an inductive statement: Let us 
suppose that the minimum rank among the tensor fields indexed in X in (j2.59p 
is m > ^ and the corresponding tensor fields are indexed in X™ C X. We then 
claim that we can write: 



Xdivi^ . . .Xdivi^ ^ a.^.C^^''^-'-"' [VLi, . . . , f2p, 0i, . . . , 0,,, . . . ,cj)u,4>u+i) = 

XdiVi^ . ..Xdivi^^^ ^ a^^Cg (f^i, . . . , 17^, (/ii, . . . , . . . , (A„, 

^atXdwii . . .Mwi^C^''i---*"(f}i, ...,Q.p,(j)i,.. . ,0„+i) + 
teT 

X] ajC^(17i, . . . ,rjp,(/)i, . . . ,0„+i), 
ieJ\JJ'UJ" 

(2.60) 

where for all the linear combinations on the right hand side we are using generic 
notation. 

We will show p.60p momentarily. For the time being, we observe that if we 
can show p.60p then by iterative repetition we are reduced to proving our claim 
for the first subcase above under the extra assumption that X ~%. 

Under this extra assumption we claim that the sum in J' |J J" in the above 
satisfies: 

X! ajCl{VLi,...,np,(j)i,...,cj)u+i)^ 

(2.6f) 

ajC^(Oi, . . . , rjp, 01, . . . , </)„+i). 
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Notice that proving the above two equations will complete the proof of Lemma 
12.41 in this subcase. We first prove (|2.6ip (assuming we have shown (|2.60[) ) by 
the usual argument: 

Plug (|2.60p into (|2.59p and then apply Rictoilp+i to derive: 

X! ■ ■ ■ ■ • ■ = 0- 

jeJ'UJ" 

Now, we use the fact that the resulting equation holds formally: We may ar- 
range that the factor ^(f>h' is contracting against the first index in the factor 
(p) 

^ri...rpRicij, hence in the permutations by which we make the LHS of the above 
formally zero the first index is not moved. Thus we see that the correction terms 
arising when we repeat those permutations for 

'Pu+D 

jeJ'UJ" 

are indeed as in the right hand side of (|2.6ip . 

Proof of S2.60\) : First of all, observe that if the factor S^.Rijki'^^^'h in 'Ssimp 
is contracting against some factor W(f>h" (in addition to the factors V^^, W(f>h'), 
then (|2.60p is obvious since then by definition X™ = X = 0. Thus, we may now 
assume that only the factors V(j)x and V^^' are contracting against S^,Rijki^^4'h 

m ^simp • 

In that setting, we firstly show (|2.60p for m — fi: We only have to refer 
equation (|2.55p when m — fi, and replace (j)h' by (/)x- We derive an equation: 

Xdm^ . ..Xdivi^ ^ a^Cg''i---'^'(17i, . . . ,rtp,(j>i, . . . ,4>h, ■ ■ ■ ,(j>u,<l>u+i) = 
Xdm, . ..Xdivi^_^^ axCg-'^-'-'^+^fJi, . . . , rjp, . . . , f^;,, . . .,(/)„, 0„+i) + 

atXdm^ . . . Xdm^Cl'^ (Oi, . . . , rjp, ^1, . . . , (l)u+i)+ 

teT 

Y ajC^(f^i, ■ • ■ ,f^p,(/'i, ■ • ■ 
j&J\JJ'l}J" 

(2.62) 

(using generic notation of the tensor fields in the RHS). 

Now, we consider the tensor fields indexed in X^^^ which have a free in- 
dex in the factor RiCab^"^<t'h^^ and we "forget" the Xdiv structure of Xdivb- 
Therefore, we are reduced to proving ()2.60p with with two additionnal features 
if TO = /i: Firstly that the tensor fields with rank m = jj, do not have a free 
index in the expression Ricab^°'<l>h' and also that for those tensor fields the 

^^In other words, the index ^ is free. 
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index & in that expression is contracting either against a non-special index in 
some curvature factor or against some index in a factor V'-^^Qf with A > 

Armed with this additionnal hypothesis for the case m = ii, we wih now 
show (|2.60p for any m > fj,: 

We apply the operation RictoQ to the Lemma hypothesis (using the nota- 
tion of (|2.59[) 1. and we pick out the sublinear combination with an expression 

(2) 

V,-j Jlp_|_iVV?i'- It follows that this expression (which we denote by Eg ) vanishes 
separately. Thus, we derive an equation: 

Eg = X^div.,^ ...X^div.,^ ^ aa^Cg''^--'" (17i, f2p+i, i^j;, ...,<?!)„, (/lu+i) 

xex^ 

+ X! "j'^s(^l' ■ ■ ■ '^P+l, '/'I: • ■ • ,0ft, ■ • ■ , (t)u,(l)u+i) = 0, 

(2.63) 

where X^^divi stands for the sublinear combination in Xdiv^ where is in 
addition not allowed to hit the expression V)^- rip+iVV/i/- Now, we formally 

replace the expression V^^^ ilp+iVVft' by a factor V jY . We denote the resulting 
tensor fields and complete contractions by: 

c^'*i-^»(f7i, . . . , rjp, r, 01, . . . , 4>h, . . . , 0„+i), 

Cg(f^l, . . . ,f^p,l', 01, . . . ,0ft, . . . ,0„,0„+l). 

Then, since the above equation holds formally we derive that: 
X^divi^ . ..X^divi^ ^ aa,Cg ''i'--*" (Jli, . . . , fip, Y", 0i, . . . , 0ft, . . . , 0„, 0„+i)-|- 

X! "J^s(^l' • ■ ■ ,f^p,^, 01, • ■ ■ ,0ft, ■ ■ .,0^,0^+1) = 0. 

(2.64) 

X^divi in this setting stands for the sublinear combination in Xdivi where 
is not allowed to hit the factor VF. 

But then (subject to certain exceptions which we explain below) applying 
4.6 in [6])l2l| (or Lemma 4.7 in [6| if cr = sj^l to the abovel^l we derive that 

^^(The last property follows since V*" has arisen by "forgetting" an Xdiv). 

^^In particular, the exceptions are when there are tensor fields of minimum rank in 112.6411 
that fall under one of the "forbidden cases" of that Lemma. The derivation of 1 12.601 1 in that 
case will be discussed below. 

®* Notice that by the conventions above this Lemma can be applied since the tensor fields 
of minimum rank do not have a free index in \/Y. 

^^Equation 112.641 1 formally falls under the inductive assumptions of these Lemmas, since we 
have reduced the weight. 
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there is a linear combination of (to + l)-tcnsor fields, 

^ a,CY^-'^+' (f^i, rip, r, </.!,..., ... , 

just like the ones indexed in X™ only with another free index, so that: 



^*djwj„+iC«''i--'"+i(f^i, . . . , fip, y, 01, . . . , (^^, . . . , 0„+i)v,iW . . . v,,„u 
+ ajC^g'''-'^^{ni, . . . ,rip,y,0i,. . . ,0^, . . . ,0„,0„+i)VjiW. . . Vi„w = 0. 

jeJ' 

(2.65) 

r/ie Exceptions: In the exceptional cases, we apply Lemma 4.10 in [5] to 
(|2.64p to derive (|2.60p directly. (Notice that this Lemma can be applied since 
m > fj, in this case; this is because of the additionnal hypothesis in the case 
m = fi which ensures that we do not fall under the forbidden case when to = /i) . 

Derivation of \2. 6U\) from \2. 65]) ^ Now, formally replace VaY by an ex- 
pression RiciaV^cjyh' in the above; we thus again obtain an equation: 



^ aa;C^^*i---'"(f7i, . . . , l]p, 01, . . . , 0j;, . . . , 0„, 0„+i)ViiU . . . Vi^v- 

aqX^diVi^^^^CY^-''"'^ + ^{9,l, . . . ,f2p,01, . . . ,0a;, • ■ . ,0„,0u+l)ViiU . . . Vi^V 

+ X! ajC^'*i-'" (17i, . . . , rjp, 01, . . . , 0^, . . . , 0„, 0„+i)ViiU . . . V,„w = 0. 

(2.66) 

Observe that making the X^div into and Xdiv introduces tensor fields with a 
factor 'V RiCijV^ (ph' ] where we may then apply the second Bianchi identity to 
this expression and make the factor V0/i' contract against the derivative index 
in Vi?ic. We obtain correction terms that are in the form: 

atXdiVi^ . . . XdiVt^Cl''^---'"'{^li, . . . , fip, 0i, . . . , 0„+i). 

teT 

Thus, replacing the Vus by Xdivs (see the last Lemma in the Appendix in 
[5]), we obtain our desired (|2.60p . □ 



^In the non-exceptional cases. 
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3 An analysis of the sublinear combination 

CurvTrans[Lg]. 



3.1 Brief outline of this section: How to "get rid" of the 
terms with a + u factors in (16. ip . modulo correction 
terms we can control. 

Let us recapitulate to recall our main achievements so far and to outline how our 
argument will proceed: We have set out to prove Lemmas II. 11 II. 21 (and, eventu- 
ally Lemma 11.31 under the inductive assumption of Proposition [TTTl along with 
all the Corollaries and Lemmas that the inductive assumption of Proposition 
II. II implies. The main assumption for all these Lemmas is equation (|2.3p . whose 
left hand side we denote by Lg(fli, . . . , ilp, 0i, . . . , (or just Lg, for short). 

In Lemma 12.11 we showed that the sublinear combination Image^~^^^[Lg] 
must vanish separately (modulo complete contractions that we may ignore). 
The equation (|2.8p is the main assumption for this section. In equation (|6.ip 
we broke up Image^~^ _^[Lg] into three sublinear combinations CurvTrans[Lg], 
LC[Lg], W[Lg] which we will study separately in the next few subsections (the 
reader may wish to recall these three sublinear combinations now). 

Finally, in Lemma 12.21 we showed that the sublinear combination LC^[Lg] 
(in LC[Lg]) can be replaced by the right hand side of the equation in (|2.2p . 
Since that right hand side consists of generic terms that are allowed in the con- 
clusions of the Lemmas ll.llll.2l and Lemma [T751 in case A, we may interpret this 
result as saying that the sublinear combination iC$[Lg] can be ignored when 
we study LC'[Lg] further down. 

Synopsis of subsections \3.3[ We commence this section with a study of 
the sublinear combination CurvTrans[Lg]. The next two subsections (13.31 and 
13. 2p are devoted to that goal. Our analysis will proceed as follows: We will 
firstly seek to understand the sublinear combination CurvTrans[Lg] as it arises 
from the application of the formula (|2.ip . Wc will observe that the terms we 
obtain in CurvTrans[Lg] can be grouped up into a few sublinear combinations, 
defined by certain algebraic properties. After we do this grouping, we will apply 
the curvature identity, 

^ab^c - VfjX, = RaMcX'', (3.1) 

which will introduce corrections terms of length a + u + 1 , some of which will 
be important in deriving our Lemmas 11.11 11.21 11.31 (in particular the sublinear 
combinations in Leftover[. . .] will be the important ones), and many will be 
generic terms (i.e. generic terms allowed in the conclusions of our three Lem- 
mas). Finally, after this analysis and the algebraic manipulations, we will still 
be left with sublinear combinations in CurvTrans[Lg] of length a + u. Roughly 
speaking, these sublinear combinations will either be linear combinations of it- 
erated Xdiv's with high enough rank, or they will be terms that are simply 
subsequent to preK^^ . We will then show that these sublinear combinations 



51 



can be re-written as linear combinations of Xdiv's of tensors fields with a + u+1 
factors, of the general type that is allowed in the conclusions of our Lemmas. 

Notational conventions: Now, abusing notation, we will denote Image^^^_^ [Lg] 
by Image^^^^_^ [Lg] for the rest of this section. Furthermore, we recall that in the 
setting of Lemmas 11.11 and 11.21 the selected factor discussed in the definition of 
Imageb\^[Lg] is always the crucial factor, defined, in the statements of Lem- 
mas [TTl] and [TT2l On the other hand, in the setting of ll.3[ we have declared that 
the selected factor is some factor (or set of factors) that we pick once and for all; 
it does not have to be the crucial factor. Recall that Image^~^^_^[Lg] has been 
defined in definition 12 . 2H his sublinear combination depends on the choice of se- 
lected factor. Therefore, in the next subsections, we will sometimes be making 
distinctions when we discuss the sublinear combination CurvTrans[Lg]; these 
distinctions will depend on which of the Lemmas ll.li ll.2l or ll.3l we are proving. 



3.2 A study of the sublinear combination CurvTrans[Lg\ in 
the setting of Lemmas 11.21 and 11.31 (when the selected 
factor is in the form V^'^^i^.^feO- 

Let us firstly recall that in the setting of Lemma ll.2l the notions of "selected" and 
"crucial" factor coincide. In the setting of Lemma [1.31 thev need not coincide. 
Furthermore, in the setting of Lemma 11.21 we will be denoting by Free{Max) 
the number of free indices in the crucial factor in the tensor fields i ^ 

(see the statement of Lemma [1.2I)F^ Whenever we make a claim 
regarding [13] in this subsection, we will be assuming that the selected factor is 
in the from V^^^i?,^^- 

In this case, we recall that 

CurvTrans[Xdivi^ . . . Xdivi^Cg''^'^'"'^'^ {ili, fip, (^i, (/)„)] 

stands for the sublinear combination in 

Image\^^^[Xdiv,^ . . . Xdiv.^C^^-^'^ {Vti, . . . , fip, . . .,(/)„)] 

that consists of complete contractions with length a + u, with no internal 
contractions that arise by replacing the (one of the) selected factor (s) W^^^^ Riju 

by one of the four linear expressions V^™~^^^ ^ifjju+igjk etc on the right hand side 
of (|2.ip , provided no internal contraction arises in that way. We will be treating 
the function V'^^Vu+i ^ function V*^"^-'ilp+i in this subsection. 

®^ Recall that by definition, if the /x-tensorf fields of maximal refined double character in 
111.61 1 have s special free indices in the crucial factor ^^^^ Rijkl = 1 or s = 2) then all other 
^i-tensor fields in the assumption of Lemma ll.2l will have at most Free{Max) free indices in 
any factor ^^"^^ Rijkl that contains s special free indices. 

^■^Recall that we are denoting Image^^^^^ [. . . ] by Image^ +i [■ ■ ■ 1' abusing notation. 
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In this setting, a complete contraction in 



CurvTrans[Lg{ni, . . . , 17p, 0i, . . . , 

will be called extra acceptable if it is acceptable (see the discussion after (ll.Sp 
in [B]) and in addition it has all the factors V0g. contracting against the factor 
y(m+2)^^_^^[63| ^^^^ ^^ic two rightmost indices in V*^^^^„+i are not contracting 
against any factor V^^. We straightforwardly observe that all the complete 
contractions in each sublinear combination 



CurvTrans[Xdm, . . . Xdivi^Cl;''-'^ (^i, . . . , fip, 0i, . . . , 0„)] (3.2) 
are extra acceptable. 

As before, we will be using the equation: 



(3.3) 



aiCurvTrans[Xdivi-^ . . . XdiVi^Cg^^ '^'' (fii, . . . , ftp, . . . , (j>u)]- 

leL 

^ajCurvTrans[C^g{ni, . . . , l]p, 0i, . . .,(/)„)] = 0, 

which holds modulo complete contractions of length > a + u + 1. 

Now, we separately study the sublinear combinations in the left hand side 
of the above. 

We start with the sublinear combinations CurvTrans[C^g {fli , ■ ■ ■ , ilp, (pi, . . . ,(, 
for each j G J. 

Let us introduce some notation. We will denote by 

4>u+1,4>1j ■ ■ ■ : 0«) 

a generic linear combination of complete contractions in the form (|2.15[) with 
a weak character Weak{preK'^^j^p) and with at least one factor V0/, / G 
Def{Ksimp) contracting against a derivative index in some factor V(P)i?y kl- 
We then straightforwardly observe that: 

CurvTrans^^^a-jCl{VLi, . . . , ilp, 0i, . . . , 0„)] = ^ajC^(ili, . . . , ilp, 0i, . . 

(3.4) 

Next, we proceed to carefully study the sublinear combinations p.2p in 
We will need to introduce some further notational conventions. 



^''Here {^4>gi} stands for the set of terms V</>(, that are contracting against the selected 
factor 'V("^'l Rijki in f^simp- 
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Definition 3.1 For this entire subsection, we denote by 
peP 

a generic linear combination of acceptable tensor fields with length a + u + 1, 
and a > /i and with a u-simple character Ksimp o,nd a weak (u + l)-character 

Weakifi+mp)- 

Furthermore, we denote by 

J2 duXdiv,, . . . Xdiv.^C^''^-'- i^i,--., ^p, 0ti+i, 01, • • ■ , 4>u) 

a generic linear combination of Xdivs of extra acceptable a-tensor fields {a > ji) 
with the following features: The tensor fields ■■■'£! (Q^, . . . ^flp^ (f'u+i, 4>ii ■ ■ ■ i 4>u) 
must have of length a + u, be in the form \2.15\) and have a u-simple character 
preii^^^p, where all the factors V(t)g-^ , . . . , V0g_ are precisely those V0 's that are 
contracting against the first z indices in the factor V*-'^-'(/)„+i with A > z + 2. 
Furthermore, we require that if a = fi then either at least one of the free indices 
i-^,. . . is a derivative index (and moreover if it belongs to a factor V^^^flh 
then B >?,), or none of these indices is a special index in a factor S^V^'^^ Rijki ■ 

Our next definitions will be only for the setting of Lemma \l/A 
We will denote by 

atCY'-'^- . . . , r!p, 01, . . . , 0„)V,,0„+i 

teT 

a generic linear combination of acceptable {fi — \)-tensor fields of length a + 
u + 1 with [u + \)-simple character K^'j^p, for which either the selected (=cru- 
cial— critical) factor contains fewer than Free{Max) — 1 free indices, or it con- 
tains exactly Free{Max) — l free indices but its refined double character is doubly 

subsequent to each , z £ Z'^^^^ 

In addition ( again only in the setting of Lemma \ 1.13(1 we denote by 

auC^/'-'^-' . . . , np, 0„+i, 01, . . . , 0„) 

ite(7i 

a generic linear combination of extra acceptable (// — 1) tensor fields in the form 
112. 15\) . of length a-\-u with a simple character preii'^^^p, with the extra property 
that the factor V'-^-'0i,+i has fewer than Free{Max) — 1 free indices. We also 
require that none of the free indices are special indices in a factor S^.V^'^^ Rijki . 

Moreover, in the case where the maximal refined double characters ,z & 
^Max have two internal free indices in the crucial factor, we denote by 

Y auC^/'-'--' (f^i, . . . , 0„+i, 01, . . . , 0„) 

uGC/2 

®^In other words, in the statements of Lemma 11.21 this corresponds to a generic linear 
combination J]^gjv Qi'C's''^ , ■ ■ . ,i^p,4>\, ■ ■ ■ , <l>u)y i^,<t>u+l- 
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a generic linear combination of extra acceptable (/i — 1) tensor fields in the 
form i2.15\) with a simple character pfei^^imp ^'^^ with the feature that it has 
Free{Max) — 1 free indices in the factor V^'^Vm+i o'^c^ with the additional 
property that one of the free indices that belong to the factor S7ri...rA'Pu+i is the 
last index rA ■ '^^•S" require that none of the free indices are special indices 
in a factor S^.'V'^'^^ Rijki ■ 

Armed with this definition, we may now study the subhnear combination 
(1221) in detail. 

We recall a few notational conventions we have made in the setting of Lemma 

Recall that in the setting of Lemma ll.21 the crucial factor (s) in each (7'.'i - V ^ 
I G , z G Z'j^j^^ will all have either two, one or no internal free indices. 

If the maximal refined double characters L^,z G '^'uax h^-ve one or two 
internal free indices belonging to the (a) crucial factor, we recall that we have 
denoted by C /; the set of all internal free indices that belong to a crucial 
factor. Furthermore, if there are two such free indices, we have declared that in 
the (each) crucial factor of the form T = V^"'^^ Rijki, the internal free indices will 
be the indices i,k- In that setting, we may then assume wlog that the indices 
ij,i3, . . . G ai'e the indices i in the crucial factors. Also in this case 

we may assume wlog that if k is odd then ^ and k+i belong to the same crucial 
factor. We then claim: 

Lemma 3.1 In the setting of Lemma \1.'A if the tensor fields Cg^^"'^'^,l G 
, z d Z'j^j^^ have two internal free indices in the crucial factor(s) then: 

^ aiCurvTrans[Xdivi^ . . . Xdiw^^Cg''!--*" (f^i, . . . , rjp, 0i, . . .,(/)„)] = 

ki 

^ a/ ^ Xdivi^ . . . Xdivi^^^^ . . . Xdivi^ 
C^'*--*-(f7i,...,l]p,0i,...,(/.„)V,,0„+i 

+ ^ OuXdivi^ . . .XdiVt^Cg''-^---''''{ni, . . . ,0p, ^i, . . . , g-j 

ueu 

a^Xdivi, . . .Xdivi^_,C^'''---'''^-'{ni, . . . , (/)„+i, 0i, . . . 

ueUi 

OuXdivi^ . . .Xdwi^_,C^''i---'^-i(f^i, . . . (/)„+!, . . .,(f)u)+ 

MS (72 

Y dtXdiv,, . . . Xdiv^^C'/'-'- . . . , rip, (/.I, . . . , 

Next claim: Again in the setting of Lemma \1.2l if the tensor fields ^ i g 

e -^Maa; httvc One internal free index in the crucial factor(s) then: 
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aiCurvTrans[XdiVi^ . . . XdiWi^Cg*^"'*^ (Sli, . . . . . . = 

XI XI xdm,...xdiv„^...xdm^cl''^-''^{ni,...,np,(j)i,...,(t>u) 

V,>„+i + ^ auXdiVi^ . . .XdiVi^^C^'''---''^{ni, . . . , 17^, </)„+i, . . . + 

J2 atXdiv,, . . . xdiv,^cl^'^ -'-{n^, . . . , rjp, 01, . . . , 

teT 

(3.6) 



In the setting of Lemma \1.3\ and also in the setting of Lemma if the 
isor fields C\ 
factor (s) then: 



tensor fields ^ [ (_ j^z ^ ^Maa; have no internal free index in the crucial 



^ aiGurvTrans[Xdivi^ . . . Xdivi^Cl'''- '^ (ni, . . . , fip, 0i, . . . >„)] 

(3.7) 

= OuXdiVi^ . . . XdiVi^Cl^'''---''^ (ni, . . . ,np,(j3y,+i,(j3i, . . . , 4>u). 
Moreover, for both Lemmas \L2\ and \1.3[ 



aiC'urvTrans[X divi-^ . . . Xdivi^Cg^^'"'^'' {^i, ■ ■ ■ , i^p, 0i, • ■ ■ , (f'u)] 

/e(L\L,,) 

= OpXdiv^, . . . Xdiw,^CP''i (f^i, . . . , fip, 01, . . . , 0„)V,. 0U+1+ (3 8) 

pGP 

Y auXdiv,, . . . Xdiv,^C^'''-'-{ni, . . . , rip, 

Proof of Lemma \3.1[ The proof just follows by applying the transformation 
law (|2.ip . For the first two equations in the Lemma, we "complete the diver- 
gence" to get the terms on the first two lines of the right hand sidesl^ Also, 
for the first two equations, the proof of our claim also relies on the definition 
of maximal refined double characters. Note: For (|3.6p we also use the fact that 
(|1.6p does not fall under the "special cases" outlined at the very end of the 
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We explain the notion of "completing the divergence" : We observe that 
we obtain terms in CurvTrans[XdiVi-^ . . . XdiVi^Cg'^^'"''^] which are in the form 



X-jfdivi^XdiVi^ . . . XdiVi^Cg'^^ "^'^ , where the free index does not belong to the factor 
V'^'(/)u+i, and Xfdivi^ means that V'l is not allowed to hit the factor V'^'</)n+i. Then 
adding and subtracting a term HitdiVi-^XdiVi^ ■ ■ . Xdini^ Cg ''^ ' (Hitdivi-^ means that we 
force V*i to hit the factor V'^'fliu+i), we obtain the terms of length a + u + 1 in 113.511 . 1 13.611 
(when we subtract the term in question), by also applying the curvature identity 1)3. Ijl . 
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introduction. □ 

In conclusion, we have shown that in the setting of Lemma 11.21 when there 
are two internal free indices in the crucial factor in the tensor fields - 
L £ L^,z ^ ^Max ^ill have: 

CurvTrans[Lg{Qi, . . . , fip, 0i, . . . , 0,,)] = 

al^Xdiv^^ . . • . . Xdivi^Cl;''---''' {ni, . . . , lip, . . . >„) 

^6^Mo. l^L' h=0 

+ Vii0„+i ^ a^XdiVi^ . ..XdiVi^Cg^'^ -'''{ni,. . . , rjp, (^i, . . .,<j)u)+ 

ueu 

auXdiv,, . . . Xdm^_,C^'''-^''-' {ni, . . . , f]p, 01, ...,(/-„) 

ueUi 

+ auXdiVi,...Xdivi^_^C1^'''-'^''-'{ni,...,np,(l)u+i,(l)i,...,(l>u) 

U£U2 

0ti+i, 01, • • • , 4>u)+ 

apXdivi^ . . .Xdwi^C^-'i (rii, . . . , lip, 0i, . . . ,0„)Vi.0„+i + 

peP 

^atXdw^i . . .XdTO,^_,C*''i---*^'(17i, . . . ,rjp,0i, . . . ,0„)V^^0„+i. 

(3.9) 

Also, in the setting of Lemma 11.21 when there is one internal free index in 
the crucial factor in the tensor fields - ^ ; g /^^^ ^ e -Z^Max '^^ '^i^l have: 

CurvTrans[Lg{fli, . . . , f^p, 0i, . . . j^^)] = 

^ X! X! Xdiv.,,...Xdiv,^...Xdiv,^&^'^-'i^(Q.i,...,Q.p,(j)i,...,4iu) 

01, ■ ■ • , 0u) 

+ ^ a„Xdwji ...Mt;,^_iC^''i-*^'-i(ni,...,fip,0„+i,0i,...,0„) + 

ueUi 

0U+1, 01, ■ • • , 0ti) + 

Y apXdiv,, . . . Xdm^CP''' {fli, . . . , ^2p, 01, . . . , 0„)V,.0„+i + 
peP 

Y^iXdiv,^ . . .XdTO,;^_iC*''l---*^'(f7l, . . . ,rjp,0l, . . . ,0„)Vj^0„+l, 

teT 

(3.10) 
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and lastly in the setting of Lemma [TT51 we will have: 



CurvTrans[Lg{ni, . . . , fip, 0i, . . . , = 

UuXdiv,^ . . . Xdwi^C^'*i---'"(17i, . . . , r2p, (/-i, . . . , (f>u)+ 

+ ^a,C^(f7i,...,l]p,0„+i,0i,...>„)+ (3-11) 

apXdm, . . . XdTOi^C^'^i {fli, ...,np,(j)i,..., 0„)Vj.0„+i. 

We then make three claims, for each of the three subcases above. We are 
interested in "getting rid of" the sublinear combinations of length a + u that we 
have been left with in CurvTrans[Lg(p.i, . . . , fip, 4>i, . . . , </>„)]. We first consider 
the setting of Lemma ll.2l and there are tensor fields indexed in C L with two 
internal free indices in the crucial factor V'^'^^ Rijki', call this the first subcase. 
We claim: 



Lemma 3.2 Consider the setting of Lemma \1.2\ when there are tensor fields 
indexed in C L with two free indices in the crucial factor V^"^^ Rijki ■ Then, 
refer to I13.9\) . By virtue of our inductive assumption on Proposition \l.ll we 
claim that the sublinear combination of length a + u in 113. 9\) will be equal to: 



UuXdivi^ . . .Xdwi^Cg (fii, . . . ,rjp, (/)„+!, . . .,<j>u) + 

ueu 

Y auXdiv^^ . . . Xdiv^^_,C^''^-'''-^ . . . , r2p, 01, . . . , 

Y auXdiv^^ . . . Xdiv^^_,Cg''^-'>'-^ {flu ...,np, (t)u+i,(t)i: . . . , 0«) 



ueU2 

^ (3.12) 
2^ arXdiv^, . . . . . , f7p, (/ii, . . . ,0„+i) 

+ Y arXdiv,, . . . Xdiv,^_,Cl''^-'''-^{ni, . . . ,np,(j)i, . . . 

+ Y, arXdivi^ . . .Xdivi^Cg''-^---'''{fli, . . . ,ftp,(f)i, . . . ,(l)u,(l)u+i)+ 

Yo-jC^gi^l, ■ ■ ■ ,^p,(l)l, ■ ■ . 



here the (/i — l)-tensor fields indexed in Ra have a {u + l)-simple character 



i^timp' '^^'^ '^^^^ have Free{Max) — 1 free indices belonging to the crucial factor 
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^rT-.-rmRijki md moreover all of them are of the form ^ , . . . , r,„ , j and further- 
more V(/)„+i is contracting against the index i (so in particular they are doubly 

subsequent to all ,z & ^Max)- 

Also, the {ii — I) -tensor fields that are indexed in Rp have a refined double 

character that is doubly subsequent to each , z E ^Max- particular they 
have fewer than Free{Max) — 1 free indices in the crucial factor) . Finally, each 
a-tensor field (a> jj) indexed in R-y has a u-simple character Ksimp o,nd a weak 
{u + l)-character Weak{K,'^^j^p) . Lastly, each has length cr + ?i + 1 and is 
simply subsequent to K^„p. 

Next, we consider the setting of Lemma 11.21 where there is one internal 
free index in the tensor fields C^^'"^" ,1 S L^,z e ^Maa i'^^^ ^^^^ second 
subcase). We also consider the setting of Lemma 11.31 (where there are no internal 
free indices in any factor V(")i?jjfei in the /i-tcnsor fields we are considering; 
call this the third subcase). 

Lemma 3.3 By virtue of our inductive assumption on Proposition ll.H in both 
(second and third) subcases above we claim that the sublinear combination of 
length a + u that we have been left with in CurvTrans[Lg] (see Ii3.10\} and 
iS.ll}) ) can be written as: 

^ OuXdiv,^ . ..Xdiv^^C^'''-'''{ni, . . . , rjp, 0i, . . ., (/)„)+ 

ajC^gi^i, ■ ■ ■ , f^p, <I>U+1, 01, ■ ■ • , (flu) = 

j&J 

( ^ OrXdiVi^ . . . . . ,np, (/)„+!, . . .,(f)u+l)) + 

OrXdivi^ . . . XdiVi^Cl'^"^ (fii, . . . , fip, . . . , <j>u+i) + 
5]a,q(f}i,...,f]p,0i,...,(/. 

u 1 0u4-l ) 7 

(3.13) 

The {p. — I) -tensor fields that are indexed in Rp arise only in the second subcase 

and have a (refined) double character that is subsequent to each , z E ^Max- 
The tensor fields in Rp , Rj are as above. 

Proof of LemmaslKM and[K3[ 

We will prove Lemma [321 We will then indicate how Lemma [3731 follows by 
the same argument. 

By virtue of the equation (|6.ip we have that: 
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lieu 

^ auXdiv^^ . . . Xdm^_,C^''^-'>^-^ . . . , rjp, 01, . . . , 

(3.14) 

UuXdm, . . . Xdm^_,C^-'^-''^~^ (Qi, . . . , rjp, (t)u+i,(t)i, (pu) 

ueu-2 

+ YajCl{VLi, . . . ,Vtp, cj)u+i , 01 , . . . , 0n) = 0, 

modulo contractions of length > cr + u + 1. 

We focus on the left hand side linear combination in (|3.14|) . where we treat 
the function (j)u+i as a function r2p+i, and we apply the eraser to the factors 
V0g that are contracting against V'^'^Vm+i- (We will be applying this operation 
in order to apply the inductive assumption of Corollary 1 in jSJ on various 
occasions below; after we have applied our Corollary, we will then re-introduce 
the factors V(/)g that we erasedlfj) We observe that the tensor fields of length 
a + u that we obtain via this operation are acceptable, and will all have the 
same simple character which we denote by Ksimp- Furthermore, the complete 
contractions (fii, . . . , fip, 0„+i, 0i, . . . , 0„) that arise after applying the eraser 
will be subsequent to the simple character Ksimp- 

Thus, we can apply our inductive assumption on Corollary 1 in ^sj^ to the 
left hand side of p.l4[) (to which we have applied the eraser). We conclude that 
there is a linear combination of acceptable /i-tensor fields (indexed in T below) 
with a simple character Ksimp so that: 

ttuC^'''-'^-' (f^l, . . . , 0«+l, 01, • • • , 0«)V,;,W . . . V^^_,W + 

tiGC/i 

Y auCg-'^-''^-^ {^l,---, ^p, 0«+l, 01, • ■ ■ , 4>u)y^^V. . . V,^_iW- 

ueU2 

Y a„Mw,^C*'*l-*"-l*^(17i, . . . , rip, 0„+l, 01, . . . , (|}u)y^^V . . . Vi^_,V = 

Y afCf/'-''^-' (f^i, . . . , lip, 0„+i, 01, ... , 0„)V,,u . . . Vi,,_,z;, 

(3.15) 

modulo complete contractions of length > ct + u + /i. Here each (j^'^^---^''-^ 
is simply subsequent to Ksimp- Now, we index in T2 C T the tensor fields 



^®By abuse of notation we will sometimes use Ksimp to also denote the simple character 
with the factors V^g put back in. 

^^Since the tensor fields indexed in Ui have no special free indices in factors St'V^""> Rij^i, 
there is no danger of falling under a "forbidden case" . 
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with precisely Free{Max) — 1 factors Vw contracting against V^'^Vu+i and in 
Ti CT the tensor fields with fewer than Free{Max) — 1 factors Vv contracting 
against V^^^^^^+i. Since the above holds formally, we then derive two equations: 
Firstly: 

MS (72 

(3.16) 

modulo complete contractions of length > a + u + ii. Moreover, we may assume 
with no loss of generality that for each of the tensor fields 

4>u+i, 01, • ■ ■ , 0ji) above, one of the free indices , . . . , ^ 
that belongs to the factor V^^^0u+i — V'-'^^fip+i is the last index in that 
factor (as is also the case of the contractions indexed in U2)- 

Secondly, we derive: 

Y auCg''^-''^-^ (f^i, ■ ■ • , ^p, 0U+1 , 01, ■ ■ ■ , 0«) V,,u . . . V,^_i u- 

ueUi 

Y auXdm^C*/^-'''-^''' {Qi, . . . , flp, 0„+i, 01, ... , 0„)V,iW . . . V,^„i V = 
teTi 

J2 afCf^'^-''^-' {Ql,..., 0„+l, 01, . . . , 4>u)y^^V. . . V^^^,V, 

feF 

(3.17) 

modulo complete contractions of length > a + u + fi. 

Now, we seek to use the fact that the above equations hold formally to 
derive information about the correction terms of length a + fi + u in (|3.16p and 
(|3.17p . In (|3.16p we use the fact that the index is the last index in the factor 
V^"^^0u+i. We may then assume (using the eraser) that in the permutations by 
which we make the left hand side of (|3.16p formally zero, the last index in the 
factor V'-'^Vm+i (which is contracting against the factor Vu) is not permuted. 
We conclude that we can write out: 
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UGU2 
teT2 

Y arC7^-""-i (r!i, (/)!,... , (/)„+i)V.,z; . . . V.^_,i; 

+ H a/C/'^i-'^-i(f1i, ...,flp, 01, . . . , 0„)V,,?; . . . V,^_,v 
+ Y a^C|''i-*^'-i {ill, ...,np,<j>i,..., 0„+i)V,iU . . . V^^_,v, 

(3.18) 

where each tensor field indexed in Z has length a + u+l and a factor V^'^Vm+Ij 
6 > 2. The above holds modulo correction terms of length greater than the 
RHS. 

By a similar argument, we derive that we can write: 

Y a„C^'^i-*^-i (f^i, ...,np, 0„+i, 01, . . . , (|3u)y^^v . . . Vi^_,U- 
ueUi 

Y auXdiv^^CY^-''^-^''^{Vli, ...,Vlp, 0„+i, 01, . . . , 0„)V,it; . . . V^^_^v = 
teTi 

J2 afCf/'-'--' (r!i, . . . , rip, 0„+i, 01, . . . , 0„)V.,z; . . . V,^_,t;+ 
feF 

Y arCY'-'--' (f]i, . . . , f]p, 01, . . . , 0„+i)V,,i; . . . V,^_,v 

+ Y azC'I'^i-*^-! (r^i, . . . , lip, 01, . . . , 0„, 0„+i)V,i w . . . V,^_iU. 

zez 

(3.19) 

The above holds modulo correction terms of length greater than the RHS. 

Therefore, we make the Vu's into Xdiv^s (by applying the last Lemma in 
the Appendix of [3 ) in the above two equations we deduce that: 
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ueU2 
teT2 

Y arXdiv,, . . . Xdivi^_,C''/^-'>^-^ . . . , rjp, 01, . . . , 

+ Y a.C'/'-'--' (f^i, rip, </.!,..., 0„+i), 
zez 

(3.20) 

(modulo complete contractions longer than the RHS) and also that: 

Y auXdiv,^ . . .Xdiv,^^^^Cl^'''--''^-^{ni, . . . , f]p, . . . 

ueUi 

Y auXdiv,, . . . Xdiv^^_,Xdiv^^CY^-'>'-^''>' (Oi, . . . , r2p, <^„+i, </)i, . . . , 

^ arXdivi, . . . Xdivi^_,Cl^'^-''^-^ (r^i, . . . , 17p, . . . , 0„+i) 
+ E azC-s'^"-"^-' (f^i, . . . , f^p, 01, . . . , <^„, 0u+i), 

(3.21) 

(modulo complete contractions longer than the RHS) where here we have added 
the "missing" factors V(f>g,g S (k)i (recall (ki) stands for the set of numbers 
g for which V0g is contracting against V'^'^Vu+i P^^'^timp) onto the factor 
V(™^0u+i (which has M > 2 for all the tensor fields) for all the tensor fields 
and complete contractions above. 

In view of these equations, we deduce that we may assume C/i IJ C/2 = in 
p.l2p . Then, in order to show our Lemma 13.21 we only have to show that we 
can write: 
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ttuXdiv^^ . . .Xdiv^^Cg'''^ {VLi,. . . , fip, 0i, . . . ,0„)+ 

ueu 

^a-,-C^(17i, . . . ,rjp,0„+i,0i, . . .,cj)u) = 

arXdiWji ...Xc;wi^Cg''^---*''(rii,...,rjp,(/)i,...,(^„,0„+i)+ (3 22) 

5Z • • ■ , ^^p, 01, ■ ■ • , </'u+l) 

(recall that by definition a > /i). 

In order to see this, we firstly again apply the eraser to the factors V(j)g, g € 
in (|3.12p . Then, we pick out the tensor fields with the smallest 

number a — S of free indices, where 6 > fi. We suppose they are indexed in 
Us C U. We will then apply Corollary 1 in [3] to the above, but first we will 
make a small note regarding the potential appearance of terms in one of the 
"forbidden forms" . By the definition of X^uey ■ • • > the only way that terms in 
p.22p can be "forbidden" for Corollary 1 in 6J is if they have S > fi. Thus 
in that case, we apply the "weaker version" of the Proposition 11.11 from the 
Appendix in [6]; the correction terms that we obtain are of the form we require. 

Now, in the remaining cases where no tensor field appearing in Us is "for- 
bidden" , we use our inductive assumption of Corollary 1 in [6j and deduce that 
there exists some linear combination of acceptable (5-1- l)-tensor fields (indexed 
in Ts below with simple character k, so that: 

auC^'''---''{^i, ■ . ., rip, 01, . . .,(j>u)Vi^v...Vi,v- 

ueUs 

Xdiv,,^, J2 atCY^-''-^''+' (f^i, . . . , ■ • ■ , </>«)V,, w . . . V,,v+ 

a^c-f 1...V-1 (f^^^ ,,,^np, 0„+i, 01, . . . , 0„)v,,u . . . v,^_,v = 0, 

(3.23) 

modulo complete contractions of length > a + u+1. Thus, since the above must 
hold formally, we deduce that: 
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ueUs 


. . . , ^ip, 4>u+i, 




■•V.,u- 








. ,(/)„)ViiU...VijU 






(t)l,. ■ ■ , 0u)ViiU . 


..V,,u+ 






^u+OVjiU . . 





(3.24) 

modulo longer complete contractions. Hence, as before, we add the missing 
factors V0g onto the factor V^'^Vm+Ii A > 2 and make the Vus into Xdivs 
(applying the last Lemma in the Appendix of [3]) to deduce that: 

Y auXdm^ . ..Xdm,C^'''---'''{ni, . . . , rjp, 0i, . . 

ueUs 

Xdiv,^ . . .Xdiv.^Xdiv,^^^ ^ atCY^-'^'^''+^ . . . , fJp, </)i, . . . 

arXdivi^ . . .Xdwi_5Cg'*^---'*(rJi, . . . , fip, </>„+!, . . . , (j>u) + 

Y a.C|''--^-- (r!i, . . . , 01, . . . , 

(3.25) 

Therefore, by iteratively repeating this step we may assume that U — % and 
we are reduced to showing that: 

(/)„+!, . . . ,0„) = ^ajC^(r2i, . . . ,r2p,0i, . . . ,(/)„+i) 
+ azC|'*i-'"-^(17i, . . . ,f]p,(/.i, . . . ,0„,0„+i). 

(3.26) 

But this follows easily: First of all, we pick out each factor "S/^^^.ta^h (in- 
cluding V''^-'0„+i) and we pull to the left all the indices that are contracting 
against a factor V(/>/. We can do this modulo introducing correction terms as 
in the right hand side of (|3.26p . So now for each C|, we have that the factors 

(A) 

'^ri...rA^h have the property that their indices that are contracting against fac- 
tors V0/ are all pulled out to the left. Moreover, since we are dealing with 
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complete contractions with the same weak character, we may speak of the set 
of numbers A(h) — {ai, . . . , Oh^}, for which the factors V(/)ai, . . . , ^4>abf^ s-re 
contracting against V^^^fift, for each h,l<h<p+l. 

Now, we arbitrarily pick out an ordering for each set A{h). Modulo intro- 
ducing a linear combination 

^ajC^(f]i, . . . ,fip,(/)i, . . .,(f>u+i) + ^ a^Cg(f^i, . . . . . . , </)„+i), 

jeJ zez 

we may assume that the factors V0aj , . . . , ^'t'a^^ are contracting against the 
left bh indices of V^"^^r2/j m the order that we have picked. 

Now, we define Sym[C^{fli, . . . , flp, (f)u+i, 4>i, ■ ■ ■ , 4>u)] to stand for the com- 
plete contraction that is obtained from C^(rii, . . . , VLp, (pu+i, 0i, ■ • • , 4>u) by sym- 
metrizing over the indices in each factor 'S/'^^^^l^ that are not contracting against 
a factor V(/)^. 

By just applying the equation (|3.ip we then deduce that: 

^ajC^(rJi, . . . ,np,0„+i,0i, ...,(j)u) 

= ^ajSym[Cl{ni, . . . , rjp, 0i, . . .,(/)„)] 

+ X! ■ • ■ , f^p, 01, ■ • ■ , (l^u+i) + ^ azCgi^i, . . . ,np,(j)i, . . . , (j>u+i). 

jeJ zez 

(3.27) 

Finally, we use the eraser to deduce that: 



^a,q(f^i,...,r!p,0i,...,(/. 



(3.28) 



z£Z 

□ 

The proof of Lemma [3.31 is entirely identical. We just do not have the sub- 
linear combinations indexed in U1UU2, hence we just iteratively apply (13. 25^ 
and then ((3?26l) . □ 

In conclusion, in view of equations (|3.9p , (|3.10p , p. lip and Lemmas 13.21 and 
13. 3[ we have shown the following: 

Conclusions: In the setting of Lemma 11.21 when there are two internal free 
indices in the selected factor V'™'i?ijfe; in , z e -^Maa:, have derived an 
equation: 
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CurvTrans[Lg{ni, . . . , fip, 0i, . . . , (/)„)] = 

2fci + l 

XI 51 Xdm, . . .Xdm^ . . .Xdivi^^Cl;'^---''^{ni,. . . ,np,(j)i, . . . 
teT 

+ ^ a^Xdiw,! ...Xdwi^,_,C^''i-*^'-i(f]i,...,rjp,0i,...,</)„+i) 

rGRa 

+ arXdiVi,...XdiVi^_,Cl'''---'^'-'{ni,...,np,(j)i,...,(j>u+i) 
arXdivi^ . . .Xdivi^Cl'''^-'"'{Vli, . . . ,Q.p, . . . 0„+i) + 

^ajC^(f7i, . . . ,rjp,0i, . . . , + ^ azCg(f^i, . . . . . . 

jeJ zez 

(3.29) 



(using the notational conventions of equation (j3.9|) and Lemma [3T2|) . 

In the setting of Lemma 11.21 when there is one internal free index in the 
selected factor V'^^-R^fei in , z e Z'j^.j^^^, we have derived an equation: 

CurvTrans[Lg{fli, . . . , fip, 0i, . . .,(f)u)] = 

X! X! Xd^v^,...Xdm^...Xdivi^Cl''^---''^'{ni,...,np,(l)i,...,(l>u) 

V,^0„+i + atXdivi, . . . Xdivi^^_,C*/^-'>^{ni, . . . , rjp, 01, . . . , 0„)Vi^>„+i 

tGT 

+ Y arXdivi^...Xdivi^_^Cl''^-''^-'{ni,...,np,(l)i,...,(l)u+i) + 

ttrXdm^ . . .Xdit;j„Cg^*i---'"(rii, . . . , 17p, 0i, . . . , 0„+i)+ 
^ajC^(17i, . . . 01, . . . ,0„+i) + Y a,zCg{ni,. . . ,17^,01, . . . ,0„+i). 

(3.30) 

In the setting of Lemma [T73l with a selected factor V''™^^ Riju , we have derived 
an equation: 
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CurvTrans[Lg{ili, . .., Hp, 0i, . . . , = 

U ; 4^U-\- 1 ) ~f~ 

rGR-y 

a,Cl (r!i, . . . , 01, . . . , (3-31) 
^ azC|(fJi, . . . ,r2p,(/)i, . . . ,0„+i), 

(using the notational conventions spelled out in Lemma l3.3p . 

3.3 A study of the sublinear combination CurvTrans[L(^ in 
the context of Lemmas 11.11 and 11.31 (when the selected 
factor is of the form S^V^'^^ Rijki)- 

In our study of CurvTrans[Lg] it will be important to recall our inductive 
assumptions on Proposition 11.11 Recall that in the settings where we are in- 
ductively assuming Proposition [TTTl we may also apply Corollary 1 from [3j and 
Lemma 4.6 from [5]. 

Recall the {u + l)-simple character kJ^^^ (which corresponds to contrac- 
tions with a + u + 1 factors), and also the (u -I- l)-simple character pren^^^^ 
that corresponds to contractions with a + u factors (see the paper [5] for a pre- 
cise definition of simple character, and the Definition 12.11 for the definition of 

We then have denoted by: 

^ajC^(f^i, . . . ,rjp,0i, . . .,cj)u+i) 



a generic linear combination of complete contractions of length > ct + u + 1 
which is simply subsequent to ftj'j^p. 

The aim of this subsection is to derive the equation p.48p below. However, 
in order not to burden the reader with many new definitions from the outset, 
we will commence with some simple calculations and then introduce the neces- 
sary notation needed along the way. Thus, rather than stating the objective of 
this subsection from the outset, we will reach it at the end of this section as a 
consequence of some (seemingly unmotivated) calculations. 

Now, in this subsection the selected factor is of the form T = S^X/''^^ Riju- 
We denote by V4'Min the factor that is contracting against the index j of T in 
Ksimp- We recall that the CurvTrans[Lg] stands for the sublinear combination 
in /mage^^'^^ [Lg] of complete contractions with length a + u and a weak charac- 
ter W eak{preH'^^j^p) . Therefore, the factor S/cjiMin must be contracting against 
the factor V^"^V«+ii for each complete contraction in CurvTrans[Lg\. 
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We observe that the subhnear combination in any term 
Image]^^^^[}2i^j^aiXdiVi-^ . . . XdiVi^C]^''^-'"' {^i, . . . , Op, 0i, . . . , (/)„)] for which 
'^4'Min is contracting against the factor V'^^^(t>u+i can only arise by replacing the 
crucial factor S^:\7r'('...r„Rijki by either 5* V^.'^'^^^ j^(/)„+igj7 or -S'*v[,'|'^^'^j;0„+i5jfe 
(here S"* again stands for symmetrization over the indices ^ , ■ • ■ , r„ , j ) • Accord- 
ingly, we denote by 

CurvTrans^[Y,ii^L aiXdivi^ . . . Xdiwi^Cg'^i---*" (Sli, . . . ,Qp, 4>i, . . . , 

CurvTrans^^lY^ aiXdiv,, . . . Xdivi^C'-'^-'" {^i, . . . , f^p, 0i, . . . , 

the sublinear combinations that arise by making these substitutions. 

Now, we carefully study the linear combinations 
CurvTrans'^^i^j^aiXdivi^ . . . Xdwi^C''*i--'" (Oi, . . . , 17p, . . . 
CurvTrans^^l^i^j^ aiXdivi^ . . . Xdivi^CY^'"^'^ (^^i, ■ • • , <t>i: • ■ ■ , <j>u)] and 
CurvTrans[C^g{U,i, . . . , f2p, ^i, . . . , (j)u)\- In order to state our next claim, we 
introduce some notational conventions. Let the total number of factors V(f>h 
contracting against the selected factor in Ksimp be tt, and in particular let those 
factors be V4>Min, '^4>'ei ; ■ • ■ 7 . Also, in the setting of Lemma \Tl\ we con- 

sider the total number of free indices in the selected factor, for each 
I £ UzGZ' ^® denote that number by Free{Max). 



Definition 3.2 Recall the simple character preK^^^^. 
We denote by 

a generic linear combination of complete contractions of length a + u which are 
simply subsequent to preK^^^^p. (Thus (pu+i is regarded here as a factor flh)- 

Moreover, we denote by J^deDt ^dCg (f^ij ■ • ■ , ^p, 4'u+i, 4>i, ■ ■ ■ , <t>u) o, generic 
linear combination of complete contractions with length a + u, a weak u-simple 
character W eak(preK'^^^p) and with Vipmin contracting against the first index 
in the factor V^-^^ 4'u+i, where we additionally require that P > 3. 

We will also let X^pep '^pC'g''^ Vi,(/)„-|-i be a generic linear combination 
of a-tensor fields (a > with length a + u + 1 and the following additional 
properties: In the setting of Lemma l 1 . ll thev must have a (u+l) -simple character 
^timp' *^ setting of Lemma \1.3\ they must have a u-simple character iigimp 
and a weak {u -\- \)-character W eak{^^^^^p) . 

Now, a few definitions that are only applicable when tt = 1@ We denote 
by X^deD flrfCg'*^''"'*" (^^1, • • ■ , ^pi 4'u+i, 4i; ■ ■ ■ 1 4>il) o, generic linear combination 
of acceptable a-tensor fields with length a -{- u, a > ^, with simple character 

®*See the notation above. 
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-♦-t- (2) " ~ 

P^^'^simp' '^'^'^ ^'^ expression V,-^- (/)„+iVVMm- If a = fi then we addi- 

(2) ■ ~ 

tionnaly require that if we formally replace the expression V (pu+i^^ 't'Min by 
a factor jY then the resulting tensor field is not forbidden in the sense of 
Lemma 4-6 in J^. 

Finally, only in the setting of Lemma ll.ll we will denote by 
SdeD adCg'^^"'^''~^ {fli, . . . , fip, . . .) a generic linear combination of 

tensor fields with length a + u, a factor 4>u+i^''4>Min (j is not a free index) 
and simple character preK^^,^p, and with one of the free indices i^, . . . , being 
a derivative index. If this index belongs to a factor V'^^il/i tehn B > 3. 

Armed with all the above notational conventions, we refer back to p.Sp . and 
we set out to understand the form of the sublinear combinations: 

CurvTrans[C^g{ni, . . . , fJp, 0i, . . . , (/)„)] 
and CurvTrans[XdiVi^ . . . XdiVi^CY^'"^"^ (^^i, ■ ■ ■ , 4>i^ ■ ■ ■ , '/'«)]■ 

Lemma 3.4 

CurvTrans[C^g{ni, . . . ,np,(j>i, . . . ,0„)] = ^ adCg{ni, . . . ,ilp,(pi, . . . ,0„+i)+ 

deD» 

^ajC^(f7i, . . . ,np,(j)i, . . .,(j>u+i) + ^ ozCgini, ...,np,(j>i,.. 

jeJ zez 

+ Y,a,c^g{n,,...,np, 

j&J 

(3.32) 

Lemma 3.5 Consider any tensor field 0^^'"^"^ (f^i, • ■ • , ^p, <t>i, ■ ■ ■ , 4>u), I G L 
where none of the indices k,i *^ the crucial factor are free indices. Consider 
the .special factor S^\/i'f^...r^Rijki o,nd denote by p the number of the indices 
. . . , r^, j that are free in C^'*^ and we denote them by i^, . . . for con- 
venience. We claim that: 
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CurvTrans' {Xdivi^ . . . Xdiv^^Cl'^^--^" {Qi, . . . , fip, 0i, . . . ,0„)}+ 
CurvTrans^^ {Xdivi-^ . . . Xdivi^Cg^^'"^'^ {^i, ■ ■ ■ ,^p, ■ ■ ■ t 4'u)} ~ 



J2 Xdiv,, . . . Xdiv^^ . . . Xdiv.^Cl'''-'- (f^i, (/)!,... , 



+ apXdivi^ . . 


..Xdm^CP-'^' 








+ ^a,q(f7i,.. 


. ,r2p,0i, . . . ,( 


t>u+l) 






+ ^ GdXdivi^ . 

deD 


..Xdm^C^^''- 










■ • ■ , 0ti+i, <i 


6i,...>„) + ^a,q(r!i. 


, . . . , rip, (/)!,.. 





den" zez 



(3.33) 

Note: Let us observe that in the setting of Lemma II. ![ the tensor fields 
Cg''i-'''(f^i, . . . ,ilp,(j)i, . . . , (j)i,)Vi^(j)u+i are (u+l)-simply subsequent to K+„p. 
We will denote the sublinear combination: 



p 

- ^ Xdm^ . . . Xdivi^ . . . Xdivi^ (jhn...ia (^i , . . . , fip, 0i , . . . , 0„) Vi^^ 0„+i 

y=l 

by Leftover ^^^^[Xdivi^ . . . XdiVi^Cg''^--"-" (fli, . . . , fip, 0i, . . . , </)„)]. 

Proof of the two Lemmas above: The proof follows straightforwardly by ap- 
plying the transformation laws ()2.1|) and (j3.1|) . □ 

Now, we focus on the case of the tensor fields C^^^i--*" (f]^^ . . . ^ . . , (j)u) 

where one of the indices fc , ; in the selected factor is a free index (with no loss 
of generality we assume that k is the free index and ; is not a free index). 
For convenience, we assume that the rest of the indices in S'*Vri^..r„-Rijfci that 
are free are precisely i^, ■ ■ ■ , jp+i- For each such tensor field we will denote by e 
the number of indices n, . • • ,r„, j in the crucial factor 5** v[i^..r„i?yfei that are 
neither free nor contracting against a factor Vcpei , ■ ■ ■ ^<f>e^-i ■ 
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Lemma 3.6 With the notational conventions above we claim: 
CurvTrans' {Xdivi^ . . . Xdiv^^C'/^-''' {fli, . . . , fip, 01, . . . ,0„)}+ 
CurvTrans^^ {Xdivi-^ . . . XdiVi^Cg^^'"^'^ {^i, ■ ■ ■ ,^p, ■ ■ ■ t 4'u)} - 



^— Xdivi^ . . . Xdivi^_^^ . . . Xdiv^^ c^^-^a (f^^ ^ . . . ^ rjp, 0i , . . . , Vi^^, c 



apXdiv^^ . . . Xdiv^^C^-'''^'---'"'-''' (fii, . . . , 17^, . . . , 0„)Vj.</)„+i 



peP 
e 



V 



-Xdivi^ . . .Xdivi^Cg-'^-'-'ini, . . . ,np, cjji, . . . , (t)^)V.,,(j)u+i + 

4>u+li 01, • ■ • , <f>u) + 

deDt 

( adXdivi^ . . . Xdivi^_^C^''^'---''^-' (f^i, . . . , 17^, 0i, . . . , 0„, 0„+i))+ 

d6-D„c 

Y azCg{ni, ...,ilp,(j)i,..., (pu, 0«+i); 

(3.34) 

here here the sublinear combination X^deD o,d ■ ■ ■ arises only in the setting of 
Lemma \l.l[ when Free{A'Iax) > 1. 



Definition 3.3 We will denote the linear combination 
p 

i 

V 

(3.35) 

by 



— Y Xdivi^ . . . Xdivi^^^ . . . Xrfw.^C^''^--'" (f^i, . . . , fip, 0i, . . . , 0„)Vi^+,( 

^XdWi, . . . XdWi^C'''i---*''(f}l, . . . , rjp, 01, . . . , 0n)V.ii0„+l 

+ 1 " 



Leftover^^_^^[XdiVi^ . . . Xdiv^^Cg^^-'^'' {fli, . . . , fip, 0i, . . . ,0„)]. 

Proof of Lemma \3. 6V All the above claims follow by the definitions. Only 
for p.34p we must also use the equation p.ip also, for p.34p we use the first 
Bianchi identity. □ 

In conclusion, we have shown that in the setting of Lemmas 11.11 and 11.31 
(when the selected factor is of the from S'^V^'^-'-Ry/c;), CurvTrans[Lg] can now 
be expressed as: 
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aiCurvTrans[Xdivi-^ . . . Xdivi^Cg^^'"^" {fli . . . , ftp, (pi, ... , + 

leL 

y^^ttj CurvTrans [C^ (f^i . . . , f2p, </)i, . . . , = 

aiLeftover^^^^ [Xdivj^ . . . Xdivi^Cg'^^'--^" {ili . . . ,Qp, (pi, . . . + 
^ adCg^(17i,...,l]p, 01, • ■ • , 0«) + ^ ajC^(Jli, . . . , rip, 01, ...,(/)„) 
+ ( a^Xdiv,, . . . Xdiv,^_,Cf'^--'''^-^ (r^i, . . . , 17p, </)i, . . . , 0„, 0„+i)) + 
^ adXdm^ . . .Xdiv^^C^'''---'^{ni, . . . , fip, 0„+i, 01, . . . ,0„) + 

QpXdivi, . . . Xdro,„CP''i'-'°''* (r^i, . . . , 01, . . . , 0„)V,.0„+i + 

peP 

^ azC|(f^i, . . . , fip, 01, . . . , 0„, 0„+i). 
zez 

(3.36) 

Our aim is now to "get rid" of all the sublinear combinations indexed in 
D, Dnc, , modulo introducing correction terms with cr + u + 1 factors that are 
allowed in the conclusions of Lemma fOI and fTTSl The rest of this subsection is 
devoted to that goal. 

In view of (|2.8p and (|3.36p . we derive an equation: 
= ( ^ adXdlv^, . . . Xdiv,^_,Cf''---'--'{ni, . . . ,%,d^u+i,d?i, . . . ,(l)u)) 

0U+1, 01, ■ • ■ , 0u) + 

deD 

Y adC^ini,...,np, 0„+l,01, . . . ,0„) + ^ajC^(f7l, . . . ,rjp,0„+l,01, . . . ,0„), 

d£D» jGJ 

(3.37) 

modulo complete contractions of length > cr + u + 1 . We then claim: 
Lemma 3.7 Refer to Ii3.37\ ). We claim that we can write: 
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den 

0«+l, 01, • ■ • , 0«) + X! ■ ■ ■ , ^P, 0«+l, 01, • ■ • , 0«) 

= ( J2 apXdm, . . . Xdm^_,CP/'--'--'-'' (Til, . . . , rip, 01, . . . , 0„)V,.0„+i)+ 
peP' 

UpXdm^ . . . Xdiwj^ C^^*^ . . . 0„+i, 01, . . . ,0„)Vi. 011+1 

o>/j-i peP 

+ X^^J'^S^^l' ■ • • ,^p,01, • ■ ■ ,0n+l) + ^ a2C|(f}i, . . . ,flp,0i, . . . ,0„+l). 

(3.38) 

Here the sublinear combination X^peP' ■ • ■ CL^ises only in the setting of Lemma 
In that case, it stands for a generic linear combination of acceptable tensor 
fields with a {u + l)-simple character K^j„jp and with fewer than Free{Max) 
free indices in the selected (crucial) factor. Equation h3.38\l holds modulo terms 
of length > a + u + 2. 

Proof of Lemma \3. T\ 

We show the above via an induction. However the base case of our induction 
depends on which setting we are in. In the setting of Lemma 11.31 the hnear 
combination J^deD ■ ■ ■ ^'-'^ present. Also, in the case of Lemma 11.11 if 
Free{Max) — 1 then X^ds-D • ■ • is not present. In those cases we may skip 
to after equation (|3.42p . In the setting of Lemma Fl. II with Free{Max) > 2 we 
must first "get rid" of the subhnear combination X^dePi • ■ ■ • 

So, we now assume that Dnc 7^ 0- We refer to (|3.37p . and we recall that all 
the tensor fields involved have a fixed simple character, which we have denoted 
by pren'^^jy^p. Picking out the sublinear combination in (j3.37p which consists of 
complete contractions with a factor V^^-'0ti+i we derive a new equation: 

OdX^div,^ . . .X,dwj^_iC^''i---''''-i(rJi, . . . ,rjp,0„+i,0i, . . . ,0„)+ 

rfG-D„c 

+ ^ OdX^divi^ . ..X^diVi^Cg'^^---'''{Qi, . . . , fip, 0„+i, 0i, . . . ,0„)+ 

deD 

^ (r^i , . . . , rjp , 0„+i , 01 , . . . , 0„) = 0, 

(3.39) 

which holds modulo complete contractions of length > a + u + 1. Here X^,divi 
stands for the sublinear combination in Xdivi where Vi is not allowed to hit 
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the factor V^^Vu+i- Therefore, applying the eraser to the factor V(j)Mim in the 
above equation and then the Lemma 4.10 from [6] (which we are now inductively 
assuming because we have lowered the absolute value of the weight jf^ we derive 
that there is a linear combination of acceptable /x-tensor fields, with a simple 
character preK+^p, say 

^ a/,C^^*i-''f (f^i, . . . , r^p, (/-i, . . . , 
each with a factor V\j 4>u+i^^ (t^Min so that: 

- X^div,^ ^ a;,C^''i---'*^'(17i, . . . , rjp, 01, . . . , 0„)VjiU . . . V,^_,u 
= H (^1. 0n+l, 01, • ■ ■ , 0«)V^,t; . . . V,^_,u, 

(3.40) 

where each jg gjj^piy subsequent to preK^^^^^ (the above holds mod- 

ulo terms of length > a + u + 2). 

Now, two observations: Firstly, in the generic notation we have introduced, 
we have: 



0U+1, 01, ■ ■ • , 4>u) 

(3.41) 

= ^ adCg''^ - ''^' {ni, . . . ,rip,0„+i,0i, . . . ,0„). 
den 

Secondly, since p.40p holds formally, by making the Vu's into Xdiv^s (using 
the last Lemma in the Appendix of [3]), we derive: 

^^By the definition of the terms X)iigD • ■ • there is no danger of faUing under a "forbidden 
case" of that Lemma. 
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deD 



(t>u+l,4>l, ■ ■ ■ , 0u) + 

^ ttpXdivi, . . . xdivi^_^ci^''-''<^~^''' . . . , rjp, 01, . . . , (/)„)v,;.0„+i+ 

p(EP' 

(3.42) 

(modulo length > cr + u + 2). Thus, by virtue of the two above equations we 
are reduced to showing our claim under the extra assumption that Dnc = 0- 

Next, we refer back to p.37p and we claim that we can write: 



adXdivi^ . . . X divi^Cg'^^ {^1, . . . , fip, <^„+i, . . . = 
^ adXdm^ . . . Xdiv^^Cg'^^' - '^'^ini, . . . , lip, (/-i, . . . , + 

deD' 

^a,C^(f]i,...,fip, 

4>u+i,4>i, ■ ■ ■ 1 (j^u) + ^ ozCg (fii, . . . , fip, </)i, . . . , </)„+i), 

(3.43) 

modulo length > u + u + 2. 
Here 

^ adCg^.n....,*. (f^^^ . . . ^ j^^^ 01, . . . , 0„) 

stands for a generic linear combination of tensor fields in the general form p.l5p 
with a factor V^'"V«+i that contracts according to the pattern 

(3) 

Vsriz0M+iV''^(/)Min, whcrc neither of the indices s,z is free. 

The above equation can be proven as follows: Firstly, apply the eraser (in 
the equation (|3.37p ) to the factor VcpMin that is contracting against the factor 
(and thus obtain a new true equation which we denote by p.37p '). 
and then pick out the sublinear combination that contains a factor V0„+i with 
only one derivative (and thus obtain another true equation which we denote by 
(|3.37p ")-for the next construction we re-name the function 0u+i We are 

then in a position to apply Corollary 2 from [B] (if cr > 3) or Lemma 4.7 from 



^"(This is after we have applied the eraser to the factor V</<Min that contracted against 
V(s)0„+i). 
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[B] {if a — 3) to the new true equation p.37p ". and derive (|3.43p : We start with 
the case a — 3: Observe that (|3.37|) " satisfies the requirements of Lemma 4.7 
by weight considerations since we are assuming that the assumption of Lemma 
ll.ll does not contain "forbidden" tensor fields. Thus, we apply Lemma 4.7 in [B] 
and in the end we replace the function y by a function Vg^u+i V^Min- Then, 
picking out the sublinear combination with the function V0Mm differentiated 
only once0 we derive (I3.43[) . Now, the case cr > 3 follows by the exact same 
argument, only instead of Lemma 4.7 we apply Corollary 2 from [B]. Corollary 
2 can be applied to p.37p " since by definition there is no danger of falling under 
a "forbidden case" of that Lemma. 

But then, we refer to p.43p and we observe that we can write: 



deD' 

4'u+l, 01, ■ ■ • , 0u) + 

d£Dt 

apXdm, . . .Xdm^Cf {ni, . . . ,rjp,(/)i, . . .,(f)u)V,,(f)u+i- 

peP 

(Pu+D- 

zez 

This just follows from the identity: 



(3.44) 



'Min 



(3.45) 



Thus, replacing (|3.43p and (|3.44p into p.37p we are now reduced to showing 
Lemma [X71 in the case Z)„c = 0, = 0. 
Now, one more Lemma: 



Lemma 3.8 At 



with Aic = D = 9. We claim: 



(Pu+l 



7 • ■ ■ 7 1 ' 



dGD' 



zez 



(3.46) 



( modulo length > a + u + 2), where here each on the right hand side has 
length a + u + I and a weak character W^eafc(Kj^^p) but also has the factor 
contracting against a derivative index of the factor V^"^^ Rijki (and thus 
is simply subsequent to Utimp)- 



Observe that this subhnear combination will vanish separately. 
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Moreover, we claim that we can write: 



(3.47) 

where each C^g on the right hand side is simply subsequent to k.^^^- 

Proof: In order to introduce a strict dichotomy between the linear combina- 
tions indexed in D", J, we permute the indices in the factor V'^^Vu+i in each 
C^(17i, . . . ,r2p,(?!)„+i,0i, . . . to make the factors V^Mm, V(/)g^ , . . . V^^^^^ 
contract against the first tt indices, in that order. We can clearly do this mod- 
ulo introducing correction terms in the general form: 



jeJ zez 

Then, we inquire on the number of derivatives on the factor V^^^'^u+i in each 
C^ . If i? > TT -f 1 we just re-name into C"* and index it in DK We are 
reduced to showing our claim under the hypothesis that all have B < tt + 1 
derivatives on the factor V^^^(f>u+i- We proceed under that assumption. 

Trivially, since p.37p holds formally and since we are assuming Dnc = D = %, 
we derive that: 

adlinCg{ili, . ..,ilp, (j>u+i, ■ • ■ , = 0, 

deDt 

^aj7mC^(rii, . . . , 01, ...,(/)„) = 0. 

Therefore our claim p.47p follows by just repeating the permutations by 
which we make the left hand sides of the last two equations formally zero, 
whereas (I3.46P follows by the same fact, and also by using the fact that the 
first TT indices in the factor V'^^0„+i are not permuted (which can be proven 
as usual using the eraser). □ 

Thus, in the setting of Lemma [1.11 and of Lemme lTTSl (if the selected factor 
IS m the form S^V'-"^ R^^ki) we have shown that: 
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aiCurvTrans[Xdivi-^ . . . Xdivi^Cg^^'"^'^ {fli Jlp, (^i, ...,(/)„)] + 
ajCurvTrans[C^g{fli . . . , fip, 0i, . . . , = 

aiLeftover^^^^ [Xdivj^ . . . Xdivi^Cg'^'^-''' {ili . . . , Op, (^i, . . . ,(/)„)] + 

( J2 apXdiv,, . . . Xdiv,^_,CP^''-''^-'^'' {ni,...,np,(j)i,..., 0„)V,.(/)„+i)+ 
peP' 

J2 apXdiv,, . . . xdiw.^cP'^i'-*-'- {ni,...,np,(j)i,..., 0„)v,.0„+i+ 

peP 

'^ajC^gi^li, . . . . . . + ^ a^C|(rii, . . . ,rip,0i, . . . , </)„+i); 

(3.48) 

(the linear combination X^pGP' ■ ■ ■ arises only in the setting of Lemma ll.ip . 

4 A study of the sublinear combinations LC[Lg] 
and in (16.11) . Computations and cancel- 

lations. 

4.1 General discussion of ideas: 

The main conclusions we retain from the previous two subsections are equations 
f^AE^ and (11291), (l330ll . (l33T]l . 

We will denote by CurvTrans''*'^'''^'^[Lg] + J2zez--- ^^'^ right hand sides 
of those equations^ Thus, we have shown that the sublinear combinations 
CurvTrans[Lg] can be re-expressed as linear combinations CurvTrans'^^'^'^y [L g] + 

J2zez ■ ■ ■ ■ 

We then replace CurvTrans[Lg] by CurvTrans'''^'^'^y[Lg] + J2zez ■ ■ ■ (EH), 
obtaining a new equation: 

CurvTrans'''"^y[Lg] + LC[Lg] + W[Lg] + ^ • • ■ = 0, (4.1) 

zez 

which holds modulo complete contractions of length > a + u + 2 (notice all 
complete contractions in the LHS of the above have length a + u + 1). Thus, 
picking out the sublinear combination of complete contractions with length a + 

'''^Ylzez ■ ■ ■ stands for the sublinear combination of complete contractions indexed in Z in 
the right hand sides of lITiSt and 1X291 . ll330t . (|33T1 |. and CurvTrans'''^^''y[Lg] stands for 
the terms with a factor V<j>u+i in the RHSs in i{3A8} and l|3^ . l|Oo) l. SS^ . 



79 



u + 1 and with a factor V^u+i (with only one derivative j3 we obtain a new 
equation: 

CurvTrans'*'''^y[Lg] + LC[Lg] + W[Lg] = 0, (4.2) 

which holds modulo complete contractions of length > a + u + 2. 

For the rest of this paper and the next one in this series, we will try to under- 
stand the sublinear combinations LC^^^-^ [^gl+^^^u+i [^g] in the above equation. 

We now focus on the sublinear combinations LC[Lg] and in (|6.2p 

which by definition consist of terms with length a + u + I and have a weak 
(u-l- l)-character Weak{K'^^^p). We recall that LC[Lg] and were defined 

to be specific sublinear combinations of ImageJ,'"^ jLg]: LC[Lg] stands for the 
sublinear combination that arises in Image^^ ^ [Lg] by applying the formula 
(|2.2p . and stands for the sublinear combination of terms that arises by 

virtue of the transformation Rijkiie^'^'^^^g) e^'^"+^i?y7c; (5). 

Furthermore, recall that we have broken up 

LC[Xdm, . . . Xdm^Cl''^-'- {fli, ...,np, . . . , K+i)] 

into two sublinear combinations: 

LC^[Xdiv^, . . .Xdwi^C^^*i---*»(rii, . . . , fip, </)„+i, . . . 

LC^o^[Xdiv,, . . . Xdiv.^CY'-'-' (^^l, K+iAi, cl^u+i)]- 

Recall that LC,^[Xdivi^ . . . Xdivi^Cg''^---'^'^ {Qi, . . . ,flp,(l)u+i,4>i, ■ ■ ■ ,4'u+i)] is the 
sublinear combination in LC[XdiVi^ . . . XdiVi^Cg'^^---'^" (fii, . . . , fip, 0i, . . . , 
that arises by applying (|2.2p to two indices, at least one of which is contracting 
against a factor V0y. Recall (|2.17l) . 

Recall that LC^°'^[Xdm, . . . Xdiv.^CY^-'- (f^i, . . . , 17p, (/-i, . . . , (/.„)] stands 
for the sublinear combination that arises in 

LC[XdiVi^ . . . Xdiv^^Cl''^ (f)i, . . . , fJp, . . . , (/)„)] by applying (g^) to two 
indices that are not contracting against a factor V(j)y. We have analogously 
defined LC^°*[q(ni, 0i, 

Our aim for this section is to understand the sublinear combinations: 

^^jvo*j^^^^^^ . . . xdtv,^cl'''-'-ini, . . . , (/-i, . . . , 

Xdiv,, . . . Xdiv,^C'g''-'-{ni ■ 4>u+u . . . , rip, 01, . . . , 0„) + • • • + (4.3) 
Xdivi^ . . . X(iwi^Cg*i---'°(r2i, ...,Qx- 4>u+i, . . ■ ,^lp,(|)l, . . . ,4>u), 

^^jvo* [cj^(^rti,...,np,cj)i,...,^u)] + c^g{ni- K+i , 

H hC^(r2i, ...,Vtx- (t)u+i, ■ ■ ■ ,^p,cj)i, ■ ■ ■i(f>u), 

^''This sublinear combination must vanish separately. 



Mr. 



(4.4) 
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W[Xdiv,, . . . Xdzv^^C^'-'- . . . , . . . , (4.5) 



(4.6) 

(Recall that ili, . . . , Q,x are the factors that are not contracting against a 
factor in Ksimp)- 

A few notes: In the setting of Lemmas 11.11 and 11.21 we will be able to dis- 
card sublinear combinations in the above four linear combinations that consist 
of complete contractions with length a + u + 1 and where the factor V0„+i is 
contracting against a derivative index in the crucial factor when it is in the form 
V^"^^ RijkiL3 or contracting against any index n, ■ • ■ , r„, j in the crucial factor 
if it is in the form S^V^"^ R^jki^ We denote generic such linear combinations 
by J2qi£Q o.qC'^{V,i, . . . , f2p, (/)!,..., (j)u+i) ■ The contractions C| do not have to 
be acceptable. In particular, they might have a factor Vfi/i. Observe that such 
generic linear combinations are allowed in the right hand sides of Lemmas 11.11 
and ll.2l They are special cases of the linear combinations X^teT • ■ ■ in the right 
hand sides of those Lemmas. 

We introduce another notational convention we will be using throughout this 
section: 

Definition 4.1 We denote by Y^heH ^hC^"^ {^i, . . . , f^p, 0i, . . . , (/)„)Vj.(/)„+i 
a generic linear combination of the forms X^peP o,p ■ ■ ■ as in the statements of 
Lemmas \l.l\ and \1.2\ (if we are in the setting of those Lemmas), or a generic lin- 
ear combination of the form XteTi U^' U^s U^4 ' ' ' ' *^ notation of Lemma 
(if we are in the setting of case A of that Lemma). 

We will he calling the tensor fields in those linear combinations "contribu- 
tors" . 

Finally, we also recall that Xj£j o,jC^g{Vti, . . . , fip, ipi, . . . , 4>u+i) stands for 
a generic linear combination of complete contractions of length ct + m + 1, with 
a weak [u + l)-character T^eafc(K^^p) and which are u-simply subsequent to 

Now, we proceed to study the four expressions (|4.3p . (|4.4p . (|4.5p . (|4.6p . 
The easiest to study are (14. 4p and (|4.6p . We straightforwardly observe that 
for each j G J we must have: 

LC^°* [C^ (1^1 , . . . , 01 , . . . , 00] + (r!i • 0„+i , 

= ^0'jC^gi^l^ . . . ,rjp,01,. . . ,0«+l), 

''^^i.e. in the setting of Lemma ll.2l 
'^^i.e. if we are in the setting of Lemma ll.ll 



, rjp,0i,...,0„) 



(4.7) 
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W[Ggi^i, . . . ,f^p,0i, . . . ,<^n)] = ^ajC^g{ni, . . . ,rjp,(/)i, . . .,(j>u+i)- (4 g) 

The harder challenge is to understand the linear combinations ()4.3|) . (14. 5|) . 
In order to understand these two sublinear combinations, wc will break them 
up into further sublinear combinations: 

Definition 4.2 We define LC^°^^[C'/^-'- {Qi, ... ,np, (jji, ct)u)] tostandfor 
the sublinear combination that arises in 

Imagel^^^ [C'/^--^ (f^i, . . . , 17^, 0i, . . . , 

when we apply the transformation law 12. 2\) to any two indices in the tensor field 
f^yjg ^jii (.jjii ifiQgQ original indices), that are not contracting against 
a factor V(f)y,y < u and bring out a factor Vi,(/)„+i for which is either 
contracting against the crucial factor or is a free index. 
We also define 

LC^o^f"[Xdiv,, . . . Xdiv,^CY'-'^{^u ...,np,cl)i,..., 
to stand for the sublinear combination that arises in 

Imagel^^^[Xdiv,^ . . . Xdiv^^C^^-'''^ . . . . . ., (/)„)] 

when we apply \2. S\) to two indices in the same factor, and at least one of those 
indices is of the form V*'' (1 < h < a) (we call such indices divergence indices), 
and the other is not contracting against a factor V4>y . 

Secondly, we denote by W^[Cg'*^'"'" (f^i, . . . , fip, 0i, . . . , (/)„)] the sublinear com- 
bination in 

Imagel^JCl'^^-^' (f^i, . . . , fip, 0i, . . . , (4.9) 

that arises when we replace a factor 'S/i^}.r„^Rijki by a/actor Vr^^.r^ [6^"^"+^-^^*:;] 
(by virtue of and then bring out an expression 6^'^"+'^ V'-™~"'^''i?ijfc; V(/)„+i 

by hitting the factor 6^'^"+^ by one of the derivatives , . . . , V^^ . 

Furthermore, we define W^"^"" [X divi-^ . . . Xdivi^C^''^'^"''^" {fti, . . . , ftp, (j)i, . . . , (pu) 
to stand for the sublinear combination in 

W[XdiVi^ . . . Xdivi^Cg''^'^'"''''^ {ill, ■ ■ ■ ,^p,<l>i, ■ ■ ■ that arises by picking afac- 
tor 'S/^'"'"^^^^}.r^Rijki in some summand in 

Xdivi-^ . . . Xdivi^Cg'^^'"^" {ill, . . . jilp, (pi, . . . ,(l)u) are divergence in- 

dices) and replacing it by V*"'"*^ [e^"^"+^ vl'|"^.r,„i?ijfci] and then bringing out an 
expression e^'^"+iV'''" Riju"^ 4>u+i by hitting the factor 6^"^"+^ by one of the 
divergence indices V*" , . . . , V'^ . 
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It then follows directly from the above definition that: 

LC^„;* [Xdiv,, . . . X div.^CY' (S^u . . . , l^p, 01, . . . , 
+ W[Xdm, . . . Xdiv^^CY'-'- {^1, . . . , lip, 01, . . . , 0„)] = 
LC^o^f-^Xdiv,, . . . Xdiv.^CY'-'-'iS^i, . . . , l^p, 01, . . . , 0„)] + 
Xdiv,, . . . Xdiv,^LC^°^^ [CY'-'-'i^u . . . , f^p, 01, . . . , 0„)] + 
W^'^lXdiv,, . . . Xdiv^^CY'-'-' (f^i, . . . , f^p, 01, . . . , 0„)] + 

xdiv,, . . . xdiv,^w[c'g''-'-{ni, . . . , i]p, 01, . . . , 0„)], 

subject to a small clarification regarding the notion of Xdiv in the linear com- 
binations Xdtv,, . . . Xdiv,^LC^°^^[CY'-''-{^u . . . ,f^p,0i, . . . ,0«)]: 

Definition 4.3 We have defined Xdivi^ to stand for the suhlinear combination 
in diviy where V^^^ is not allowed to hit the factor to which belongs, nor any 
factor \7(j)h- 

Now, for each free index (that belongs to a factor T in the form S/'^P^flh 
or ^'^"^^Rijki ), and each tensor field {^i-, ■ • • , ^^p, 0i, • • ■ , 0u+i) in 

LC^°^^ [C^'*i-'''(rJi, . . . , r2p, 01, . . . , 0„)], either ^^ still belongs to the factor V'^P^flh 

orV^"^'^ Rijki j'T' Cg'^i'"*" (r2i, . . . , ilp, 01, . . . , 0„+i), or belongs to an un- contracted 
metric tensor g, or belongs to a factor Vij^0„+i. In the first case, we define 
Xdivi^C*''^'"^" (ill, . . . , rip, 01, . . . , 0ti+i) as iri the above paragraph. In the sec- 
ond case, we see that the un-contracted metric tensor in 

C*'*^'"'° (rii, . . . , rip, 01, ... , 0M+i) must have arisen by applying the third sum- 
mand on the right hand side on to a pair of indices (Va, b) in a factor T 

of the form SJ^^^^h or V'^"^^ Rijki, where either Va or f, is the free index i^. In 
that case, we define 

X(iwi^C*''i'"'° (ill, . . . , rip, 01, . . . ,0u+i) to stand for the sublinear combination 
in diWij^C*'*^'"*" (ill, . . . , rip, 01, . . . , 0„+i) where '^i^ is not allowed to hit the 
factor T nor the uncontracted metric tensor nor the factor Vij^0M+i nor any 
\I(j)h,h < u. In the third case, the expression ^iy4> must have arisen by apply- 
ing one of the first two terms in the transformation law 12. 2\) to the factor T. 
In that case, we define Xdivi^ to stand for the sublinear combination in divi^ 
where V^^^ is not allowed to hit the factor T nor the factor Vij^0„+i nor any 
V0/1, h <u. 

With this clarification equation (|4.I0p just follows by the definition of 
LC^°^* [• ■ • ] and . . ] and the transformation law ((121). Now, we will subdi- 
vide the right hand side of (|4.I0p into further sublinear combinations: 

A study of the right hand side of (|4.10p : 

We will firstly study the last two lines in (|4.10p . 
We define 

W^*'"'^[C^"^-"°(f^l,...,f^p,01,...,0n)] 
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to stand for the sublincar combination in 

M^[C^'*-*"(f}i,...,r!p>i,...,0„)] 
for which V^u+i is contracting against the crucial factor. 

We define 

to stand for the subHnear combination in W[C'^^'^^^^^^'^ (fii, . . . , ilp, . . . , (f)u)] for 
which the index q, in V aipu+i is a free index. 
We also define 

^tar<,,d»[^^.^^^ Xdiv,^C'f'-'^{ni, . . . , . . . 

to stand for the sublinear combination in W'^'^'" [. . . ] where in addition the factor 
V(/>u+i that we bring out is contracting against the (a) crucial factor. 
Thus it follows that: 



W[Y, aiXdiv,, . . . Xdiv.^CY'-'- (ni, . . . , rip, (/.I, . . . , 0,)] = 

T^*"''^'*"[^ aiXdtv,, . . . Xdtv,^&g''-'-{ni, . . . , l]p, 01, . . . , 00] 

leL 

J2 aiXdiv,, . . . Xdiv^^W^^-^iCl''^-'^ . . . , rip, 01, . . . , 0„)] + 
aiXdiv,, . . . Xdiv.^Wf-'^^iCY'-'- (17i, . . . , rip, 01, . . . , 0„)]. 



(4.11) 



In view of the above, we study the three sublinear combinations in the right 
hand side of (|4.1ip separately. We derive by definition: 

Xdiv,, . ..Xdiv^^W^^-^'iCl'^'-'-iQi, . . . ,r!p, 01, . . . , 0„)] = 

^a,q(rii,...,rip,0i,...,0„+i). (4-i2) 

Next, we will study the remaining two sublinear combinations in the right 
hand side of (|4.1ip together: Recall that the total number of factors V^^^^ Rijki 
or S^V'^^^ Rijki is s = iJi + cr2- Now, in the setting of Lemma [TTTl \il ^ and 
Cg'*i ' *° has one free index (say with no loss of generality) being the index k 
in the crucial factor, we have: 



84 



Xdiv,, . . . Xdm^W"'-s[C'/'-'''{ni, . . . , 01, . . . , 
W'^'^s^'^'^iXdm, . . . Xdm^cl'^'-'- . . . , l]p>i, . . . , = 
2(.s - l)Xdm, . . . Xdm^^C'/'-'- {ni,...,np,(bi,..., (j}u)Vr, cbu+i + 

anXdiv,, . . . Xdiv.^Cf'''-''^-'- {VLi, . . . ,%,cj)i, . . . , 0„)V,.0„+i ^'^'"^^^ 

+ X! "'3<^s(^l' ■ • • ,f^p,</'l, • ■ ■ ,<^«+l), 

where 

^ ahXdiv^^ . . . Xdiv^^C^-'^--''^''' (fJi, . . . , rjp, 0i, . . . , (^„)Vi.0„+i 

heH 

stands for a generic linear combination of acceptable contributors If the tensor 
field (7^'*i-- *<i does not have a free index that is an index k or / in the crucial 
factor, then we calculate: 

Xdm, . . . Xdiv,^w"'''a[&f'-'- (f^i, . . . , 01, . . . , 0„)]+ 
W'^-^a^'^'^lxdiv,, . ..xdiv,^c'g''-'-{ni, . . . , 01, . . . , 0„)] = 

UhXdiVi, . . . Xdwi^C^-'i-*^'** (Oi, . . . , rip, 01, . . . , 0„)V,.0„+i (4.14) 

heH 

+ ^a,q(ni,...,^2p,0i,.... 

If I £ L \ Lf^, (hence a > /i): 

. . . xdiv^^w'^^'-sic^g'^-'-ini, . . . , rip, 01, . . . , 0^]+ 
w'--3^'i^-[xdm, . . . xdiv,^&g''-'^{ni, . . . , rip, 01, . . . , 0„)] = 

^ ahXdivi^ . . .Xdw,„_,C^''i---'°-i''*(rii, . . . , rip, 0i, . . . ,0„)V,.0„+i (4.15) 

heH 

+ Y a<?C'^(^i7 . . . ,rip,0i, . . . ,0„+i). 

On the other hand, in the setting of Lemma 11.21 recall that stands for 
the index set of special free indices in factors V^""^^ Rijki in - then 
compute: 

^^See the definition liH 
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2(s - 1) ^ Xdiv,, . . . Xdiv,, . . . Xdiv,^C'/'-'-{ni, (j)i,...,ct>u) 

+ ^ a^Xdiv,, . . . Xdiv.^C'^^'^-''^^'" (r^i, . . . , 01, . . . , (/)„)Vj.0„+i 

+ ^ a^Cg(f^i, . . . ,rjp,<^i, . . . + ^ agC^(fii, . . . ,rip, 01, . . . ,0„+i). 

(4.16) 

Moreover, in the setting of Lemma [1.2 1 we again have the equation (|4.15p . 

A study of LC^°^f^[Xdiv,, . . . Xdiv^^Cl'^'-'- (^ii, . . . , 0i, . . . , 0„)], 
Xdiv,, . . . Xdiv.Xc^:^, [C-Mi--- (r!i, . . . , f]p, 01, . . . , 0„)] in t/ie RHS of g^; 

Next, we will study the first two lines in the right hand side of (|4.10p . 
We define 

LC^o^f-^9^CY'-^-{^u . . . , f^p, 01, . . . , 00] 
to stand for the sublinear combination in 

for which V0ti+i is contracting against the (a) crucial factor. 
Furthermore, we define 

j^^^^o*J.eej^Ml....„ ^^^^ . . . , 01, . . . , 0„)] 

to stand for the sublinear combination in 

for which the index in V0m+i is a free index. It follows (by just applying the 
notational conventions of definition 14. 2p that: 



LC^:^, [c^^^-^»(f^i, . . . , i]p, 01, . . . , 0„)] = [c^^^--^ {n^^ . . . , rip, 0i, . . . , 0,)] 

+ Lcl°!;^'-^^[c','^-'^^ (i7i, . . . , i7p, 01, . . . , 0„)]. 

(4.17) 

We easily observe that: 
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51 . . . ,rjp,0i, . . . 

These above facts were straightforward. Wc now explain a more dehcate fact. 
We consider the set /; = {i-^, . . . , i^} of free indices. We break it up into two 
subsets. We say ^ S /i C / if i belongs to the crucial factor. We say i G /2 if it 
does not belong to the crucial factor. We then denote by 

•,Noi,div,l2 
ii+l 

the sublinear combination in 



• ■ • xdiv.^c'g'^-'^ (r!i, . . . , . . . , 00] 



that arises when we apply the transformation law (j2.2[) to a pair of indices 
(Vij^, a) where S I2 and a is an index in the tensor field 

, or a is another derivative index Vi^ ^ I2 or a is a derivative index Vi^ with 
& Ii- We also denote by 

^^No^,MvJ, j^^^^^^ XdtV^^Cl''^-^' (f^i, . . . , (/-i, . . . , 

the sublinear combination in 

LC^°^-''''"iXdtv,, . . . Xdiv,^CY'-'-{^i, . . . , l^p, (/-i, . . . , K)] 

that arises when we apply the transformation law (j2.2p to a pair of indices 
(S'iy I b) where £ Ii and f, is an index in the tensor field 

(jUii...ta {p,^^ . . . ^ (/)!,..., (same as before) or h is another derivative index 
V»., e /i. 

We derive by definition that: 
^C'^l+t E a'^'^^^n • ■ • Xdiv,^CY'-'^{^i. . . . , llp^i, . . . , = 

^C'^;/;'™''nE ai^'^^^n ■ • • Xdzv,^CY' -'-{^i, . . . , . . . , (4 ^g) 

^ a,Xdz«,, . . . Xdzi;,„LC^;/;*'"-«[C^'^-^" . . . , 1]^, 0i, . . . , 0„)] + 
^ . . . Xdiv,^LC^°^f'''[CY'-''' (1^1, . . . , f^p, <^i, . . . , <^„)]. 



leL 
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We then observe that: 



^a,q(^^i,...,f^p,0i,...,0«+i). ^^-^^^ 

Now, let us denote by X^divi^ . . . X^.divi^Cg'"^^---^" {fli-cpu+i, ■ ■ ■ , ^p, 0i, ■ • ■ , 4>u), 
. . . , X^divi^ . . . X,diwi^Cg''i---'"(rJi, . . . ,D,x ■ ■ ■ ■ ,^p, 4>i, ■ ■ ■ , the sub- 

hnear combination in Xdivi^ . . . Xdivi^Cg'*^ ' *" (fii • (l>u+i, ■ ■ ■ ,^p,0i, ■ ■ ■ ,</'u), 
Xdivi^ ...Xdivi^CY^-''''{Vti,...,VLx ■ (f>u+i, ■ ■ ■ Mp,4'i, ■ ■ ■ ,<l>u) that arises 
when each Vi,i G /i is not allowed to hit the factor (j)u+i- 

By definition, it follows that for each h,l < h < X: 



Xdivi^ . . .Xdivi^Cg'"-^ {ill, ...,ilh- (t>u+i, . . . , f^p, . . . , 0„) = 

Xdiv^, . ..Xdiv^^ . . . Xdiv^^C^^-'-^ {Vli, . . . , rjp, 0i, . . . , (/)„)Vj^0„+i + 

X^diVi^ . . .X,diwi^Cg'i---*"(r2i, . . . , f2/i ■ . . . fip, 0i, . . . , 

(4.21) 

Definition 4.4 We consider each linear combination 
and we break it into two sublinear combinations: 

wiZZ stand for the sublinear combination that arises when we apply the transfor- 
mation law 112. 2\) to any factor other than the selected one. 

^^Aro*,ta.,,Bj^M......(J^^^ . . . , f^p, . . . , 0n)] 

will stand for the sublinear combination that arises when we apply the transfor- 
mation law i2. 2\) to the (a) selected factor. 

We then compute another delicate cancellation: 



Xdtv,, . ..Xdiv,^LCl^^f''^<^'''[CY'-^^{n,, • + 

X^divi^ . . . X,(iiwi^Cg*i---'"(f2i • 4>u+i, . . . , f^p, 0i, . . . , 0«) + . . . 
+ X^divi^ . . . X^divi^C^^ {Vti, . . . ,Vtx ■ . . . , ilp, 01, . . . , 0„) = 

auXdiv,, . . .Mt;,„Cg^----*-(r!i, . . . , 17^, 0i, . . . , 0„)V,.0„+i + 

Y "9^3(^1' ■ ■ • ,^^p,01, • ■ ■ ,0n+l) + Y • ■ ■ ,^^p,01, • • ■ 

(4.22) 
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here each (7^'»i - *<i,j. j'f]^^ _ ^ 0i, . . . , 0i,)Vi (/)ti+i is an acceptable contribu- 
torl!!| 

Next, we seek to understand the hardest Unear combination in (|4.19p : 

(4 23) 

where we recall that wc have denoted by 

LC^a^f"''" [Xdiv,, . . . Xdiv.^&g'^-'^ (f^i, . . . , (Ai, . . . , 

the sublinear combination in 

LC^o^f"[Xdiv,, . . . Xdiv,^CY'-'^{^u . . . , f^p, (/-l, . . . , 

that arises when we apply the transformation law (j2.2p to a pair of indices 
(Vij^,a) where G /i and a is fioi a divergence index Vij^,ij, G /2 (we have 
already counted those pairs). 

Firstly, we present our claim in the setting of Lemma [TTTl Recall that in this 
setting the selected(=crucial) factor is unique. 

We introduce some language conventions in order to formulate our claim; 

Definition 4.5 We consider each tensor field Cg'*^ ' *",Z G L, and we denote 
by 7; the total number of indices (free and non-free) that do not belong to the 
crucial factor and are not contracting against a factor \I<j)y. We also recall that 
the number of free indices that belong to the crucial factor is and we let vi 
stand for the number of derivatives on the crucial factor S:,'vi'f^...r„Rijki- We 
denote by e; the number of indices in the form , . . . , r„ i j *^ the crucial factor 
that are not free and are not contracting against a factor \/(f)y . 

Note: By abuse of notation, wc will write 7, v, e instead of ^1,1^1, ei. 

Lemma 4.1 Consider the setting of Lemma ll.ll and consider any tensor field 
Cg''^ ' *°, I G which has a special free index i-^ — k in the crucial factor. 

Then: 

^^See definition liH 

Recall that by hypothesis a > fj,. 
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^^No^,d^vJ, ^^^^^^^ XdlV.^Cl'^'-'- (f^l, . . . , 01, . . . , (bu)] = 

- (7 + - l)Xdm, . . . Xdm^Ci-'^-'^ini, . . . , rip, 01, . . . , 0„)V.,0„+i+ 
atXdm, . . . Xdivi^_,Cl^'^-'-'^''{ni,. . . , rip,0i, . . . ,0„)V,.(/)„+i + 

ahXdiv,, . ..Xdm^C^^''-'^'^''{ni, ...,np,(j)i,.. . ,0„)V,.0„+i + 

Y • • ■ ,f^p,0i, ■ ■ • ,0«+i); 

(4.24) 

here 

Y atC*''-^"-'^* (Oi, . . . , 01, . . . , 0„)V,.0„+i 
teT 

stands for a generic linear combination of acceptable {a — l)-tensor fields for 
which is the index k 'in the crucial factor, but we have fewer than \Ii \ — 1 
free indices in the crucial factor. In particular, if a = ^, then the (/i — 1)- 
tensor field will have a refined double character that is doubly subsequent to 

each i> , z e Z'j^j^^. 

If Cg'''^ '^' does not have a free index in the position k or i in the selected 
factor S^Xl'^'^^ Rijki, then: 



Xdiv,, . . . Xdiv,^LC^^^f''^''''[&g'^-'- (f^i, . . . , rip, 01, . . . , 0J]- 

^^No^,MvM j^^^^^^ xdiv^^cl'^'-^' (f^i, . . . , rip, 01, . . . , 0„)] = 



Y ahXdiv,, . . . xdiv.^c'^/--^^^^' {n,, . . . , rip, 01, . . . , 0„)v,.0„+i+ (4.25) 

aqC^i^l, . . . , rip, 01, . . . , 0„+l). 



heH 



q&Q 



Proof of Lemma \4-l\ 



We start with the first claim, which is the hardest. We will show the above 
by breaking the left hand side into numerous sublinear combinations. Recall 
that we are assuming that the free index is the index k in the crucial factor 
St.y'^'^^Rijki, while the other free indices that belong to the crucial factor are 
22 , . . . , . Firstly, let us analyze the sublinear combination 

i^dtv^i ■ ■ ■ xdiv.^cY'-'-^iS^i, . . . , rip, 01, . . . , 0„)]. 

We break this sum into four sublinear combinations: First, we consider the sub- 
linear combination that arises when we apply the transformation law ()2.2p to a 
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pair of indices (Vi^ , b) where f, is an original index in (7^'*! . Secondly, we con- 
sider the sublinear combination that arises when we apply the transformation 
law (|2.2p to a pair of divergence indices, (V^^, Vi^.), 2 < fc < Thirdly, we 
consider the sublinear combination that arises when we apply the transforma- 
tion law (|2.2p to a pair of divergence indices (V^^^ , ViJ, 2 < k,l < \Ii\. Fourthly, 
we consider the sublinear combination that arises when we apply the transfor- 
mation law (12. 2p to a pair of indices {i^jb), 2 < k < \Ii\ and b being an origi- 
nal index in C*^'*! - *". We respectively denote those sublinear combinations by 

We then observe that: 



LC^o^f-^'^-'-[Xdzv,, . . . Xdiv^^C]^'^-'- (f^i, . . . , rip, (/.I, . . . , 00] = 
- (7 - (f^i, . . . , rip, 01, . . . , 0„)V,,0„+i 

The second sublinear combination is a little more complicated. 



LC^o^^^'-M^P^Xdiv,, . . . Xdtv,^Cl''^-'-{n^, . . . , rip, 01, . . . , 0„)] = 
- (|/i| - l)Xdiv,^ . ..Xdm^Cl''''---'''{ni, . . . ,rip,0i, . . . ,0„)Vji0„+i-H 

■zeQ 

On the other hand, we also see that: 



^^^„f/™''"^[^'^*"H • • • M«,„c^'*-'-(rii, . . . , rip, 01, . . . , 0„)] = 

X! ■ • • , f^p, 01, ■ ■ • , 0u+l)- ''^'^^^ 

Lastly, to describe the fourth sublinear combination, we introduce some 
notation: For each fc,2 < fc < |/i| we define - to stand for the sublinear 
combination which arises from C'^'*i - 'ti performing a cyclic permutation of 
the indices , ii , ; (i^ is picked out arbitrarily among ia j ■ ■ ■ , i ) the crucial 
factor St,v'^-}...r^Rijki- We then conclude: 



LC^o^f-'i^'^Xdiv,, . . . Xdiv.^CY'-'- (f^i, . . . , rip, 01, . . . , 0„)] = 
- (|/i| - l)Xdiv,^ . . .Xdiv^^CY'-'''{^i-: . . . , rip, 0i, . . . ,0„)V,i0„+i 29) 
+ X! ■ • ■ , f^p, 01, • ■ • , 0«+l)- 

Now, just by the first and second Bianchi identity we observe that: 
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- - i)xdiv,, . . .xdm^cl-'^-'-{ni, . . . ,np,(bi, 

- - i)xdiv,, . . . xdm^cl-''-'-{ni, . . . ,np,(bi, 

= ^aqC^(rii,...,f2p,0i,...,0„+i). 
Next, we seek to analyze the sublinear combination 

Xdiv,, . ..Xdiv,^LCl°^f'''-''''[CY'-'-iSli, . . . . . . 

We have by definition that this subhnear combination can only arise by applying 
the last term in (|2.2p to a pair of indices in the selected factor. We now break it 
into five sublinear combinations: We define the first sublinear combination to be 
the one that arises when we apply the fourth summand in (|2.2p to a pair of in- 
dices (iiih), where;, is an original non- free index in the selected factor in Cg''^--*". 
We define the second sublinear combination to be one that arises by applying the 
last term in (|2.2p to two free indices (ii , ij.), 2 < fc < | Ji | in the selected factor. 
We define the third to be the one that arises by applying the last term in (|2.2p 
to a pair (i^ , t) where k > 2 and the index ^ is an original non- free index in the 
crucial factor. The fourth sublinear combination arises when we apply the last 
term in p.2p to a pair {i^ , i, ) of free indices in the crucial factor, 2 < k,l < \Ii\. 
Lastly, the fifth sublinear combination is the one that arises by applying the 
last term in (|2.2p to a pair of non-free original indices in Cg''^ ' *". We de- 
note these sublinear combinations by LC^oi.Mrg.B,a^_ ^^No^,targ.B.p^^ ^ 

. .], . .], . .]. ttfoUows that: 

- ^-^Xdivi^ . . .Xdwi^Cg*i --'"(rJi, . . . ,r2p,0i, . . . ,0t,)Vii0„+i+ gj^^ 

^ ahXdivi, . . . Xdm^Cg^'^-''^''' {fli,...,np,(t)i,..., (/)„)Vi. (/)„+!, 
heH 



(4.30) 



Xdiv,, . . . Xdiv,^LC^°^f^^'^'''^[CY'-'-{^u rip, , = 

J2 atXdiv,, . . . xdiv.^c';-''-'--'''' . . . , 01, . . . , (j)u)y^Au+l+ 

<Pu+ll, 

q<^Q 

(4.32) 
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^-7- — -Xdivi^ . . . XdTOi^C'''*i---'°(fJi, . . . , rip, . . . , (j>u)'\7ii(f>u+i + 

h' + 1- 

ahXdm, . . . Xdw,„C^'*i-*f {fli, ...,np,(j)i,..., (/)„)Vj.0„+i + 

heH 

(4.33) 

Xdiv,, . . . Xdm^LC^°^/^'-''''''[C'g''---'^{ni, . . . , . . . , = 



X! ^q^gi^i' ...,np,(j)i,..., (j>u+l), 



(4.34) 



96Q 



Xdiv,, . . . Xdtv,^LCl°^/''^''''''[Cl''^-'' (f^i, . . . , rip, (/.I, . . . , 0„)] = 
^ ahXdm, . . . Xdii;,„C^'*i-'f"'* . . . , flp, (/.I, . . . , 0„)Vj.0„+i^ 

X! • ■ ■ I ■ ■ • I 0n+l)- 

■zeQ 



(4.35) 



Adding all the above we derive the first claim of our Lemma, (where the 
selected factor has a special free index = k)- 

The second claim of our Lemma (where there is no special index in the 
crucial factor) follows more easily. We now have that is not a special free 
index, so we will now consider all the sublinear combinations above where is 
not mentioned, and also whenever we mentioned above one of the free indices 
22 , . . . , I we will now read "one of the free indices , . . . , | " (since the index 
is not special now). We then find that all the relevant equations will hold, 
with the exception of (|4.29p . (|4.33p . which now become: 



Lcl°^f'''''''[xdiv,, . . . xdiv^^cY' (r!i, . . . , rip, . . . , </.„)] _ 
^a,Cgnr!i,...,r!p,<^i,...,(A„+i), (4-36) 



Xdiv,, . ..Xdiv,^LC^°^f''^<^^'''^[CY'-'-{^i, . . . ,r!p,0i, . . .,</.„)] = 

V ahXdm, . . . Xdm^Cl!^'^-'>^''' (17i, ...,np,(j)i,..., 0„)V,.0„+i+ 

,ttH (4.37) 

X! "«^s (^1' ■ ■ ■ , f^p, 01, ■ ■ • , 0u+l), 
qeQ 
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by application of the first and second Bianchi identity. This concludes the proof 
of our Lemma. □ 



Now, we study the sublinear combination (|4.23p in the setting of Lemma 
11.21 We recall the discussion from the introduction in [B] on the crucial factor^ 
We recall that the crucial factor is defined in terms of the u-simple character 
Ksimp by examining the tensor fields (^^''i - *'' ^ ; g ^^^^ G Z'j^j^^ (for a precise 
definition see the discussion above the statement of Lemma II. 1[) . Once it has 
been defined, we may speak of the crucial factor(s) for any tensor field with 
the M-simple character Ksimp (in fact, even for any complete contractions with 
a weak character Weak{Ksimpy)- In each tensor field (7'.'i---*" ^ ; g we will 
denote by {Ti, . . . , Tm} the set of crucial factors. 

We will now separately consider the sublinear combinations in 



LC^"^'"'''^'' [Xdiv,, . . . Xdiv,^Ci'''-'^{n,, . . . , l]p, 01, . . . , 0„)] 



(4.38) 



that have a factor ^(pu+i contracting against Ti, . . . ,Tm- We use the symbols 
^(OjVo<i.,tar3,B,T, j^(jNo'S>,MvJi,T, to illustrate that we are considering those 
sublinear combinations. Again, we will denote by 

J2 atCY'-'--^'^' (f)i, . . . , 01, . . . , 0„)V,.0„+i 

ieT 

a generic linear combination of acceptable {fj, — l)-tensor fields which have a 

■'Max- 



simple character K^j,„„ but are doubly subsequent to each ^ z ^ Z'-^^ 



Definition 4.6 Here, e\ will stand for the number of derivative indices in the 
crucial factor Ti — V'-™-'i?ijfei that are not free and are not contracting against 
a factor Vcfih ■ 7' will stand for the number of indices in the other factors in 
^f^^^ gj,g y^^^ contracting against a factor Vcfih- 

Note: By abuse of notation, we will be writing e,;,7i instead of e',7,- from now 
on). We claim: 

Lemma 4.2 //Cg'*^ "'°(r2i, . . . , ftp, 0i, . . . , 0„) has one internal free index (say 
i^) in the crucial factor Ti = V^™''^ Ri^jki, then: 



'Recall that in this setting the "crucial" and "selected" factors coincide. 
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- {j,+ei)Xdiv,^ . . .Xdiv,^Cl'''--''''{ni, . . . , rjp, 0i, . . ., 0„)V,i + 

J2 atXdm, . . . Xdm^_,C'/'-'''-'^'' {nu ...,np,<j>i,..., (/)„)V^. (/.„+!+ 
teT 

ahXdiv,, . . . Xdm^Cg''^ {ni, . . . , 17p,(/)i, . . . , (/)„)Vj. (/)„+! + 

heH 

^ aqC^(f7i, . . . ,np,<j)i, . . . , 
q&Q 

(4.39) 

Moreover, in the case of Lemma \77B and if Cg*i "*"(rii, . . . , Hp, cj)i, . . . , 4>u) 
has two internal free indices (say i-^ andi^) in the crucial factor Ti — S/^™") Ri-^ji^i, 
then: 

Xdiv,, . . . Xdiv.^LCl"^/"''''''^' [C'/^-'^{nu ...,Hp,cj)i,...,^u)] + 

■^^No^,MvM,n ^xdtv,, . . . XdzV,^C'/^-''-{n^, </.!,... , 00] = 

- ili + ej)Xdivi^ . . .Xdivi^Cg^^---''°-{ili, . . . ,rtp, (j>i, . . . , (j>u)Vi^(t>u+i 

- ili + ei)Xdivi^Xdivi^ . .. Xdivi^Cg'^^- . . . , f7p, 0i, . . . , (/)„)Vi2(^„+i + 
'^atXdiv^^ . . .Xdii;j^_iC*''''---*"-''''(rii, . . . , fJp, 01, . . . ,0„)Vi.0„+i + 

tGT 

QhXdiv^, . . . Xdiv^^C^^'^-''^^''- {fll, . . . , 17p, 01, . . . , 0„)Vj.0„+l + 
Y dqC^i^^l, . . . ,ftp,(j>l, . . . , 0„+l). 

q&Q 

(4.40) 

Finally, if the crucial factor Ti has no internal free indices then: 

Xdiv,, . . .Xdw,„LC;';*'*'^'^3'^'^'[C^''--'"(r!i, . . . ,r!p,0i, . . . ,0„)] + 
^^No^,d^vJ,.T, • • ■ Xdiv.^Cl'^'-'^ . . . , rip, 01, . . . , 0„)] = 

Y auXdiv,, . . . Xdiv.^C^''^-'-''' (r!i, . . . , rip, 01, . . . , 0„)V,.0„+i+ (4.41) 

heH 

^a,q(rii,...,rip,0i,.... 

Proof of Lemma \4-^ ' 
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The proof of this claim is similar to the previous one. We start with the case 
where the crucial factor Tj has one internal free index. 

We again denote by the one internal free index in the crucial factor Tj 
and we denote by i^, ■ ■ ■ the other free indices. We divide the sublinear 
combination j_ ] j^^q further sublinear combinations (indexed by 

a, ■ ■ ■ ,e) as in the previous case. We calculate: 

LCl^^f^'^'^iXdiVi, . . . XdiVi^Cl''--'-^ (fli, f2p, </,!,... , <j>u)] = 

geQ 

(4.42) 

(we have used the first Bianchi identity here). 

The second sublinear combination is a little more complicated. 



(4.43) 



- (|/l| - l)Xdiv^^ . . . Xdm^Cg'''-'" {ni, . . . ,np,(l)i, . . . ,(t)u)\7^,<j)u+l + 



X] ■ • ■ , ^^p, 01, • • • , (l)u+l)- 

On the other hand, we also see that: 

LCl"^f''''''"'[Xdivi, . . . Xdivi^C'/^-'^ (fii, . . . , <^i, . . . , 
^a,q(ni,..., Op, </.!,..., 



(4.44) 



Lastly, to describe the fourth sublinear combination, we introduce some 
notation: For each k,2 < k < we define C'^.*i- -*« to stand for the sublinear 
combination which arises from •••»a ^y performing a cyclic permutation of 
the indices j in the crucial factor V^"^^Rijki- We then have that: 

Lc^o^^^'-j^^s^xdiv,, . ..xdiv^^c'/'-^'in^, . . . . . .,</.„)] = 

- (|/i| - l)Xdw,, ...Xdwi^C^'^i -*" (fli,...,fip, (/>!,..., 0„)Vii^!>„+i+ ^445^ 

X! a<?Cg(^l> • . . , ^^p, (/>!, . . . , 0u+i); 

q&Q 

(we have used the second Bianchi). 

Now, just by the first and second Bianchi identity we derive that: 
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- (|/i| - \)xdiu,, . . . xdiv.^&g'^-'-in^, . . . , rjp^i, . . . , 0„)v,,0„+i 

- (|/i| - \)Xdiv,^ . . . Xdtv.Xf i^i, . . . , f^p^i, . . . , 0u)V,,0„+i 

aqC^i^l, . . . , f^p, 01, . . . , 0u+l)- 



q&Q 



Now, we study the second sublinear combination: 



(4.46) 



By definition and by the transformation iaw (|2.2p that this subhnear combi- 
nation can only arise by applying the last term in (|2.2p to a pair of indices in 
the crucial factor T^. We now break it into five sublinear combinations: We 
define the first sublinear combination to be the one that arises when we apply 
the fourth summand in (|2.2p to a pair of indices (iub), where b is an original 
non-free index in the crucial factor in Cg''^ ' *". We define the second sublin- 



ear combination to be the one that arises by applying the last term in 
to two free indices 2 < fc < in the crucial factor T^. We define 

the third to be the one that arises by applying the last term in (|2.2p to a pair 
(ifc , b) where k > 2 and the index is an original non-free index in the crucial 
factor. The fourth is when we apply the last term in (j2.2p to a pair (i^ , i, ) 
of free indices in the crucial factor, 2 < k,l < Lastly, the fifth sublinear 
combination is the one that arises by applying the last term in (|2.2p to a pair 
of non-free original indices in Cg*^ ' '". We denote these sublinear combina- 
tions by LC;';*'*'^'^^^^'^-" [...], iC^;*'*"'-^'^^^"''[. . . ], LC^;;^/'"-'''^'^-^[. . . ], 
LC^;*'*'^''3'^'^-''[. . .], 2,c'^°*^*-9^s.r::ej_ ^ J f^^^^g that:"^' 

- eiXdivi^ . . .XdTOi^Cg*i---'"(r2i, . . . , f^p, 0i, . . . , (f)u)Vi^(t>u+i+ 

ahXdm, . . . Xdm^C^^'^-'>^^'' {fii, ...,np,(j)i,..., (/)„)v,.0„+i, 



Xdiv,, . . . Xdiv,^LC^°^f^'-'''''^-^[CY'-'' i^i, . . . , rip, (/.I, . . . , cbu)] = 

- (|/i| - i)Xdm, . . . Xdm^cl'''-'" {ni, ...,np,<j>i,..., ?!)„)V,,0„+i-K 

atXdm, . . . Xdm^C^^''-'-^-'^'- {ni,...,np,(j)i,..., (/-^)V,.0„+i-|- (4.48) 

teT 

Y aqC^ii^l, . . . ,ftp,(f>l, . . . ,(/'«+i), 



97 



- I - l)Xdiv,, . . . Xdiv.^C'g'^-'- (f^i, . . . , lip, 01, . . . , (/.„)V,, + 

^ ahXdiv^, . . . Xdiv^^C''/^-'-''' ini,...,np,(bi,..., (bu)V^Au+l+ (4.49) 

heH 

X! "9^*5(^1' ■■■Mp,<l>l,-- •>«+!), 
96Q 



Xdzz;,, . . . Xdzv,^LCl°^^^"''''^'''^-'[Cl''^-''^in,, . . . , 17^, (/-i, . . . , 0„)] 
9eQ 



^ ahXdivi, . . .Xdwi^Cg^'*! (f^i, . . . ,17p,(/)i, . . . >„)V,. (/)„+! + 

X! ■ ■ • , f^p, 01, ■ ■ ■ , 0«+l)- 

96Q 



(4.50) 



(4.51) 



Adding all the above we obtain our conclusion in the case where the crucial 
factor Ti has precisely one special free index. 

We now consider the case where the are two special free indices in T^. We 
have assumed that these two special free indices are , in the crucial factor 
Ti = V''"^^ Ri^ji^i. We will moreover slightly alter our notational conventions: 
Now, we will still speak of the non-special free indices in the crucial factor, but 
they will in fact be ^3, . . . , . Moreover, in the above subhnear combinations 
when we referred to the indices or V'"^ we will now read "one of the indices 
or V*i, V*2". Lastly, we define LC'^o*.di«.^i,r.,e to stand for the sublinear 
combination that arises by applying the transformation law (j2.2p to the pair of 
divergence indices V*^ , V'^ when they have hit the same factor. 

We now want to describe our first sublinear combination. To do so, we need 
just a little more notation. We denote by (7^'i - «<i the tensor field that arises 

by switching the indices = i,i and by C' ^ ^ " the tensor field that arises by 
switching the indices — k^j- We calculate: 
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Lcl"^f-'i^'^^'-[xdivi, . . . xdivi^&/^-'^{n,, . . . , Op, 01, . . . , <A„)] = 

- (7 - l)Xdivi^ . . .Xdwi„C^'"-'<'(f2i, . . . , Op, 01, . . . , (/'„)Vii0„+i 

- (7 - l)XdiVi,XdiVi^ . . . XdiVi^Cl'^^-'- (Qi, . . . , Op, 0i, . . . , 0„)Vi20„+i 

- Xdivi^ . . .Xdwi„C'g'*^'"*»(Oi, . . . ,f2p, 01, . . . ,0u)Vii0u+i 

- XdiVi^XdiVi^ . . . Xdivi^C'^g'^'"''"' (Oi, . . . , Op, 0i, . . . , 0„)Vi2 0„+i + 
X] '^'z'^gC^l' • • • , fip, 01, • • • , 0«+l)- 

(4.52) 

Here we note that if a = /i then the (/i— l)-tensor fields C*^.*! and C' g ^ ° will 

be doubly subsequent to the maximal refined double characters L'^, z G -^mox- 
The second sublinear combination is a little more complicated: 

LC^o^M,0^Xdivi, . ..Xdivi^CY'-'^i^i, . . . ,np,0i, . . . ,0„)] = 

- (|7i| - 2)XdiVi, . ..Xdivi^CY'-'^i^u . . . ,Op,0i, . . . ,0„)Vh0„+i 

- (|7i| - 2)XdiVi,Xdivi^ . . . Xdivi^Cl;'^-'''{fli, . . . ,flp,(j>i, . . . ,0„)Vi2 0„+i 

+ ^ aqC^{Q.l, . . . , ilp, 01, . . . , 0„+l). 

(4.53) 

On the other hand, we also see that: 
Lcl^^f-'^^'^^'-riXdivi, . . . Xdivi^C'/^-'''{Qu . . . , fip, 01, . . . , 0„)] = 

To describe the fourth sublinear combination, we introduce some notation: 

For each fc, 2 < fc < |/i| we define to stand for the sublinear combination 

which arises from Cg'^^ '^"^ by performing a cyclic permutation of the indices 

(m) ^ l^ii---ia 

in the crucial factor Vri.'.rmRijki- We also define C'g to stand for 
the sublinear combination which arises from C'''»i -»a by performing a cyclic 

permutation of the indices in the crucial factor Vr™^.r-m-Rijfe;- We then 

derive: 
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Lcl"^M'^^'S[XdiVi, . . . XdiVi^Cl;'--'^{Clr, . . . , O^, </,i, . . . , <^„)] = 

- (|7i| - 2)Xdivi, . ..Xdivi^CY'-'^i^u ...,np,(j)i,.. .,(Pu)^i,<i)u+i 

- (|7i I - 2)Xdivi^Xdivi^ . . . XdiVi^C' g^'"^" {Q.i, . . . , Op, 0i, . . . , (l)u)'^ i^ft^u+i 
+ ^ OhXrfwii ...Xrfwi^C^'"---*''''*(f2i,...,Op,0i,...,(?i„)Vi.?!>„+ 

heH 

+ XI "9*^s(^l' • • • , ^^p, ^1, • • • , <^«+l)- 

(4.55) 

Lastly, in this case we compute: 

LC^o^M,T,,e^XdiVi, . . . XdiVi^CY'-'''{^i, . . . , fip, <^i, . . . , Cj>u)] = 

- XdiVi, . . . Xdivi^CY'-'^ (Oi, . . . , Qp, . . . , <j>u)^iAu+i- (4-56) 

- Xdivi^XdiVi^ . . . Xrfwi^Cg''^-'»(f2i, . . . , Op, 0i, . . . , 0„)Vi2?i„+i. 

Now, it is quite straightforward in this case to understand the sublinear 
combinations in 

Xdivi, . . . Xrfwi^LC;';*'*'"-^'^'^^ [C'/^-'''{Qu Op, </,!,... , </.„)]. 
We calculate: 

XdiVi, . . . Xrfi^;,„LC;';*'*'"-«'^'^-"[C7^''-'<'(f2i, . . . , Op, 0i, . . . , </)„)] = 

- CiXdivi^ . . .XrfTOi„Cg''i'"'°(f2i, . . . ,Qp,(j)i, . . . , (j)u)'Vii(l)u+i + 

- eiXdivi.Xdivi, . . . Xdivi^Cl''^-'^ (Oi, . . . , Op, . . . , 0„)Vi>„+i+ (4-57) 
X auXdivi^ . . .Xrfwi„C^''i-''"'*(f2i, . . . , Op, ^ii, . . . ,0„)Vi>„+i, 

Xdit;,, . . . Xdzz;,„LC^;*'*»'-^'^'^^'^[C^''--» (Oi, . . . , Op, . . . , 0„)] = 

- (|/i| - 2)Xdw,, . ..Xdiv^^CY'-'-{^i, . . . , Op, 01, . . . , (/)OV.,0„+i 

- (|/l| - 2)Xdiv^,Xdiv^^ . . . XdiVi^C^^'^---^'^ [Ui, . . . ,np,(Pl, . . . ,0u)V ^^(t)u+l + 

X) atXdi?;^^ . . . XdiVi^C^''^-'---'''' (Oi, . . . , Op, (ji^i, . . . , (/)„)V,, 0„+i + 

X] • • • , Op, (/>1, . . . , (^„+l), 

(4.58) 
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- (|/i| - 2)Xdiv,, . . . Xdiv.^Cl''^-'- . . . , l]p, 01, . . . , 0„)V,,0„+i 

- - 2)Xdivi^Xdiv^^ . ..Xdm^C'g ' ° (fii, . . . , f^p, 0i, . . . , 0„)Vi2 0„+i + 
ahXdivi, . . . Xdivi^C^^''-''^^" (f^i, . . . , lip, 01, . . . , 0u)V,.0„+i + 

hGH 
96Q 



Xdzz;,, . . . Xdj^;,„LCf;;^'*"'^^^'^-'[C^'*-*"(f}i, . . . , ^ip, 0i, . . . , 0„)] 

96Q 



(4.59) 
(4.60) 



xdtv,, . . . xdiv,^Lc^;;^f^^^^''''[&g'--'- (f^i, . . . , rip, 01, . . . , 0„)] = 

V ahXdiv,, . . . Xdm^C^^'^-''^''' {fli, . . . , 17p, 01, . . . , 0„)V,.0„+i + 

(4.61) 

X! "'/^'^(^i' . . . ,rjp,0i, . . . ,0«+i). 

qeQ 

We thus derive the claim of our Lemma in the case where the crucial factor 
has two internal free indices, by adding all the above equations. 

The last case, where the crucial factor has no internal free indices follows 
more easily. We now have that is not a special free index, so we will now 
consider all the sublinear combinations above where is not mentioned, an also 
whenever we mentioned above one of the free indices i2, ■ ■ ■ we will now 
read "one of the free indices ii , ■ . • , (since the index is not special now). 
We then have that all the relevant equations will hold, with the exception of 
(|4.29p . (|4.33p . which now become: 



(4.62) 



LC^"^f^'''''[Xdiv,, . . . Xdiv.^C'/'-^' {n,, . . . , rip, 01, . . . , 0„)] = 

X! «g^3(^i' ■ • ■ , ^^p, '/'I, • ■ • , K+i), 
q&Q 

Xdzv,, . . .M«,„LC;;^°*'*"'^^'^'^[C^'^-^"(rii, . . . ,r!p,0i, . . . ,0„)] = 

V ahXdm, . . . Xdm^cl;^'^-'>^''' {fii, . . . , f7p, 01, . . . , 0„)V,.0„+i+ 

,ttH (4.63) 

X! "9^9 (Oi , . . . , rip, 01 , . . . , 0u+l), 

qeQ 
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by application of the first or second Bianchi identity. □ 

We are now in a position to plug in all the equations from this section into 
(|6.2p and derive Lemma [TTll 

Proof of Lemma ll.lt We use the equations (|6.2p . (|4.1ip . (|4.19p and plug 
in all the other equations from this section, and also use p.48p . We write out 
our conclusion concisely: 

- 'Yai{j + e-l-2{s-l)-X)Xdm,,...Xdm^ 

C^'*-^" (Oi , . . . , 01 , . . . , 0„) v., 0„+i + 

^ (4.64) 
ahXdivi, . . . Xdivi^^Cf'^^-^'^-'''' (f^i, . . . , rjp, (^i, . . . , (j)u)"^ i.Au+i + 

heH 

Y aqCl{ni, . . . , rjp, . . . , (j)u+l) = 0, 

modulo complete contractions of length > cr + u + 2. Here 

Y atXdiv,, . . . xdiv^^c'/' -'-ini, . . . , rip, 01, . . . , 

teT 

stands for a generic linear combination of (/i — l)-tensor fields with a {u + l)- 

simple character it^i^p but that are doubly subsequent to each L^- ,z ^ ^Max ■ 
Moreover, by the definition of weight we derive the following elementary 
identity: 

(Total number of indices in each complete contraction in 
Xdiv,, . . . Xdiv.^Cl''^-'- (Oi, . . . , 17p, 01, . . . , 0„)) (4.65) 
= n + 2s = 7 + e + 2|$| + 2|/i| + {hi + 1. 

Thich shows us that the quantity (7 + e — 1 — 2(s — 1) — X) is fixed for each 
I S L^, z S ^Ma£c; (i-^- same in all the terms in the first line in (|4.64p '). 

A counting argument shows that (7 + e — 1 — 2(s — 1) — X) = if and 
only if (Ji = (i.e. there are no factors S/^-^^^Rijki in ^simp), and the tensor 
fields ; g have exactly one "exceptionnal index"; we define an 

index b in cY^ '^" (in the form (|1.5p to be exceptional if it belongs to a factor 
S*V''^^ Rijki or V^^-'ri/i, is non-special, and moreover: if it belongs to the crucial 
factor S^X/^'^'' Rijki then it must be non-free and not contracting against a factor 
\'4>h', if it belongs to a non-crucial factor then it must not contracting against 
a factor V0/i. Notice that by weight considerations, if one of the tensor fields 
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, z (z Z'^j^^ has exactly one exceptional index, then all of them 

do. 

We will check that Lemma 11.11 indeed holds in this very special case (we 
will call it the unfortunate case) in a Mini-Appendix at the end of this paper. 
In all the remaining cases, we derive Lemma 11.11 by just dividing (|4.64p by 
(7 + e-l-2(s-l)-X). 

Proof of Lemma ll.2t We again use equations (|6.1[) and (|4.11[) and replace 
according to all the equations of this subsection, also using (|3.29p , p.30p . Then, 
we first consider the case where the maximal refined double characters , z CE 
^'hiax have 2 free indices i = ii,k = in the crucial factor(s), and we denote 
by M the number of crucial factors and by , ,3 , ij , , . . . , iaM-i ; i2M the special 
free indices that belong to those factors {1^,12 are the indices i,k hi the first 
crucial factor etc.) we deduce: 

- ^ ^ ^ a;(7i + e-j - 1 - 2(s - 1) - X)Xdivi^ . . . Xdivi^ . . . Xdivi^^ 

■^e^Max ^^^^ ihSll,, 

(7^'*--'-(17i,...,l]p,(/.i,...,0„)V,,0„+i 

teT 

ahXdivi, . . . Xdivi^C'^^'^-'^''' . . . , rjp, 0i, . . . , (^„)V,.0„+i + 

heH 

aqCl{U.i, . . . ,rip,(/)i, . . .,(l)u+l) = 0, 

ge<3 

(4.66) 

modulo complete contractions of length > cr + u + 2. Here again 

Y atCY'-'- (r!i, . . . , f]p, 01, . . . , 0„)v,,0„+i 

teT 

is a generic linear combination of (// + l)-tensor fields with (u + l)-simple 
character K^^^p and a refined double character that is subsequent to each 

^ Z'jyjg^^. Moreover, the same elementary observation as above contin- 
ues to hold, hence we deduce that (7^ -t- a — 2(s — 1) — X) is independent of 
I S (and of the choice of crucial factor), and also that it is non-zero (by a 
counting argument again-we use the fact that 7 > 2). Thus we derive Lemma 
11.21 bv dividing by this constant. 

Finally, consider the case where the maximal refined double characters L^, z G 
^Max have one special free index in the crucial factor (s). Recall that J;^* stands 
for the index set of the special free indices that belong to the (one of the) crucial 
factor (s). We deduce: 
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— a/(7 + e — 2(s — 1) — X)Xdivi^ . . . Xdivi^ . . . Xdivi^ 

cl'^'-^'^ini, ...,np,(j)i,..., (t)^)v^,(t>u+i+ 

^atXdiv,^ . ..Xdiv,^Cl-''---'''{ni, . . . , fip, . . . ,(/)„)Vji0„+i + 
teT 

ahXdm, . . . xdm^c^-'^-'>^''' (r^i, . . . , rjp, ^1, . . . , (A„)v^. 

X! ■ • ■ • ■ •>«+!) + ^ a^Cg(f^i, . . . ,np,(/)i, . . . = 0, 

geQ zez 

(4.67) 

modulo complete contractions of length > a + u + 2. Moreover, the same 
elementary observation as above continue to hold, hence we deduce that (7,; + 
ei H — 2(s — 1) — X) is independent of I and also that it is non-zero (since in this 
case 7 > 3). This shows Lemma fTT2] in this case also. □ 

4.2 Mini- Appendix: Proof of Lemma 11.11 in the unfortu- 
nate case. 

In order to show Lemma ITTT] in this setting, we recall that here ai = and X = 
(hence all factors S/^-^^il^ must be contracting against some factor ^fj^'h)- We 
also observe that by weight considerations all tensor fields in (|1.6[) other than 
the ones indexed in L^, for a given z £ -^Mas can have at most M — 1 free 
indices belonging to the crucial factor S** V*-''-'i?ij/ci V'0i. 

We make a further observation: If for some - 1]^^ exceptionnal index 
belongs to a factor V'^^^'fift, (with exactly two derivatives), or to a simple factor 
S*Rijki, then all tensor fields (J^'^^■■■^^' must have that property; this follows by 
weight considerations. We call this subcase A. The other case we call subcase 
B. 

Let us prove Lemma 11.11 in subcase B, which is the hardest: We observe 
that by explicitly constructing divergences of (/x + l)-tensor fields (indexed in 
H below), as allowed in Lemma 1 1.11 we can write: 



4.68 



Here the terms indexed in J are simply subsequent to Ksimp- The terms indexed 
in have all the features of the terms in in the LHS (in particular the have 
the same, maximal, refined double character), and in addition: 
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1. The exceptional index does not belong to the crucial factor. 

2. If the index ; in the crucial factor contracts against a special index in a 
factor T = S:,vi'^^\.r^Rijki' , then it contracts against the index k', rnore- 
over, if the exceptional index belongs to the factor T (say it is the index 
r^, then the indices are symmetrized over. 

3. If the index ' against which the index ; in the crucial factor contracts is a 
non-special index (and hence we may assume wlog that it is a derivative 
index-denote it by V') then it does not belong to some specified factor T' 

In view of the above, we may assume that all the tensor fields indexed in 
in (|1.6p have the features described above. Let us then break the index set 
into two subsets: We say that I G Lf ii and only if the index / in the crucial 
factor contracts against a special index. We set L| = \ if . 
We will then prove: 

^ „jC'i,(n...v) ^ 0, (4.69) 

^ „jC'i,(n...v) = 0. (4.70) 

leL- 

Clearly, if we can proe the above then Lemma 11.11 will follow in subcase B of 
the unfortunate case. 

Proof of Ii4-69\ l: For future reference, let us denote by Lf ^ C Lf the index 
set of tensor fields for which the index ; in the crucial factor contracts against 
the factor S^V^""") R,^j>k'i'y'' 4>b- 

The main tool we will use in this proof will be used for the other claims in 
this subsection. We consider ImageylLg] — (the first conformal variation of 
(|1.6p . and we pick out the sublinear combination ImageY*[Lg] of terms with 
length a + u, with the crucial factor S^.V^'^^ Rijki being replaced by a factor 
V(''+2)y^ and the factor contracting against some other factor. We derive 
that: 

ImageY*[Lg] = 0, 

modulo complete contractions of length a+u+1. We further break up Imagey* [Lg] , 
into sublinear combinations Imagey*' [Lg], where a complete contraction be- 
longs to Imagey* ''[Lg] if and only if V0i contracts against the factor 5'*V^'' ^RijkiV^ 
Clearly, we also have: 

Imagey* [Lg] = 0, 

modulo complete contractions of length cr -I- u + 1. Now, in the above equa- 
tion we formally replace the two factors Va(?!>i,Vc0b by a factor gac- This 
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clearly produces a new true equation. We then act on the new true equation by 
Ricto^j,^^ thus deriving a new true equation: 

Zg(r!i,...,r!p,rjp+i,<^i,...,0„) = 0, (4.71) 

which holds modulo terms of length a + u + 1. 

This equation can in fact be re-expressed in a more useful form: Let us 
denote by C |J the index set of terms for which one special index 
(say the index ; in the crucial factor contracts against a special index (say /') 

in the factor S^V^"") Ri,j,k'i'H We denote by (. . . , r, the ten- 

sor field that arises from C'^-'i-'-v by replacing the expression Si,V^ri...r^Rijki ® 
S*yV..K,R^'rk' ® VVi ® W^'^b by V^';+')_^^.fcy (S> V|;''+'j,'fc'^^p+i- Denote by 
Cut[Ksimp] the simple character of the resulting tensor field. Then (|4.7ip can 
be re-expressed as: 



aiXdm, . . .Xdm^&g-'^-'^^i. . . ,Y,np+i) + "YajC^ = 0- (4.72) 

leL, je.J 

modulo complete contractions of length a + u + I. The terms indexed in J are 
simply subsequent to Cut[Ksimp]- We now apply the Eraser to all factors V(j)h 
that contract against the factor V'^^-'F; by abuse of notation, we still denote 
the resulting tensor fields, complete contractions etc by Cg*^ , C|. 

Now, we apply the inverse integration by part to the above equationlfl de- 
riving an integral equation: 

/ (■ ■ ■ ' ^' "p+i) + E ^jC^dVg = 0. (4.73) 

Here the complete contractions C'g(. . . , Y, ilp+i) arise from the tensor fields 

Cg'"^ "*^ (. . . , F, f2p+i) by making the free indices into internal contractions!^ 
We then consider the silly divergence formula for the above, which arises by 
integrating by parts wrt. V^^^Y; denote the resulting equation by 

sUlyriY ^i^H- • ■ ' ^' "p+i) + E «:'^']- 
leL, je.J 

We consider the sublinear combination siUyY,*[- ■ ■ ] which consists of terms with 
length a + u, and — M internal contractions and all factors V(j>h differentiated 
only once. Clearly, sillyY.*[- ■ •] =0. This equation can be re-expressed in the 
form: 



^''See the Appendix in |3]. 
81 Notice that C L*. 

*^This has been defined at in section 3 of 7 . 

*^For future reference, let us write J2ieL^ '^l^l = ^'^'^HiaL' o-lCg- 
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aiSpread^'yiC'g'] + J^a^q = 0. 
leLi^ jeJ 

Here Spread-^ y stands for an operation that hits a pair of different factors (not 
in the form V0) by derivatives V°,Va that contract against each other and 
then adding over the resulting terms. From the above, we derive that: 

Now, we formally replace all fi — M internal contractions in the above by 
factors (this gives rise to a new true equation), and then formally re- 
placing the expression Y (g) S'^vj^ \ ,j'fe'^p+i by S*vi'(^...r^Rij(free)i ® V*0i ® 

^*'^iilt ,Ri'j'k'''^^^4'xi ■ ■ ■'^^'4>z, where the indices ri,---,r,,,j that are not 
contracting against a factor V(j)x are freel3 The resulting true equation is our 
claim of Lemma 11.11 for the index set . Thus we have derived (|4.69|) . 

The proof of ()4.70p follows by an adaptation of the argument above. We 
consider the equation ImageylLg] = and pick out the sublinear combination 
ImageY*[Lg] where V0i contracts against the factor T' . Clearly Image\r*[Lg\ = 
0. (Among the tensor fields indexed in L^, such terms can only arise from the 
terms in Lg = where the Xdivk for the index k in the crucial factor is forced 
to hit the factor T'; then the factor S'*v['j'^..r„i?yfei V*0i must be replaced by 

^ri^rij";^^*:'^i)- Now, from ImageY*[Lg] — 0, we again repeat the argu- 
ment with the inverse integration by parts and the silly divergence formula, 
picking out in that equation the sublinear combination with ^ — M internal 
contractions and all functions (jjh differentiated only once, with the factor V0i 
contracting against the factor T' and with M particular contractions between 
the factor T' and another factor T" . We derive that this sublinear combination, 
say silly+[. . .] must vanish separately; silly . .] = 0. It is also in one-to-one 
correspondence with the sublinear combination X];eL» aiCg^'^^"'^'^\ by the same 
reasoning as above. We can then reproduce the formal operations as above, and 
derive the claim of Lemma 11.11 for the index set L| . 

Proof of Lemma \1.1\ in subcase A of the unfortunate case: We again con- 
sider the equation ImageylLg] — and pick out the sublinear combination 
ImageY*[Lg] = where V</)i contracts against the factor T'. This sublinear 
combination must vanish separately, thus we derive a new true equation, which 
we again denote by Image\f[Lg\ = 0. Now, we again apply the inverse inte- 
gration by parts (replacing the Xdiv's by internal contractions), deriving an 
integral equation. From this new integral equation, we derive a silly diver- 
gence formula, by integrating by parts with respect to the factor V^^^F. We 

^^We add factors V<f>x and free indices to the first factor according to the form of the crucial 
factor in the tensor fields Cg'*^' I £ in l|1.6| l. 
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pick out the sublinear combination of terms with length a + u, fi — M internal 
contractions, all functions (j)h differentiated once, the factor V0i contracting 
against T', where T' contains no exceptional indices, and where there are M 
exceptional indices on some factor T", contracting against M exceptional in- 
dices in some other factor T" ^ T' . Again, this sublinear combination vanishes 
separately, and is in one-to-one correspondence with the sublinear combination 
J2i£L' aiCg'"^^"'^''\ by the same reasoning as above. We can then reproduce the 
formal operations as above, and derive the claim of Lemma 1 1.1 1 for the index set 
Li. □ 

4.3 Mini-Appendix: A postponed claim. 

We directly derive Proposition 11.11 when the tensor fields of maximal refined 
double character in (|1.6p arc in the special forms described at the end of the 
introduction. 

Proof of the postponed claim: Observe that by weight considerations, all 
tensor fields in (|1.6|) will have rank /i. Also, none will have special free iniccs in 
a factor S^^Riju- 

For each I € L^we denote by Cg*^''^ the vector field that arises by replacing 

the factor S^Riju'^^i'i by vj^^F V;(/)i; we also denote by C^^^^ the vector field 

that arises by replacing the factor S^Riju^^4'i by — V^j FVfc^i. Denote the 
{u — l)-simple character of the resulting tensor fields by K'simp- We then derive 
an equation: 

Now, we apply Lemma 4.10 in ^ to the abovj^ and derive: 

Finally, formally replacing the expression v|^]^^FVc(?!)i by S^Ri(^ab)c^^'Pi we 
derive our claim. □ 

5 Part B: A proof of Lemas 3.3, 3,4, 3.5 in [6| 

The rest of this paper is devoted to proving Lemma 11.31 and also Lemmas 3.3, 

3.4 in [6]. In this proof we will derive the strongest consequence of the local 
equation (|1.6p . which is the common assumption of all three Lemmas above. 
This consequence, a new, less complicated local equation is called the "grand 
conclusion". In case A of Lemma ll.61 the "grand conclusion" coincides with the 
claim of Lemma 11.31 

*^There are no special free indices in factors 5, Vf^'-R^jj.; here, hence no danger of "forbidden 
cases" . 
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In order to derive Lemma [TT51 in case B, in section [S] we will apply the grand 
conclusion (and certain other equations derived below) in less straightforward 
ways. In the next section we provide more technical details regarding the deriva- 
tion of the "grand conclusion" . 

5.1 A general discussion regarding the derivation of the 
"grand conclusion": 

The derivation of the "grand conclusion" can be divided into two parts: In 
the first part, we repeat the analysis performed in We consider the first 
conformal variation Image^ +i[^s] = of (|1.6p F^ Since the terms in the LHS 
of the equation Lg = can be written out as general complete contractions 
of the form p.Sp . the first conformal variation can be calculated by virtue of 
the transformation laws of the curvature tensor and the Levi-Civita connection 
under conformal changes of the metric. [^TT|) . (|2.2p . 

Now as part A, in /magej, [Lg] = 0, we pick out the sublinear combination 

Image^^^^ [Lg] of terms which either are or can give rise t^]\ terms of the type 
that appear in the claim of Lemma 1 1.31 As we have shown in [8J, this sublinear 
combination will vanish separately, modulo junk terms which we may disregard: 

Image];+^^[Lg] + ^ a.C^iQi, . . . ,np, . . . , (bu+i) = 0. (5.1) 
zez 

In section IH] we repeat the analysis of (|5.ip that we performed in |8| . (This 
analysis involves much calculation, but also the appropriate application of the 
inductive assumption of Proposition II. ip . The resulting equation, however, 
completely fails to give us the desired conclusion of Lemma 

In section [71 we seek to analyze a second equation which arises in the con- 
formal variation Image^ = of p.6p . and which we had previously 

discarded: We pick out the sublinear combination /magej,''^^ jLg] which con- 
sists of terms with an internal contraction (see subsection 17.11 below for more 
details). Again, this sublinear combination vanishes separately, modulo junk 
terms which we may disregard: 

Image);^jLg] + ^ a,q(r!i, . . . , </.i, . . . , 0„+i) = 0. (5.2) 
zez 

In principle, one might think that this new equation should be of no inter- 
est, since the claim of Lemma 11.31 involves terms with no internal contrac- 
tions. However, we are able to suitably analyze (j5.2p . to derive a new equation 

*^Recall that is general, the first conformal variation of a true equation Lg{ipi, . . . ,il)t) = 
that depends on an auxilliary Riomannian metric g is defined through the formula; 
Image]^[Lg{il)i, . . . j^t)] := ■^\t=oL^-2t4>(ipi, ■ ■ ■ ,ipt); of course Image]^[Lg(ipi, . . . , Vt)] =0. 

^^After application of the curvature identity. 

**The defficiencies of the analysis of equation l|5.1|l are explained at the end of subsection 

[Ml 
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/mJ,''^^JLg] — below (see I7.61"|) ). which, combined with the analysis of (|5.ip 
yields the "grand conclusion", as follows: 

We define a simple formal operation Soph{. . . } which acts on the terms in 
Im^^^^^ [Lg] = to produce terms of the type that appear in the claim of Lemma 
11.31 We then add the resulting equation to our analysis of (|5.ip and observe 
many miraculous cancellations of "bad terms" . The resulting local equations are 
collectively called the "grand conclusion" ; they are the equations (|8.3p , (|8.4p , 
below. 

Recall Language Conventions: Firstly, we recall that our hypothesis is 
equation (|1.6p . We recall that in that equation all the tensor fields have a given 
simple character tisimp and are acceptable and all the complete contractions 
have a weak character Weak{Ksimp) (they are not assumed to be acceptable). 

We recall that a free index that is of the form i, j, fc, ; in some factor V'™^i?ijfe; 
or in some factor S^tV^"^ Rijki is called special. 

Next, we recall the discussion regarding the "selected factor" . Let us firstly 
re-explain how the various factors in the various complete contractions and 
tensor fields in p.6|) can be distinguished: We recall that for all the tensor fields 
and complete contractions appearing in (|1.6p and for each V0/,1 < / < w, 
there will be a unique factor V'-^^^Rijki, S^V''^^ Rijki or V'-^^fi/i against which 
V(/)/ is contracting. Therefore, for each Vi/)^, I < f < u we may unambiguously 
speak of the factor against which V(j)f is contracting for each of the tensor fields 
and contractions in ljl.6p . Furthermore, for each h,l < h,< p we may also 
unambiguously speak of the factor V^^^fi/j in each tensor field and contraction 
in (fTel) . 

On the other hand, we may have factors S/^"^'^ Riju in the terms in (|1.6p 
that are not contracting against any factors V(t)h- We notice that there is 
the same number of such factors in each of the tensor fields and the complete 
contractions in (|1.6p (since they all have the same weak character Weak{K,sirap))- 
We sometimes refer to such factors as "generic factors of the form V^"^^ Rijki" ■ 

We recall the two cases that we have distinguished in the setting of Lemma 
11.31 Recall that we have denoted by M the number of free indices in the critical 
factor for the tensor fields ; g [Jzez' (i-^- tensor fields with 

the maximal refined double character Z^, for a given z € Z'j^j^^). We also denote 
by M'{— a) the number of free indices in the second critical factor for the tensor 
fields C f I e We recall that case A is when M' > 2, and case 

Max 

B is when M' <l. 

The "special subcase" of case B: We introduce a "special subcase" of case B, 
in which case the derivation of "grand conclusion" will be somewhat different. 
We say that (|1.6p falls under the "special subcase" when the tensor fields of 
maximal refined double character in (jl.6p are in the form: 

contr{v (^}ree)Rnn ® ^mt ®---® Run® 

S^Ri^U S'*i?„stJ ® ^yi^i ®---® y^y}^p ® V01 ®---® 



no 



(In the above, each index j must contract against another index in the form 
ff,x,y] the indices x are either contracting against another index ^,x,y or are 
free, and the indices y are either contracting against indices D,x,y or are free 
or contract against a factor V0/j). In some instances, our argument will be 
modified to treat those "special subcases" . 

Now, we will be deriving three equations below, (|8.3p . (|8.4p . (|8.5p . which 
will be collectively called the "grand conclusion". We next explicitly spell out 
the hypotheses under which the grand conclusion will be derived in the list be- 
low: The main assumption will be equation (|1.6p . and we also have the extra 
assumptions stated in Lemma 11.31 we rc- iterate that list of assumptions below. 

1. In both cases A and B, no tensor field of rank fi can have an internal 
free index in any factor \/^"^^Rijki, nor a free index of the form fc, / in any 
factor St,'S/^'^^ Rijki (this is the main assumption of Lemma ll.Sp . 

2. In both cases A and B, there are no /i-tcnsor fields in (|1.6[) with a free 
index in the form j in some factor S^fRijku with no derivatives. THis is a 
re-statement of the assumption = 0. 

3. In both cases A and B, no (/i + l)-tensor field in (|1.6p contains a fac- 
tor S^Rijki with two internal free indices (this is a re-statement of the 
assumption = 0). 

Now, in order to describe the terms that appear in the RHSs of our equations 
below, we recal some notational conventions: 

We introduce the notion of a "contributor" , adapted to this setting: 

Definition 5.1 In the setting of Lemma \l.!A X^heff '^'^^s stand for 

a generic linear combination of a-tensor fields (a > u) with a u-simple char- 
acter Ksimp, a weak {u + l)-character Weak{K^^j^p]^ and the following ad- 
ditionnal features: Either the tensor fields above are acceptable, or they are 
unacceptable with one unacceptable factor Vf2x, which either contracts against 
or does not contract against any V(j)h- Furthermore, if a tensor field 
Qh,ii...ia,i* ^j-j^^ _ ^ j-2p, (pi^ . . . ^ 0ti)Vi, (/)„+! has a = /i and one unacceptable fac- 
tor \7flx which does not contract against V^u+i then it must have a {u + 1)- 
simple character ^tj^^pE^ and moreover V0„+i must be contracting against a 
derivative index, and moreover if it is contracting against a factor \I^^^^x then 
B > 3. Moreover, if a = fi and the factor V0„+i is contracting against ^flh 
then we require that at least one of the fi free indices should be non-special, and 
there should be a removable index in the tensor field 
Cgi---*"'**(rii, . . . ,rip,0i, . . . ,(/!)„)Vi,(/)„+i. Finally, if a tensor field 

^^'^timp some chosen (u -\- l)-simple character where V(/>u+i is not contracting against a 
special index. 

^"in other words V0u+i is not contracting against a special index. 



Ill 



Cgi'"'"'** (rJi, . . . , 01, . . . , (/)„)Vi^ has a = fi but the factor Vcfiu+i is 

contracting against a special index then all fi free indices must be non-special. 

We will be calling the tensor fields in those linear combinations "contribu- 
tors". 

We recall that J2jeJ • ■ ■ ' ^P' 0ii ■ ■ • i 4>u+i) stands for a generic lin- 

ear combination of complete contractions of length cr + u + 1 in the form (jl.Sp 
which are simple subsequent to the u-simple character Kg-,>„pF^ 

Let us introduce one new piece of notation that will be useful further down. 
We will define a generic linear combination of (fi — l)-tensor fields which appears 
in the grand conclusion only in case B, in the special subcase. 

Definition 5.2 We denote by 

J2 atC'/^-'--^'- (f^i, . . . , rip, (/.I, . . . , 0„)V,>„+i 

b£B' 

a generic linear combination of acceptable (fi — I) -tensor fields with length a + 
It + 1, with a u-simple character Kgimp, o,nd with the factor V0„+i contracting 
against a non-special index in the selected factor and moreover each of the (/i — 1) 
free indices belong to a different factor. 

Moreover, in the special subcase when in addition fi — I, we additionaly 
require that the index should be a derivative index, and moreover if it belongs 
to a factor V^^^fi/i then B > 3. Furthermore, we require that if we change 
the selected factor from Ta to Tt, then J2beB' ^^bC^'^^ (ili, . . . , ilp, . . . , (f)u) 
changes by erasing the index Vi^ from Ta and adding a derivative Vi^ onto Tb. 

6 The first half of the "grand conclusion". 

As explained, our first step in deriving the "grand conclusion" is to repeat the 
analysis of the equation (|5.ip from ^. We refer the reader to subsection 2.2 
in [S] for the strict definition of the subhnear combination /mageJ^'J^ jLg]. We 

recall that the sublinear combination Image^^^_^ [Lg] in Image^ [Lg] is defined 
once we have picked a (set of) selected f actor (s) in lisimp- We also recall that 
the equation (jS.ip has been proven to hold (modulo complete contractions of 
length > CT + it + 2)@ 

We also recall (from the end of subsection 2.2 in [8J) the natural break-up 
of the sublinear combination Image^^^^ [Lg] into three "pieces" according to 

Recall that this means that one of the factors V0;, which are supposed to contract against 
an index i in a factor StV^'^'' Rijki in the simple character Ksimp is now contracting against 
a derivative index in a factor S/^"^"^ Riji^i. 

^^We recall that the "junk terms" J^^gA °'^^g have length cr-l-u + 1 and a factor V("^)</<u+i 
with A > 2. 
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which rule of conformal variation a given term has arisen from: 



Image^^^_^[Lg{ni, . . . , lip, 0i, . . . , </)„)] = CurvTrans[Lg{ni, . . . ,V,p, . . . 

+ LC[Lg{ni, . . . , . . . , (/)„)] + w[Lg{ni, ...,np,<j>i,..., </)„)]. 



(The subUnear combination CurvTrans[L g . . . ] consists of terms with length a+ 
u and a factor ipu+i, A>2, while the sublinear combinations LC[Lg], W[Lg] 
consist of terms with length a + u + l and a factor V(j)u+i)- We then recall the 
study of the sublinear combination CurvTrans[Lg . . .] that we performed in 



We recall that the sublinear combination CurvTrans[Lg] will be zero, by 
definition if the selected factor is of the form V^'^-'rift,. We also recall that if the 
selected factor is of the form V''™'^Riju or S^tV^'^'^ Rtjki, then we have proven 
that the sublinear combination CurvTrans\L in (j6.ip can be expressed as in 
equations (3.31) and (3.47) in [5], respectively!^ o,i^d moreover we proved in JE^ 
that these equations also hold in the setting of Lemma We also recall that 
the terms inside parentheses in (3.31) and (3.47) are defined to be zero in the 
setting of Lemma [L3l The result of this analysis in [8], as a new local equation, 
namely equation (4.1) in that paper, which we reproduce here: 



this holds modulo complete contractions of length > a + u + 2. 

The purpose of the first half of this paper will be to study the sublinear 
combinations LC^^^^ [. . . ], W0„+i [. • . ] in equation (|6.2p . 

Now, our aim in this section will be to study the sublinear combinations 
LC[Lg] and Vt^[-Lg] in the context of Lemma fTT3l from 8J. We recall the Lemma 
2.2 in [8], which has also been proven in the setting of Lemma [1.31 In view of 
this, we only need to study the sublinear combinations LC^°*[Lg] and VF[Lg]. 

Our aim here is to recall our description of the term CurvTrans'^^'^'^y [Lg] 
appearing in (|6.2p F^ and then the understand the sublinear combinations 
LC^°'^[Lg\,W[Lg] in (HI]), in the setting of LemmaO 

6.1 Proof of Lemma II. 3t A description of the sublinear 
combination CurvTrans[L^ in this setting. 

In this subsection we just reproduce the equations (|3.3ip and (|3.48p from part 
A, for the reader's convenience. These equations describe the sublinear com- 
bination CurvTrans'*'^'^y[Lg\ appearing in Recall that (3.31) and (3.47) 

"''As noted there, the analysis also applies in the setting of Lemma ll.3l 
"■^We re-express the conclusions of equations (3.31) and (3.47) in new notation in the next 
subsection. 

"^We recall that this analysis was performed in [8]. 



(6.1) 




CurvTrans'''"^y[Lg\ + LC[Lg\ + W[Lg\ = 0; 



(6.2) 
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in [S]) correspond to the cases where the selected factor (s) is (are) in the form 
S^V^"^ RijU, "^^"^^Rijki- We recall that if the selected factor is in the form 
V^'^^fi/i then by definition CurvTrans[Lg] = CurvTrans''^'^'^y[Lg\ = 0. 

Notation: If the selected factor is of the form S^V^'^^ Rijki, then for each / € L 
we denote by l[ the index set of free indices that belong to the selected factor 

T;, where T; = S"* Vri'Ar^-Rijfez (note there are vi derivatives on the selected 
factor) . By our Lemma hypothesis (the assumption 1 in the list of the previous 
subsection) , each of the free indices i S /} will be one of the indices n, ■ ■ ■ , , r:,, j 
in the factor Tj and i^i > 0. Then, equation (3.47) in [S] can be re-expressed as: 

aiCurvTrans[Xdivi-^ . . . Xdivi^Cg^^'"^" (fii . . . , flp, (f>i, . . . , 4'u)] + 

leL 

ajCurvTrans[C^g{fli . . . , fip, . . . , (f)u)] = 

jeJ 

ai— Xdiv,, ...Xdiv,^ . . . Xdivi^&g''-''^{ni . . . ,np,<j>i, . . . ,<j>u)Vi^(j>u+i 
+ Y ahXdiv^, . . . Xdivi^C'g'''^-'-^''' (17i, . . . , rjp, 01, . . . , (f>u)V^,(f>u+l + 

heH 

^ajC^(f7i, . . . 01, . . . ,(j>u,(f>u+i) + Y "^C'|(rii, . . . ,f2p,0i, . . . , 0„+i). 
jeJ zez 

(6.3) 

(In fact, in this case the tensor fields indexed in H are also acceptable-but we 
will not be using this fact). 

On the other hand, when the selected factor is of the form V'^™-^ Rijki, then 
(3.31) in [8] can be re-expressed in the form: 

aiCurvTrans[Xdivi-^ . . . Xdivi^Cg^'^'"^" (fii . . . , ftp, (j>i, . . . , 0u)]-l- 
ajCurvTrans[C^g{ni . . . , fip, 0i, . . . , 0„)] = 

Y ahXdiv^, . . . Xdiv^^C'g'■'''■■■''^''' (f^l, . . . , 17p, 0i, . . . , (|>u)V^,(|>u+l + 

Y^jC^gi^i, . . . ,f2p,0i, . . . ,0„,0„+i) + Y azCg{ni, . . . ,rip,0i, . . . ,0„+i). 
jeJ zez 

(6.4) 

(In this case also the tensor fields indexed in H are acceptable, but this will not 
matter). 
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6.2 A study of the sublinear combinations LC^°^[Lg], W[Lg] 
in the setting of Lemma 11.31 

As explained in the beginning of this section, our aim is to find analogues of the 
equations concerning the sublinear combination LC^°*[Lg], in [S]. 

It is again immediate by the definitions that for each j E J in (jl.6p wc must 
have: 

M/[C^(f^i,...,r!p>i,...,0„)] =^a,C^(f^i,...,r!p>i,...,0„+i), (6.5) 

LC^"" [C^ , . . . , 01 , . . . , = ^ a, q , . . . , 01 , . . . , 0„+i) ; 

jeJ 

(6.6) 

(using generic notation on the right hand side). 

So the challenge is again to understand the two sublinear combinations: 

LC^°*[Xdzw,, . . . Xdtv.^Cl''^-'- {fli, . . . , rip, 01, . . . , 0„)], 

W[Xdiv,, . . . Xdiv.^CY'-'^ (r!i, . . . , rip, 01, . . . , 0„)]. 

We again divide the two linear combinations above into the same linear 
combinations as in section [3] in part A. Thus, our aim here is to find analogues 
of the equations gH]), (jil^ . (??), (jil^ . gH]), g^Ol), in that 

paper to find analogues of Lemmas 14. II and 14.21 and to find an analogue of those 
Lemmas when the selected factor is of the form V^^^-Tig. 

Important Point: In the cases where the selected factor is a curvature 
term (in the form V^"'-*i?yfei or S^S/'^'^^ Rijki), the major difference with the 
setting of Lemmas 3.1 and 3.2 in [6] (which were proven in [8]) is the role of 
the contractions that belong to the linear combinations J2qeQ ■ ■ ■ ■ Recall that 
in ^ X^qeQ • • • stood for a generic linear combination of complete contractions 
with l eng th a + u + 1 for which the factor V0it-|-i was contracting against a non- 
sveciarA index in the selected factor (which was in one of the forms V^"^^ Rijki, 

In the settings of Lemmas 11.11 11.21 such generic complete contractions were 
simply subsequent to the (u + l)-simplc character Kj^;,„p that we were interested 
in, and hence they could be disregarded (since they were allowed in the conclusion 
of our Lemma) . In this setting of Lemma [l.31 the complete contractions indexed 
in X^ijGQ • ■ ■ ^il^ have precisely a (u + l)-simple character Kj^,„p that we are 
interested in. Hence they can not be disregarded, as they were in part A of this 
paper. 

(which appear in 116.211 ) 
^^Recall that a special index is an index of the form i, j, k:l in factor '^^"^^ RijkU or an 
index of the form fc,; in a factor St,\7^'^^ Rijki- 
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In this sense, our aim for this subsection will be to obtain a precise under- 
standing of the terms belonging to the sublinear combinations Sneg • ■ • in the 
right hand sides of equations (4.12), (4.13), (4.14), (4.15), (4.16), (4.18), (4.20), 
(4.22) in \S\ and in the conclusions of Lemmas 4.1 and 4.2 there. 

A study of the sublinear combination W[Xdivi-^ . . . Xdivi^Cg'^'^'"'^''] in 
this context: The analogues of equations (|4.13p . (|4.14p . (|4.15p . (|4.16p . 
dHHD, dmSD, (j4:20l) in the setting of Lemma [TTSl 

For each C'^.«i - *a we will denote by {Ti, . . . ,Th^} the set of selected factors. 
Also, for each selected factor Ti we will denote by /j^' the set of free indices that 
belong to Ti and by /J* the set of free indices that do not belong to T^. We 
recall that by our Lemma hypotheses, if a factor V'^'^'^Rijki in Cg*^ I G 
has free indices then those free indices must be derivative indices. Also, if a 
factor S.fW'f^...r^Rijki has free indices, they must be of the form n, • ■ • jr^, j- We 
then consider any Cg'*^ "*^, I e with a free index in the selected factor T,; 
we then calculate the analogue of (I4.13p . (|4.14p . ^i^: 

Xdm, . . . Xdiv^^W'^^^''^^ [C7^n-v (f^i, . . . , rip, . . . , 0„)] + 

W'-'^a,n^''^-[Xdm, . . . Xdiv,^CY'-'-{^i, l^p, 01, ...,(/.„)] - 

2a* ^ Xdiv,^ . . . Xdiv,^ . . . Xdiv.^CY'---'^^ [Ui, . . . ,Vlp,(t)i, . . . ,(t>u)V ,^(t)u+i 

T- 

ih6-fi ' 

+ ^ ahXdm, . . . Xdiv.^C^-'^-''^''' {Vli, . . . . . . ,(j}u)y lAu+i 

heH 

+ ^ a^^Cgifli, . . . ,rip,(/)i, . . . ,0„+i); 
zez 

(6.7) 

here cr* stands for <7i + a2 if the crucial factor is of the form V^^-'il^i and for 
(ci + (72 ^ 1) if it is in any other form. 

On the other hand, if C'g*^ ' *" has a = /i and does not have free indices in 
the selected factor T^, or if a > fi, we derive the analogue of (|4.15p : 

Xdiv,, . . . Xdiv.^W'^'^S'^^ [^Ml...^„ (r!i, </,!,... , </,„)] + 
W'--s,T.^'^^-[Xdiv,, . ..Xdiv,^CY'-'-{^i, . . . . . .An)] = 

ahXdiv,, . . . Xdiv,^Cl^''^ {ni, . . . , <^i, . . . , 0„)V,.0„+i (6.8) 

heH 

+ ^ a^Cgiili, . . . ,fip,(/)i, . . . ,(/!)„+i). 

zez 

The first hard case is to find the analogue of equation (|4.20p . Some notation 
will prove useful to do this: 
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Definition 6.1 We define (/J')^''^*-^ to stand for the set of pairs of indices 
(ikiii)) "where ii^,^ € ij' , for which i^, and i, do not belong to the same factor. 
Then, for each pair G (/J')^''**'^, we define 

pMi..-..u|T,(^^^ . . . ,f^p, 01, . . . , 0„)5'^'']V,.0„+i 

to stand for the {a— 2) -tensor field that arises from 0^^'"^"^ (f^i, • ■ • , i^p, 0i, • ■ • , 0ti) 
by contracting the indices , j, against each other and adding a derivative index 
Vi, on the selected factor Ti, and then contracting it against a factor '^i,4'u+i 
(and also if the selected factor is of the form S^V'^^^ Rijki performing an extra 
S** -symmetrization ) . 

It then follows that the sublinear combination 

«9C'|(^i; ■ • ■ , f^p, 01, ■ • ■ , 0«+i) in (|4.20p is precisely of the form: 



— Xdivi-^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^ 

[C<Mi..-.,u|T.(^^^ . . . , f^p, 01, . . . , 0„)ff^^^' V,.0„+i]. 

Next, we seek to understand the term X^qeg '^<?C'|(^i, ■ • • , ^p, 0i, • ■ ■ , 4>u+i) 
mXdivi, . . .Xdi^;,„{LC^;*'*'"-»'^[C^'^--»(r!i, . . . , 0i, . . . , 0„)]}, see 
With our new notation, we easily observe that: 



xdtv,, . . . xdiv,ALC^°^-"'^^^^[cl^^^-'-in,, . . . , rip, 01, . . . , 0,)]} = 

^ OhXdiv,, . . . M«,„Cg^'*i (r!i, . . . , rip, 01, . . . , 0„)V,.0„+i. ^^■'^^^ 

A harder task is to understand the sublinear combination 
Eg&QagCI{nu...,np,(f>i,...,(l,u+i) in 6311) and 632]). 

Analogues of J^- J<S[ ) and 

Analogue of ^.18\ ): We recall that (by definition) 

LC^°'I^^^^'^'^[CY^"'^'' (f^i, • • ■ , 01, ■ ■ • , 0u)] is a linear combination that con- 
sists of tensor fields in the form: 

Cg*''"'^'"*°(rii, . . . , rip, 01, . . . , 0„)Vi^.0„+i, (6-11) 

where the index (which is a free index) belongs to the factor V0„+i. We 
observe (by virtue of the transformation law (|2.2p ') that the tensor fields 

Cg''^ (rii, . . . , rip, 01, . . . ,0ti) will then be acceptable except possibly for 

one unacceptable factor Vri/i. For each / G i, we will write out that linear 
combination as: 
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(6.12) 

We then observe that (|4.18p again holds, where the subhnear combination 
I^<;GQ «9C'|(rii, . . . , rip, 01, . . . , cj)u+i) is in fact of the form: 

t&T' (6.13) 

(ni, . . . , fip, 01, . . . , 0u)Vij.^ 0u+i]}; 

here 

{Vi^JCf ^-'^^-'-If^i, . . . ,r!p,0i, . . . ,0„)V.,^0„+i]} 
stands for the (a — l)-tensor field that arises from 

Cg^^'"^^*'"^" {Qi, . . . ,flp,(l)i, . . . , 0u)Vi^.^ 0,j+i by hitting the selected factor (if it 
is unique) with a derivative index V'^* , or if there are multiple selected factors 
Ti,i = 1, . . . , 6j then: 

{v:^Jcl''"-"^*-'-(r!i, . . . ,f]p,0i, . . . ,0„)v,,^0„+i]} = 

bi - (6.14) 

^{V^* [C*'^"-"^* (f^i, . . . , f^p, 01, . . . , 0„)V,,^ 0„+i]} 

i=l 

(where V^* means that V'^"* is forced to hit the factor Ti). 

We observe, that \i I ^ L\L^ then the right hand side in (|6.13p is a contrib- 
utor If I € Lf^, we must understand it in more detail: 

We recall that if an index G /J* belongs to a factor V^"^'>Rijki, then by 
the hypothesis of Lemma 11.31 must be a derivative index. If it belongs to a 
factor S^,\7^''^ Rijki, iy must be one of the indices n, ■ ■ ■ , r„, j- For each £ I2 
that belongs to a factor \/'^"^^Rijki, we denote by cr{iy) the number of indices 
in that factor that are not contracting against a factor V0u,, minus one. We 

also define Cg'^^'"^^'"^'' . . . , flp, 0i, . . . , 0„) to stand for the vector field that 
arises from - formally erasing the derivative index i^. 

For each € /J' that belongs to a factor V^^^'flh we denote by cr{iy) the 
number of indices in that factor that are not contracting against a factor V0y, 

minus one. We again define Cg*^ (fii, . . . , fip, 0i, . . . , 0,j) to stand for the 

tensor field that arises from j^y erasing the derivative index j^. 

For each G /J' that belongs to a factor T = S^V^"'' Rijki, we denote 
by o'{iy) the number [{et ~ 1) + T^prl (recall that er stands for the number 
of indices ^ , ■ • ■ , r„ , j in that factor that are not contracting against a fac- 
tor V0/) notice that if = this number is zero). Now, we also define 

98 See Definition [Q 
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Cg^^'"^^'"^'^ {^i, . . . jQp, (f>i, . . . , (l)u) as follows: If > 1, we assume for con- 
venience that is a derivative index (wlog because of the S'*-synimetrization). 

We then define Cg^^"'^^"'^''{Qi, . . . ,flp,cj)i, . . . ,cj)u) to stand for the {fi - 1)- 
tensor field that arises from Cg^^'"^"^ by replacing the factor S^V^^^^^^ ^^Rijki 

by S^v\i^^7})^Ri]ki- If = 0, we define Cg'''*''"'^(rii, (pi, .. . ,4>u) to be 
zero. 

Applying (12. 2|) , it then follows that the analogue of (|4.12D in this setting will 

be: 

xdiv,, . ..xdiv,^LC^°y'^''[c'g''-'^{ni, ...,np,cj)i,.. . ,0„)] 

bi 

a{iy)Xdiv,,...Xdiv,^...Xdiv,^[V^&f^-^y-'- 

(as noted above, if a > /i then the second line is a contributor). 

Analogue of ^^A^: In order to determine the sublinear combination 
SgGQ '*g^g(^i' ■ ■ ■ i^pi 4>1t ■ ■ t 't'u) hi (|4.12p . we will start with the case I E Lf^. 
We define a number r(zj,) for each e /J': Firstly, if belongs to a factor 
V^^^fi/i, we define T{iy) — 0. If belongs to a factor ^^"^^Rijki (and by the 
hypothesis of Lemma ll.3l it must be a derivative index), we define riiy) = 2. Fi- 
nally, if belongs to a factor S^V'^'^'^ Rijki (and by our Lemma hypothesis it must 
be one of the indices n, • ■ • ^r^^j)^ then we define T{iy) — We then observe 
that if I G L^, the sublinear combination X^gGQ ^q^g^^i^ ■ ■ ■ i ^pi 4'ii ■ ■ ■ ^ 4'u) in 
(4.12) will be of the form: 

bi 

V V rity)Xdiv,,...xdiv,^...xdmJvt^c'/'---'^y---'-inu---,^p, , , 

^=l.y^H " (6.16) 

</)!,..., 0„)Vij,(?!)„+i], 

while if Z G i \ Lp, it will simply be of the form: 

heH 



Analogue of Lemmas 14.11 14.21 in [8] : 

Finally, we want to find a version of Lemmas 4.1 and 4.2 in this context, and 
also to find a version of these two Lemmas in the case where the selected factor 



(6.15) 
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is of the form V^^'^fih- As above, this boils down to understanding the subhnear 
combination X^ggg o^gC^gi^i^ • ■ • j ■ • ■ j 4'u) that appear in the statements 

of those Lemmas. In order to understand this subhnear combination, several 
more pieces of notation are needed: 

Definition 6.2 Consider any tensor field - in the form HI. 5]) with a 
simple character Ksimp- 

Firstly, for each selected factor Ti and for each pair of free indices (j^,!, ) with 
e/f',», e/J' we denote 6?/ V^jC^'^i-'" (f^i, . . . , . . . , 0„ V''*'] V,. 

the [a— 2) -tensor field that formally arises from C^^'"^"^ by contracting the index 
ij. against ^ and then adding a derivative index V^^ on the selected factor Ti 
and contracting it against a factor V^^ • 

Furthermore, we denote by Fi,. . . , Fa--i the set of real factors other than 
T,F^ and other than any y(j)w If l^i^l ^ 2, we define /j'""^'* to stand for the set 
of pairs {i^ , i, ) for which , e /j^' , i^, ^ and at least one of the two indices 
(say ij. with no loss of generality) is a derivative index. If \l'[' \ < 1 we define 
I^-'^* ^ 0. 

For each G I^"^'* and each S,l < S < a — 1, we then additionally 

define: 

(^Mi.. J....,».,».|S(^^^ . . . , rip, (/-i, . . . , 0„)V,>„+i (6.17) 

to stand for the {a— 1) -tensor field that arises from (7Mi---,«a (fjj^^ . . . ^ $7^^ ^j^^ . . . ^ 
by first erasing the free index i^. (which is a derivative index), then contracting 
against a factor V4>u+i, and finally hitting the S^^ real factor by a derivative 
free index V^, . 

Now, to understand the subhnear combinations: 



LCl^^f'^'^-'^Xdzv,, . . . Xdzv,^&f^-'- . . . , 01, . . . , ^^'^^^ 

in this context, we distinguish three subcases: Either the selected factor(s) is 
(are) of the form V(")i?y7ci, or of the form S^V^"'^ R^jkl, or of the from V^^^O^. 
We start with the first subcase, where the selected factor(s) is (are) of the form 

One more piece of notation: 

Definition 6.3 For each selected factor Ti we denote by m\ the number of 
derivative indices in the selected factor Ti ~ ^^^"""^ Rijki that are not contracting 
against a factor Vipf and are not free. Also, recall (from part A) that ^i stands 
for the number of indices in (^^'^i-'-^f* t^g^i ^ot belong to the selected factor Ti 
and are not contracting against factors V(j)h. 

99Recall that the "real factors" are in one of the forms V'^^fiijfei, S. V('-''i?ijfci, V'^^Hi,. 
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We then compute that for each ^ G , where the selected factor Ti is of the 
formT, = V(™')i?yfei: 

LC^o^f-'^^'^^Xdiv,, . ..Xdiv^^C'/'-^'in^, . . . . .,(/.„)] = - J2 

T- 

[2(mf + 2) + -f^]Xdm, . . . Xdm^ . . . Xdiv.^CY'-'^ {^1: lip, (/)!,... , 

3 ^ Xdiv,, . ..Xdiv,, . . . Xdm^Cl;''---'''' {^i, . . . , rjp, 0i, . . . , (/)„)Vj,0„+i 

CT-1 

+ Xdivi-^ . . . Xdivi^. . . . Xdivij . . . XdiVi^XdiVi^ 

C.Ml...,5.....V,^.|S(J^^^ . . . , f^p, 01, . . . , 0«)V,,0„+1 

— Xdivi-^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^ 

+ anXdiv,^ . . . Xdw.^C^'''!---*'"''* (f^i, . . . , rjp, 0i, . . . , 0„)V,.0„+i. 
he// 

(6.19) 

Explanation of the calculations that bring out 116. 19\} : The expression multi- 
phed by —2(rn\ + 2) arises in two ways: Firstly, by applying the third sumniand 
in (|2.2p to pairs (V^^, where b is an original non-free index in CY^^^^''^°' that is 
contracting against the crucial factor, and also (when f, = i,j,k,i) applying the 
second Bianchi identity twice. The second way is by applying the last summand 
in (|2.2[) to two indices (^^,6) where both ,b belong to the selected factor and 
then "completing the divergence" that we have created. With this observation, 
the rest of the sublinear combinations on the right hand side can be checked by 
book-keeping. 

By the same analysis, if Z G i \ L^, we calculate: 

Xdiv,, . . .M«,„LC;';*'*'"-»'^-^[C^^^-^"(l]i, . . . ,f]p,0i, . . . ,0„)] + 
LC^°'^f"''"Xdiv,, . . . Xdiv,^C'/'-'^{nu . . . , l^p, 01, . . . , 0,)] = 
V a„C':^^-^»-i''-(f7i, . . . , 01, . . . ,0„)V,.0„+i- 

(6.20) 

Xdivi^ . . . Xdivif, . . . Xdivi^ . . . Xdivi^ 
(r!i, . . . , rip, 01, . . . , 0„)5^''*']V,.0„+i. 
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The analogues of these two equations in the case where the selected factor is 
of the form S^^V^^^ R^u or are straightforward (recall that in this setting 

there is a unique selected factor so we will write I\,l2 rather than , -fj')- We 
only have to recall the trivial formula: 

(6.21) 

where '^Q{R) stands for a generic linear combination of quadratic expressions 
in curvature, while ^ v|™^ ^ -^RrmTm+iki stands for a generic linear combina- 
tion of tensors V''"-'i?af,c(i where the index i is a derivative index. 

Analogue of Lemmas \4-.l\\4.^ when the selected factor is of the form S^'V^'^'^ Rijki 
or V'^'^^ri/i; We first consider the case where the selected factor is of the form 
S^V'^^^ RijU (in this case it will be unique) and we use (|6.2ip . For the selected 

factor T — '^^ri...r^Rijki wc will denote by v'^ the number of ind ices n, • ■ • ,r„, j 
that are not free and not contracting against a factor V6h Then, for each 
I € Lfj_, we calculate: 

Xdzv,, . . . Xdiv,^LC^°^;"'^'^'''[CY^-'-{VL,, . . . , f]„ 01, . . . , (/.„)] + 

^^No^^drv,!, j^^^^^^ XdlV.^CY'-'- {ni, . . . , lip, (/-i, . . . , (/.„)] = 

- ^ [7 + (i^* + 1) + (^^^ + ■^j^)]Xdiv,, . . . Xdiv,^ . . . Xdiv,^ 

c^^'-v (r!i, . . . , . . . , 0„)v„>„+i] 

- 3 ^ Xdivi^ . . .Xdivii ■ ■ ■ Xdivi^CY^-'^'' {Vti, . . . , ^Jp, 0i, . . . ,0„)Vi,0„+i 

(ifc,ii)G/i'' 

+ Xdivi^ . . . Xdivij, . . . Xdiv^ . . . Xdivi^Xdivi^ 

Vi, (j)u+i - ^ Xdivi^ . . . Xdiv^j^ . . . Xdivi^ . . . Xdivi^ 

j^Mi.-. (f^^^ . . . , rip, . . . , ^Jg^'-^'lV^.^^+i 
+ ^ ahXdiv,^ . . .Xdw,^C^''i---*"''*(17i, . . . , rjp, 0i, . . . , 0„)V,.0„+i, 

heH 

(6.22) 

while for each I ^ L \ Lf^, we again have (|6.20p . A small extra explanation for 
this case: The sublinear combination multiplied by — (i^' + 1 + 7;^) arises by 

lOOWe should write I'ljiyf to stress that these numbers depend on the tensor field (^^''i - V^ 
I S Lf^. However, for simplicity of notation, we will not do so. 
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virtue of applying the last summand in (|2.2p to a pair of indices in the selected 
factor, one of which is free and one of which is not. We see that this formula 
can only be applied to indices {i^,b) in the selected factor if at least one of these 
indices is a derivative index. 

Finally, in the case where the selected factor is of the form V'-^'^flh, we denote 
by the number of indices in V'^^'^flh that are not free and not contracting 
against a factor V(/)/. We then derive that for each I G L, {a > ii): 

Xdm, . . . Xrf*i;,„LC^;*'*'^'^3'^[C^^'-^"(r!i, . . . , 01, . . . , 0„)] + 
LC^o^^^'-J^Xdiv,, . . . Xdiv,^Cl'''-'- {ill, . . . , rip, 01, . . . , 0„)] = 

- {-f + 2A^)Xdiv,, . . . Xdiv,^ . . . Xdiv.^Cl''^-''^ i^i, . . . ,np, (1)1, . . . 

,0«)Vi,>„+i 

-3 Xdiv,,...Xdiv„...Xdiv^^Cl^''-''^ini,...,np,(l3i,... 

, 0«)Vi^0„+l 

cr-l 

+ Xdivi^ . . . Xdivi^ . . . Xdivi^ . . . XdiVi^XdiVi^ 

cY'-^'^-'-'^'^^in^, . . . , ^ip, 01, . . . , 0„)v,>„+i 

— Xdivi^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^ 

V:*„JC^'^-^»(17i, . . . , l]p, 01, . . . , 0„)5^'=^']V,.0„+i 

+ Y ahXdm, ...Xdw,^C^'*i-'-'*(17i,...,rjp,0i,...,0„)V,.0„+i. 

(6.23) 

Finally, for each Z G i \ L^, we again have (|6.20p . 

Thus, having computed the sublinear combinations LC^"'^[Lg],W[Lg] in 
the setting of Lemma II. 3[ we will now substitute them into (|6.2I) . 

We first consider the case where the selected factor is of the form S^V^'^'' Rijki ■ 
(Recall that in this setting there is only one selected factor for each - ^ g 
L^, z G ^Maa;)- We then derive a local equation: 
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E E + (2^^" + 1) + ^ - 2(c7i + - 1) - X) 

Xdiwi, . ..Xdivi^ . . .Xdit;,^C^'*i--'''(17i, . . . , rjp, 0i, . . . , (/)„)Vi>„+i 

u + 1 

E {-(^{iy) + T{iy))XdiVi^ . . . XdiViy . . . Xdivi^ 



a-l 



Xdivi^ . . . Xdivi^ . . . Xdiv^ . . . XdiVi^XdiVi^ 

(ifc,ii)6-fi'* ■^^l 

— a; XdiVi^ . . . Xdivi^ . . . Xdiv^ . . . XdiVi^ 

— ai Xdivi^ . . . Xdivi^ . . . Xdiv^ . . . Xdivi^ 
yi. • • • , fip, '/'I, • • • , <^«)5''='']Vi. </.„+! + 

E • • • , f^p, 01, • • • , 0«, 0«+l) + 

E ahXdivi^ . . . XdiVi^Cl^'''-'^'''{ni, . . . ,np,(j)i, . . . ,(j)u)Vi,(pu+i =0, 

(6.24) 

modulo complete contractions of length > a + u + 2. 

In the case where the selected factor(s) is (are) of the form V^"^^Rijki, we 
derive: 
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E E E + + 2) - 2(ai + a2 - 1) - X) 

Xdivi, . . . Xdivi^ . . . Xdivi^C^^-''^' (Oi, . . . ,9.p,4>x, . . . , 0„)Vi^?!>„+i 
-3 ^ Xdivi^...Xdivii . . .Xdwi^C^'*i-'''(f2i, . . . , fip, . . . , 0„)Vj,(/)^ 

+ ^ Xdivi^ . . . Xdivi,. . . . Xdiv^ . . . XdiVi^XdiVi^ 

— a; ^ Xdivi^ . . . Xdivi^ . . . Xdiv^ . . . Xdivi^ 

...,np,<p,,..., <^„y=*']Vi>„+i 

— a; Xdivi^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^ 
ahXdivi^ . . . Xdivi^Cg'''^-'-'"'-* {Ui, . . . ,ilp, (pi, . . . ,(j>u)Vi,(pu+i = 0, 

(6.25) 

modulo complete contractions of length > a + u + 2. 

Finally, in the case where the selected factor is of the form \/^^^flh (in which 
case it is again unique), we derive: 



125 



(7 + 2A« - 2(71 - 2^2) 

Xdivi^ . . . Xdiv,^ . . . Xdm^Cl'''--'" . . . , rjp, 0i, . . . , 0„)Vi>„+i 

— 3 Y Xdivi, . ..Xdiv,^ . . . Xdiv^^Clj''-'" {Qi, . . . , rjp, . . . ,0„)V,>„+i 

+ ^ i-o-{iy) + T{iy))Xdivi^ . . . Xdiviy . . . Xdm^ 

[vliiC'/'-'^y-'-in^, . . . , 01, . . . , K)y,ju+i]+ 

cr-l 

Xdivi^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^XdiVi^ 

— ai Xdivi^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^ 

(f^i , . . . , , 0^ , . . . , ] V,. ,/.„+i 

— ai Xdivi^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^ 

v:;jc^''^-'»(r!i, . . . ,i]p,0i, . . . >„).9"'"]v,.0„+i+ 

Y ahXdm^ . ..Xdiv^^C'g'-''-''"''{ni, . . . , f2p, (/)i, . . . ,0„)V,.0„+i = 0, 

(6.26) 

modulo complete contractions of length > a + u + 2. 

Now, in order to motivate our next section, let us briefly illustrate how the 
above three equations are not in the form required by Lemma 11.31 (in case A). 
There are two important defflciencies of the three equations above that we wish 
to highlight: Firstly, observe that in all equations above the sublinear combi- 
nations indexed in V",. . ■,^j2,dcf have rank (u — 2). The desired conclusion of 
Lemma [TT3] requires the minimum rank of the tensor fields to be /x — 1. Secondly, 
the coefficient (7 + (^v^ + 1) + -^j^ — 2{a\ + (T2 — 1)) (and also the coefficients 
in the fist lines of (|6.25p . (|6.26p ) depends on the number i' of derivatives on the 
selected factor in each individual tensor field in the second line in (|6.24p (and 
similarly for the other two equations). This is not the case in the conclusion of 
Lemma ll. 31 where all tensor fields of rank /i — 1 must be multiplied by a universal 
constant (either 1 or (2)). 

Thus, we observe that we can not derive our Lemma 11.31 merely by repeating 
the analysis of equation Image^^^^^ [Lg] that we performed to derive the Lemmas 
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3.1 and 3.2 in [5]. The second ingredient in the proof of Lemma [1.31 will be an 
analysis of the equation Image^^^_^[Lg] — (see Definition 2.3 and equation 
(2.9) in [S]), coupled with a formal operation Soph{. . . } which will then convert 
the terms in that equation into the type of terms that are required in Lemma 

7 The second part of the "grand conclusion": 
A study of Image^^^_^ [Lg] = 0. 

7.1 Basic calculations in the equation Image^^^^[Lg\ = 0, 
and first steps in its analysis. 

We recall from definition 12.31 that Image]^^^^[Lg\ consists of the complete con- 
tractions in Image^^_^_^ [Lg] that have one internal contraction, and also either 

have length a + u and a factor V^^^cjju+i, A > 2, or have length a + u + 1 
and a factor V0„+i. Recall that the selected factor (s), the crucial factor (s) etc. 
are completely irrelevant in the context of Image]^^^_^[Lg\. We recall that we 
have denoted by Image]^^^^_^'^^[Lg\ the sublinear combination of contractions 
with cr + M factors in Image]^^ ^_^[L g], and by Image]i^^^_^^^^^[Lg\ the sublinear 
combination of contractions with cr + u + 1 factors in Image^^^_^ [-^g]- 

We recall that in (2.9) we showed that modulo complete contractions with 
at least a + u + 2 factors: 

/r7iageJ,f_^'^"'""[Lg]+/mageJ,f^'^+"+^[Lg]+^ a^Cg{ni, . . . ,ilp,(j)i, . . . , (/)„+i) = 0. 

(7.1) 

(We recall that X^ze^ ■ ■ • stands for a generic linear combination of contractions 
with (T + M + 1, one of which is in the from V'-'^V„+i, B > 2). 

Now, in the rest of this section we will study the LHS of the equation (|7.ip 
and repeatedly apply the inductive assumption of Corollary 1 in [5] to it in 
many different guises, in order to derive a new local equation which will help 
us in deriving Lemma ll.3l In particular, the new local equation combined with 
(|6.24p , (|6.25p , (|6.26p will give us our "grand conclusion" . 

Firstly, we focus of the complete contractions of length a+u in Image^^^_^ i^g]- 

We initially seek to understand how the complete contractions in Image^^^^_^ [Lg] 
can arise. For the purposes of this subsection, when we study the transformation 
law of each factor of the form S^V^'^^ Rijki, we will be treating each such factor 
as a sum of factors in the form V^"^^ Rijki- With this convention we immediately 
see that the complete contractions of length cr + u in Image]p^^_^[Lg] can only 

arise by replacing a factor V^^'^Rijki by an expression V^™^ [v[,^V«+i ® 9ab], 
provided the indices a , b both contract against the same factor. 
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We then recall the operation Sub,^ (from the Appendix in [3]) with which 



we win act on the complete contractions in Image^^^^[L 



■'g\ 



Definition 7.1 // a complete contraction Cg(r2i, . . . , fip, 0i, . . . , 4>y) has its in- 
ternal contraction in a factor of the form 'S/^^...rpRicij , then Suhu,[Cg\ stands for 
the complete contraction that arises from Cg by replacing the factor \I^},,,r^RiCij 
by a factor — v|.^~'"^^ yCj. If the internal contraction involves at least one deriva- 
tive index (hence it is in the form (V^, a) ), then Subt^[Cg{^i, . . . , f2p, (pi, . . . , 4)u)\ 
stands for the complete contraction that arises from Cg(r2i, . . . , f^p, <^i, . . . , (^u) 



by replacing the expression (V^jq) by an expression (Voj. I The above ex- 



tends to linear combinations of complete contractions and also to tensor fields. 

Hence, by applying the last Lemma in the Appendix of ^ to the equation (|7.ip . 
we derive that: 



Sub^{Image]j;^^^[Lg]} + ^atC*(f^i, . . . , fip, </)i, . . . w) = 0, (7.2) 



modulo complete contractions of length > u + u + 3. Here 
J2tGT (^tCg{fti, . . . , ftp, . . . ,4>u,uj) stands for a generic linear combination of 
complete contractions with either length a + u + 2 and a factor V^'^-'o;, A > 2, or 
a factor V'^"^Vti+ii A >2, or with length ct + u+ 1 and a factor V'^'^Vm+Ij A>2 
and a factor V'^^^w, i? > 2. This equation follows from the last Lemma in the 
Appendix of 3J, and the definition of the various terms in (|7.ip . 

A brief analysis of equation |7.^p ; We observe that by definition 



Subij{Image^^^_^[Lg]} consists of three main sublinear combinations F*^^! de 



pending on the total number of factors that a given complete contraction in 
Sub^j{Image^^^_^[Lg]} contains: A given complete contraction in 

Subuj{Image^^^_^[Lg]} may contain ct + m, (T + u + I orCT + 7i + 2 factors in 
total. Accordingly, we denote the corresponding sublinear combinations by 
SubZ+-{Image);^^^ [L,]}, SubZ+^+Hlmage'^l^^^ [Lg]}, SubZ+^+Hlmage);^^^ [Lg]}. 

By definition, the complete contractions in SubZ'^^{Image^^^^[Lg]} will have 
two factors V'^^Vu+i: V^'^-'w, A,B >2. The complete contractions in 
SubZ~^^^^ {Image^i^^^^ [Lg]} will have two factors, either in the form V^^^Vu+ii ^"^i 
A> 2 or in the form V^u+i, V'-^-'w, B > 2. Finally, the complete contractions 



m 

SubZ'^^^'^ilmage'^'^ J-^g]} '^il^ have two factors in the form V^u+i, Vw. 
Thus, (|7.2p can be re-expressed in the form: 



^'^^In other words the derivative index V is erased, and a new factor Voj is introduced, 
which is then contracted against the index a (a is the index that originally contracted against 

^''^Plus junk terms of greater length. 
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SubZ+''+Hlmage]^^^^ [Lg] } + ^ a^C* (fii (/-i ,...,</.„+!, c.) = 0. ^^'^^ 

(modulo complete contractions of length > a + u + 3). For future reference, we 
will also divide the index set T into subsets y^+"+2^ according to the 

number of factors that a given complete contraction C* (Oi, . . . , rip, 0i, . . . , w) 
contains. 

We first seek to understand the sublinear combination Sub'^'^'"- [Image]^^^^ [Lg]} 

in Subi^{Imagelj^^^_^ i^g]} which consists of complete contractions of length cr+u. 

We start by studying how Subuiilmage^^^^ [Lg]} arises from the equation Lg = 
and we will then prove two important equations regarding this sublinear combi- 
nation, namely equations (|7.9p and (|7.12p . Important Note: For future reference, 
we note here that all the discussion until (|7.9p and (|7.12p . and also the proofs 
of these equations also hold without the assumptions that L*^{} L~^{} L'[_ = 0. 
This will be used in the proof of Lemmas 3.3, 3.4 from [6]. Furthermore, the 
assumptions = will not be used until after equation ()7.36|) . 

How does the sublinear combination Sub"J^^ {Image^^ arise? 

For each tensor field C^''^ ' *" and each complete contraction C| in Lg, we 
look for the pairs of non- anti-symmetric internal indices (a, fc), (c, d) m two dif- 
ferent factors V'''"^i?ijfe/ (recall that we are treating the factors S^\l'^^^ Riju as 
sums of tensors in the form V*-'"-'i?ijfe;) for which a,c and h^d are contracting 
against each other. 

In each tensor field C'^'^i - *" or complete contraction C^, we denote the set 
of those pairs by INTfjINTj, respectively. For each such pair [(a,b), (c,d)] G 
INTf or [(a,&),(c,d)] e INTf, we denote by Rep^lC^^ Rep^lC^] the 
complete contraction or tensor field that arises by replacing the first factor 
V^^^^Rijki by the linear expression (H — )V'"'+^V ® dab on the right hand side 
of (j2.1[) and then applying Sub^ (here, of course, the +/— sign comes from 
(|2.ip V We also denote by i?ep^[C^], i?ep^[Cg'*i' - '*°] the tensor field (or complete 
contraction) that arises by replacing the second factor V^™ '^Rijki by the linear 
expression (H — )'Sl'^"^ ^'^^ (j)u+i ® gcd on the right hand side of (|2.ip and then 
applying Sub^. 

We define: 



\{a,h),(c.d)\^lNTf (7.4) 
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and 



Rep[C^]^ E {Ma.6).(c,<i)][C^]+^epf(,_,),(,,,)][q]}. (7.5) 

[{a,b),{cA)]eINTl' 

We straightforwardly observe that: 



SubZ+^{Image);['^^ [Lg]} = ^ a,Rep[C^giQ,, . . . ,%,<t>^, . . . , (fu)] 
E aiXdiv^, . . . Xdm^Rep[Cl''''-'-{ni, . . . , l]p, 01, . . . , (bu)]. 



(7.6) 



Moreover, by (|7.2p we have that: 

5u6^+«{/mage;f^jL,]} = 0, (7.7) 

modulo complete contractions of length > cr + u + 1 . 

Before we move on to examine the other sublinear combinations of 
Sub'Z'^'^ {Image^^^^_^[Lg]} , we want to somehow apply Corollary 1 in ^ to (|7.7p . 
We introduce some notational conventions: 

Definition 7.2 We will denote by 

E "i^s(^i' ■ ■ ■ ,^p,(l)i, ■ ■ ■ ,(j)u,(l>u+l,Uj) 

a generic linear combination of complete contractions with length a + u and two 
factors V'''^-'0„+i, V*-^^w and at least one factor 'SI(j)f, f G Def{K,gi„ip) contract- 
ing against a derivative index in a factor V^"'^ ki or contracting against one 
of the first A ^ 2 indices in a factor V^^^'^u+i or V^'^^uj. 
We denote by 



(a > p) a generic linear combination of acceptable t enso r fields with length 



a+u + 1, a factor W (j)u+i (which we treat as a factor \7(j)^]^ and a factor V^^^lo, 
A > 2 (which we treat as a factor V^^-'J7p+iJ, with the additional feature that 
the u-simple character o/ ''i ' '*" arises from Kgimp by replacing one factor 
T = ^("''iR.jki orT = SM^^Rtjki by a factor T' = where all 

the factors V0;i that contracted against T now contract against T' ; moreover if 
a = fj, and the factor V^^^uj has A = 2 and is contracting against a factor 'SI(j)h 
then we additionnaly require that it does not contain free indices. 
We denote by 

E a„C^'*i-*'' (r^i, . . . , 01, . . . , (/)„, 0„+i, w) 



'In particular this factor does not contain a free index. 
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a generic linear combination of acceptable t enso r fields with length a + u + I, 
a factor Vw (which we treat as a factor V(/)J^3 and a factor V^^'^4'u+i, A> 2 
(which we treat as a factor V*-'^-*f2p+i with the restriction that the u-simple 
character gf Cg'"'^ '^'^ arises from Ksimp by replacing one factor T — \/^"^^Rijki 
or T — S^V^'^'^ Rijki by a factor T' = S/'^^^flp+i where all the factors S/iph 
that contracted against T now contract against T' ; moreover if a = fj, and the 
factor V*-"^ 4-1 has A — 2 and is contracting against a factor V(j)h then we 
additionnaly require that it does not contain free indices. 
In addition, we will denote by 

a„q''''i-'" (f^i, . . . , 01, . . . , w), 

generic linear combinations as above with one un-acceptable factor of the form 
Vri/i, h < p, (with only one derivative) contracting against a factor \7(f>u+i or 
Vcj, respectively. 

We will denote by 

^ ttjC^ini, . . . ,rjp,0i, . . .,(/)„, 

a generic linear combination of complete contractions with length a + u+ I and 
two factors either V'-^Vm+ i, V uj or V^'^-'w, V0„+i (A > 2) and at least one 
factor 'S/(j>f,f S Def{iisimp]L^ contracting against a derivative index in a fac- 
tor V^"^^ Rijki or contracting against one of the first A — 2 indices in a factor 
V^'^Hu+i or V(^)w. 

For future reference, we will also put down some definitions regarding com- 
plete contractions of length cr + u + 2 in Sub^{Image]p^^^[LgW (with a factor 
and a factor We will denote by 

meM 

( where a > fj,) a generic linear combination of acceptable tensor fields of length 
(7 + M + 2 with a u-simple character Ksimp (this u-simple character only encodes 
information on the factors V(j)h,h <u). 
We also denote by 

^'^'^In particular this factor does not contain a free index. 

^''^Recall that Def (Ksimp) stands for the set of numbers o for which V<^o is contracting 
against the index i in some factor S.tV^'^^ Rijki- 
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a generic linear combination of tensor fields as above, with one un-acceptable 
factor of the form Vi^flf where is a free index and in fact b = a + 1 or 
b^a + 2. 

We will denote by 

a generic linear combination of complete contractions with length a + u + 2 and 
two factors V0,i+i, and at least one factor S74>f, f G Def{Ksimp) contracting 
against a derivative index in a factor V(™)i?y kl- 

Finally, we will denote by 

ay,Cg[VLi, . . . ,r]p,</)i, . . . 

a generic linear combination of complete contract ions that have length > a+u+1 
and two factors V'-^V^+i, V^^^cj with A, B > 2^ 

Now, return to (|7.6p . We wish to analyze the terms in this equation. We 
firstly observe that: 

4'ui 0ti+i, 

(7.8) 

Now, we claim that we can write out: 

aiXdiv,, . . . Xdiv,^Rep[&/^—''''{ni, . . . , rjp, 0i, . . . , = 

Y auXdivi^ . . . Xdivi^Cg''^-'''-{ni, . . . , r2p, 0i, . . . , 

Y auXdivi^ ...XdTOi^Cg^*i---''"(f7i,...,r2p,0i,...,0„, (/)„+!, ^^g^ 
ueU2 

(this holds perfectly, not modulo complete contractions of greater length) . 
If we can prove this, we can then replace into (|7.2p to derive an equation: 

^''^Notice that for length cr + ii + l, the subhnear combination X]tugw ■ ■ • corresponds exactly 
to the generic linear combination ^DtgTi • • • in 117.311 . 
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ueUi 

auXdivi^ . ..Xdivi^Cg''^---''"'{fli, . . . ,ilp, . . . , w) + 

uGC/2 

(7.10) 

(the above holds perfectly) , where the tensor fields indexed in J^"*"" are of the 
same general form as the tensor fields we generically index in J'^+". In other 
words, provided we can show (j7.9p we derive that modulo complete contractions 
of length > cr + M + 1: 

Lo) = 0, (7-11) 

(modulo length > a + u + l). 

Then, using the above we will show that we can write: 

ajC^(rii,..., rip, 01,..., (/)„+!, w) = 

ti7 0ti+ii^) (7.12) 
+ ^ aujC'J(rii, . . . , rip, 01, . . . ,0„, w). 

(The above holds exactly, not modulo longer complete contractions). Moreover, 
the left hand side is not generic notation, but stands for the same sublinear 
combination in (j7.9p . The right hand side consists of generic linear combinations 
as defined in definition 17.21 

7.2 Further steps in the analysis of Image]^^ _^[Lg] = 0: 
Proof of irrm and ITTWi : 

We first show ()7.9p . We will prove this equation using the inductive assumption 
on Proposition 11.11 and the usual inductive argument: We will break up ()7.7p 
into sublinear combinations that have the same u-weak character (here the weak 
character also takes into account the two new factors rip+i = 0u+i, r2p+2 = w), 
and then inductively apply Corollary 1 from ^ and at each step we convert the 
Vv's in Xdiv^s. 
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Specifically: For each Cg'*^ we divide their curvature factors 

(y^"^^ Rijki , S^^V'^'^^ Rijki) into categories: Ki, . . . ,Kd. We decide that two cur- 
vature factors T, T' in two complete contractions or tensor fields in (j7.9|) belong 
to the same category if they are contracting against the same factors V(f>ii. We 
also decide that the curvature factors that do not contract against any factors 
V(f>h belong to the last category Kd- 

We then recall that each tensor field and each complete contraction in (|7.9p 
has arisen by replacing one curvature factor V^^^Rijki by V^^^ and one 

other curvature factor V^'^'^ Ri'j'k'v by V^'^^ [V^^|,,w]. We then index the tensor 
fields and complete contractions in (|7.9p in the sets L"'^ , J"'^ (1 < a,/? < c?) 
according to the rule that a tensor field or complete contraction in (|7.9p belongs 
to L"'^ , J"'^ if and only if it has arisen by replacing a curvature factor that 
belongs to the category Ka by V-^'''^'(/>„+i and a curvature factor that belongs 

to by V'j+'^c.. 

We then see that (|7.9p can be re-written in the form: 

{J2aiXdiv,,...Xdtv,^Cl'''-'' + ^ a,C^g} = Q, (7.13) 

l<a,f3<d L^.ll je.J"'l^ 

modulo complete contractions of length > a + u + 1. Then, since the above must 
hold formally and hence sublinear combinations with different weak characters 
must vanish separately, we derive that for each pair 1 < a, (3 < d: 

aiXdiv,, ...Xdivi^Cl''^ + ^ ajC^ = 0, (7.14) 

(modulo complete contractions of length > a + u + 1). 

We will then show our claim ()7.9p for each of the index sets L"'^ separately. 
We distinguish three cases: Either both the categories Ka, Ki, represent a "gen- 
uine" factor V'^"^^Rijki or one of them represents such a "genuine" factor and 
the other represents a factor S^V^^^Riju or both represent factors S^S/^"^ Rijki- 
We denote these three cases by (i), (iz), [iii) respectively. 

Proof of |y.ff| j in case (i): We observe that all tensor fields indexed in 
L"'^ have the same u-simple character, say ksimp (we are treating the fac- 
tors V^^'^M+i, V^^^w as functions fip+i, rip_|_2). Moreover, each of the tensor 
fields indexed in L"''f^ has the property that any factors Vi^^ that are contract- 
ing against the factors V*^"^(/)„+i, V^^^w will be contracting against one of the 
left-most u — 2 or y — 2 indices. This follows by the definition above. We also 
note that all the complete contractions indexed in J"'^ are simply subsequent to 
Ksimp- We denote by r the minimum rank of the tensor fields appearing in L"'^ 
(by hypothesis r > /x). We index those tensor fields in the set L"'^''^. There- 
fore, (after using the Eraser, defined in the Appendix of B l i if necessary) we 
may apply the inductive assumption of Corollary 1 in [B]^^ to derive that there 

^"'^ Observe that l|7.14| l falls under the inductive assumption of Corollary 1 in 6 , because the 
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exists a linear combination of acceptable tensor fields, X^/teff"-'' ahCg'^^'"^^^^ 
of u-simple character haimp and with the additional restriction that any factor 
V4>h that is contracting against V*-"-'0„+i or V'-^'-'w is contracting against one 
of the M — 2 or y — 2 leftmost indices and moreover with rank r + 1 so that: 



(7.15) 

modulo complete contractions of length >a + u + l + T. Here the tensor fields 
indexed in J'^+'" have the same properties as the contractions indexed in J'^+". 

In fact since the above holds formally, by just paying attention to the cor- 
rection terms of greater length that arise in (|7.15p we derive: 

= Y a„C^'*i---'''^(f]i,..., rip, (/)!,..., ^„,0„+i,w)V,iW...Vj^t;+ 
ueUi 

Y auC^'"^—'- . . . , r2p, 01, . . . , (j)u+i,uj)Vi,v . . . Vi^v+ 

MS (72 

Y a^C^'''---'^{ni, ...,Q.p,(j)i,.. .,(/)„, 0„+i,cj)V,iZ;. . .V,^u, 



(7.16) 



modulo complete contractions of length > a + u + 2 + t. Here the tensor fields 
indexed in W have the same properties as the complete contractions indexed 
in W: They have length a + u + 1 but also have two factors V'^'^^(/)„+i, V^^-'o;, 
A,B>2. 



Therefore, making the Vij's into Xdw' a I we derive an equation 



tensor fields there have length a + u and p + 2 factors V'^'f2|j. Moreover observe that here 
is no danger of falling under a "forbidden" case of Corollary 1 in |6], since all the /x-tensor 
fields in 1 11.61 1 have no special free indices, thus there will be no special free indices among the 
tensor fields of minimum rank in 117.141 1. 
108 ^YVe are using the last Lemma from the Appendix in [3]). 
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Ch,^l■■■^.+l =Xdiv,,...Xdiv,^ Y auC^'''-'"^i^u---,%Au---,^u,^u+i,u;)- 

uGUi 

auXdivi^ . ..Xdivi^Cg'^^--'^^{fli, . . . , fip, . . . , w) + 

ueU2 

Lu). 

(7.17) 



Thus, substituting into (|7.14p and inductively repeating this step P°^l we derive 
our claim in this first case. 



Proof of |y.ffp in the case (ii): Now, in the second case we assume with no 
loss of generality that Ka corresponds to a factor \/^"^^Rijki in Ksimp and 
corresponds to a factor S^.V'-"^ RijkiV^(l>f in Ksimp- We again observe that all the 
tensor fields Cg'*^ - '" (Sli, . . . , rip, 0i, . . . ,0„+i,a;) have the same u-simple char- 
acter ^^2mp and any factor V^/i that is contracting against the factor V^p^c/ju+i 
in any tensor field in (|7.14p must be contracting against one of the first 

p — 2 indices there. 

Then, for each vector field Cg'^^'"^°,l G L"'^ we inquire whether the factor 

Vfi^rpW (for which rp_i is contracting against the factor V0/) has p > 2 or 
p = 2. In the first case, we straightforwardly observe that we can write: 



Xdivi^ . . .XdiVi^Cg^'^ {^i, . . . , rjp, 0i, . . .,</)„, w) = 
ajC^gi^i, . . . ,f^p,(?!)i, . . . ,(j)u,(f)u+i,i^) + 

Y auXdiv,, . . . Xdiv,^C^g'''-''-{^li, (t>i,...,(t>u, ^u+i,u;) C^'^^^ 



UGU2 



Y aniCgiili, . . . ,rip,(/)i, . . . ,^„,^„+i,Lj); 



(the above holds perfectly, not modulo terms of greater length). This just 

(p) 

follows by applying the curvature identity to rp_2'i-p-i Vri...rpW. Thus, we 
may assume with no loss of generality that all the tensor fields indexed in L"'^ 
have a factor V^^^w. 



^^^At the very last step of this inductive argument, we may have to apply the "weak substi- 
tute" of Proposition ll.il from the Appendix of [6]. In that case our result will follow since in 
that case the minimum rank among those terms will be > fi. 
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By the same argument, we may also assume that aU complete contractions 
indexed in J"'^ either have a factor V^^^WjP > 3 or a factor V^^^w but one of 
the factors V0h, h e Def{Ksimp) is contracting against a derivative index in 
some factor V^"^^Rijki. Accordingly, we break up J""'^ into J"'^'^ , J""'^'^^ . 

Therefore, picking out the sublinear combination in (j7.6p with a factor 
V^^^wi, we derive the equation: 



'""^ (7.19) 

where X^divi stands for the sublinear combination in Xdivi where Vi is not 
allowed to hit the factor V'^^-'w. Furthermore, we may assume that for each of 
the tensor fields above, the factor V^^-'w does not contain a free index, yet the 
rank of all the tensor fields is > fi: This assumption can be made with no loss 
of generality since if a tensor field in (|7.19p has a — ji then it will not contain a 
free index in V^^^w by definition, while if a > /i, we may just neglect the X^,divi, 
where i is the (unique) free index belonging to V'-^^'wi-the resulting iterated 
Xdiv will still have rank > /i. 

Then, by using the eraser onto the factor Viph that contract s ag ainst V'^^^w 



and applying our inductive assumption of Corollary 2 from 6 j I (or Lemma 
4.7 if (T = 3), we derive that we can write: 



aiXdivi^ . ..Xdivi^Cg''^ {^li, . . . , lip, . . . ,(/)„, w) = 
aiXdiVi^ . ..Xdivi^Cg''^^- {ill, . . . , fip, 0i, . . . ,(/)„, a;)+ 20) 

^)l 

where the tensor fields indexed in i'"'*^ have a factor V^^^ajV^ . Also 
'^j^ja,0,ii ttj . . . on the RHS is generic notation. Thus, using the identity 

V\^luj\7^ (f)f — v'^^lujV^ipf + RijikV-0Ji\''^4>f we derive our claim. 

Proof of jy.gp in case (Hi): Finally, the last case, where both KajKp are 
in the form S^W^"^ RijkV- As before, we consider any tensor field Cg'^i- -*" in 

(|7.6p and we note that it must contain two expressions V^^...ry4>u+i^^'"~^4>b and 
v'f^ (^a;V*p"i (^c with y,p > 2. Moreover all tensor fields have the same u-simple 
character which we denote by ksimp- Furthermore the last index in both these 

^^"Observe that since Vo) does not contain free indices we do not have to worry about the 
"forbidden cases". 
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factors is not contracting against a factor V(t>h- If either of the numbers y,p is 
> 2, we then apply the curvature identity to derive that we can write: 



'3 



E 



QuXdivi^ . . . Xrfiwi^ C"''^ (fii, . . . , fJp, 01, . . . , (j)u+i,uj)+ 
ueu, (7.21) 

ttuXdiv^^ . . . Xdiv^^Cg''^-''''{ili, . . . ^ilp, (j>i, . . . , 

u6!72 

+ ^ 010^^(^)1, ... ,f2p,(/)i, ... ,0„,0„+i,a;). 

Therefore, we may now prove our claim under the assumption that all tensor 
fields C^.^i---'*", I e L"./3 have two factors V'^J^^+i, Vf^)^, with the indices 
before last contracting against factors V^/i, h e Def{Ksimp)- 

Analogously, we again divide J"'^ into two subsets. We say j G 
at least one of the factors V'-"V«+i or V'^^^uj has m > 3 or y > 3. We say 
we have two factors V'^^Vu+i and V'^^^tJ. In this second case we 
see that by definition we must have at least one factor V(/)/i, h e DEfi^simp) 
contracting against a derivative index in some factor S/^™"^ Rijki- 

Now, picking out the tensor fields in (|7.6p with two factors ^^^'^(pu+i, ^^^''uj 
we derive that: 



aiX^diVi^ . . . X,diWj^Cg'i---*°(f2i, . . . , fip, 0i, . . . , (j>u, (f)it+i,uj)+ 
''t-' (7.22) 

where here X^divi means Vi is not allowed to hit the factor V^^''0„+i nor the 
factor V^^^w. 

We then claim that we can write: 



aiXdivi^ . ..Xdivi^Cg''^ {^i, . . . , lip, 01, . . . ,0„,0„+i,w) = 
aiXdiVi^ ...Xdiwi^Cg'*i---*''(rii,...,fip,0i,...,0„,0„+i,ci;)+ (-723) 

where each tensor field indexed in L"^'^ has a simple character Ksimp and either 

(3) ■ ~ (3) ■ ~ 

an expression V^^-(.0„+i V-'^h or an expression V^jj^toV^ (fih and has a > ^. If we 



138 



can do this, then repeating the curvature identity as above we can derive our 
claim (I7.9P in case (Hi). 

The proof of equation (|7.23p is rather technical and the methods used there 
are not relevant to our further study of the sublinear combination 
/magej,''^^ jLg] = 0. Thus, in order not to distract the reader from the main 
points of the argument, we will present the proof of (|7.23p in the Mini- Appendix 

below. 

Proof of ()7.12p : (|7.12p follows from (|7.1ip by the usual argument where 
we make the linearized complete contractions hold formally and then repeat the 
permutations to the non-linearized setting: We have that 

ajC^(rii,...,fip,0i,...,0„,(?!)„+i,w) =0, 

modulo longer complete contractions, so the above holds formally at the lin- 
earized level, so repeating the permutations to the non-linearized level we get 
correction terms of the desired form. □ 



In conclusion, using (|7.9p and (|7.12p , we can replace the first sublinear com- 
bination Sub^ [■ ■ ■] ill (|7.3p to obtain a new equation: 

= ^ auXdivi^ . . .X(iiWi„Cg''i---''°(rii, . . . , lip, . . . , cj)-|- 
U6C/2 

SubZ+''+'{Image];^Lg]}+ ^ atCKQu ■ ■ ■ Mp,<Pi, ■ ■ ■ ,^u+i,u;). 

(7.24) 

In particular, since the minimum length of the complete contractions in the 
above is cr -I- u -I- 1 , if we denote by Fg the sublinear combination of terms with 
a + U+ 1 factors with two factors V'^'^Vu+i, V'^-'w, then lin{Fg} ~ formally. 
Now, notice that the sublinear combination Fg is in fact: 

Fg = ^ a^C™(r2i, . . . , rip, 01, . . . , (/)„+!, 

(7.25) 
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Then, using the fact that lin{Fg} = formally, we repeat the permutations 
that make the LHS of this equation zero to the non-linear setting, to derive: 

^9= X! atC*(f^i,...,fip, (/)!,..., (7.26) 

(This equation holds perfectly, not "modulo longer terms"), using generic no- 
tation on the RHS. Therefore, plugging the above into (|7.24[) . we derive a new 
equation: 

auXdm^ . . . Xfiiw^^Cg '*i--'*"(rii, . . . , fip, ^i, . . . , (j)u+i,u!)+ 

ueUi 

auXdivi^ . . .Xdwi^Cg (fii, . . . , fip, 0i, . . . ,</)„, 

ueU2 

a,q(f^i, rip, </-!,... , <l>u,<f>u+i,^) + SubZ+''+'{Image];^jLg]}+ 

SubZ+^+^{Image];^jLg]}+ ^ atC*(f}i, . . . , 17^, 0i, . . . , c^) = 0. 

(7.27) 

We will keep the equation (|7.27p in mind. We now set out to study the 
sublinear combination 5'm&^+"+^ {/mage J,'^^^ Jig]} in the above, which (we re- 
call) consists of the complete contractions in Subi^{Image^^^_^[Lg]} which have 
a + u + 1 factors. 



7.3 A study of the sublinear combination 

SubZ+^+Hlmage'/^jLg]}. 

In order to understand how the sublinear combination SubZj'^'^~^^{Image]^^^_^ l^g]} 
arises from Lg = 0, we must study certain special patterns of particular contrac- 
tions among the different complete contractions in Lg: 

We think of Lg as a linear combination of complete contractions (i.e. we 
momentarily forget its structure-that it contains a linear combination of X- 
divergences), and we also break the S'*-symmetrization in the factors S^^^'^^ Rijki- 
i.e. we treat those terms as sums of factors V('')iT!jj7ci. Thus we write out: 

Lg{VLi, rjp, ...,(/)„) = ^ a^Cg (fii, . . . , rip, . . . , 0„). (7.28) 

We then separately examine each complete contraction Cg in Lg and we consider 
all the pairs of pairs of indices, [(a, &), (c, d)] where a, b are two non-antisymmetric 
internal indices in a factor V''™-^Rijki and the two indices c,d belong to some 
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other factor and c is a derivative index, so that a is contracting against c and f, 
against d- 

We denote the set of such pairs in each complete contraction Cg in Lg by 
INT^ (or just INT^ for short). Then, for each b), (c, d)] e INT^, we denote 
by Rep^f^^ d)][^s] complete contraction that formally arises from Cg by 

replacing the first factor \7^"^^Rijki by an expression (H — )V('""'"^V«+i.9q6 and 
then replacing the two indices {c,d) in the second factor (which now contract 
against each oth er, b y virtue of the term gab that we brought out) by an ex- 
pression {V^u), d)|llj We also denote by i?ep^[Cg] the complete contraction that 
formally arises from Cg b y replacing the first factor V^™'^ Rijki by an expres- 
sion (H — )V'-'"+^'w.gQf,|l^ and then replacing the two indices (c, d) in the second 
factor by an expression (V*(/()«-i-i: t)- We then define (slightly abusing notation): 

Rep^[Cl]^ E Ma,^.),(M)][C;], (7.29) 

[(a,f)),(c,d)]e/A'T2 

and we similarly define Rep^lCg]. 
It follows by definition that: 



Suhl+^+\lmageY^JLg]} = ^ a^iRep" + Rep')[Cl{n,, . . . , 1]„ (/-i, . . . , 0„)]. 

(7.30) 

Thus, we derive that: 



Suhl+'^+^ImageY^jLgin,, . . . , 1]^, 0i, . . .,</.„)]} = 

y aKi?epi + Rep')[Xdiv,, . . . Xdiv.^C'/'-'^ {Qi, . . . , 1]^, 0i, . . . , 0„)] 

§^ (7-31) 

+ y a, (i?epi + i?ep2)[C^(f^i, . . . , 17^, 01, . . . , <^„)]- 

Now, we will be separately studying each of the sublinear combinations 
SubZ+''+'{Image);^^^[Xdiv^, . .. Xdiv^^Cl''^- 

iSufoJ+^+^l/mage^^^ JC|]}. By the definition of the formal operation Rep we 
derive: 



Y,^jSubZ+^+'{Image'YjC^]} = ^ «,C^(l^i, . . . cj,^, . . . , ..). 

(7.32) 

^ ^ ^ Recall that c is a derivative index, so this formal operation is well-defined— in other words 
we may formally erase the index c and bring in a new factor Vo; which will then contract 
against the index ^. 

"^See lEIJ. 
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On the other hand, in order to understand each subhnear combination 
S'u6^"'"""'"-^{/TOageJ,'^^ JXdiwii . . . Xdiwi^Cg*i- -'"]}, we firstly seek to write out 
that linear combination in a normalized form: We impose the restriction that 
all the factors V(/)i, . . . , V0„+i or Vw that are contracting against a factor 
V*^"*^r2/ {A > 2) in the tensor fields appearing in the RHSs of all equations until 
(|7.37p must be contracting against the leftmost indices. If this condition does 
not hold for some contraction that appears in Sub'^'^^^^{Image^^^^_^[Lg]}, we 
apply the curvature identity enough times to make it hold. (We will refer to 
this below as the shifting operation). 

We then distinguish three cases regarding the two internal indices (a, b) dis- 
cussed in the definition above: Either in our tensor field Cg'*! ' *" neither of the 
indices o, t is a free index, or precisely one of them is a free index, or that both of 
them are free indices. We will accordingly denote those sublinear combinations 

by 

SubZ+''+^''{Image);l^^^[Xdiv,, . .. Xdiv.^C'g''- 

Subl+'-+^^"{ImageY^jXdiv,, . .. Xdiv^^C^'- 

Suhl+^+^''"{ImageY^JXdiv,, . .. Xd^v^^CY' 
Then, for each / G i, by the above discussion, we calculate: 

S'u&^+"+i^-^{/mageJ,f^jXdiw,, . . . Xdiv.^CY'-''^]} = 

ttuXdivi^ . . . Xdii^i^Cg (fii, . . . , 01, . . . , 

auXdivi^ . . .X(iii;i^Cg'*i---''°(rii, . . .,^p,cj)i, . . . , 

ueU2\Jul 

J2 amC7''i-^"+^(r!i, . . . , 01, . . . ,0„)V,„+,0„+iV,„^,c^+ 

m£M\JMt 

X! "J^s(^l' ■ ■ ■ ,^p,(t)l, ■ ■ . ,0«+l,t^). 

(7.33) 

Now, we seek to study each S'u6^+"+i'^^{/TOa5eJ,f^^ [Xdiv^^ . . . Xdw,„C^^*i ■ 
We will draw a different conclusion, in the cases where I G and where 
I ^ L \ L^. In general, for any I e L, we make special note of the factors 
SifV'^'^^ Riju in C'^'^i - *" that contain free indices. By the hypothesis of Lemma 
II. 3H G L^, those free indices will be of the form n, ■ ■ ■ , r^, j- 

Definition 7.3 We denote the set of free indices that belong to factors S^XI^'^^ Rijki 
with v > by iK For future reference we denote by ll the set of free indices 
that belong to a factor S^'V'^'^^ Rijki with u ^ 0. 
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Recall that for tensor fields Cg^''"'^'^,l G we will have it = 0, by virtue of 
the assumptions in the beginning of this paper. 
Now, another definition: 

Definition 7.4 For each £ we denote by (7^'*i---'» ^/jg tensor field 
that arises from C"^'*!---'" by replacing the factor T{i^) = S^V^'^l^ r^^ijki to 
which belongs (assume with no loss of generality that ih = n) by a factor 

u+l ^ r2...i-,^_ij"-""hfe' • 

Then, for each & P[J ll, we denote by 

ijepi.,i,^.+i,-[C^,H...ial/(i.)(0^^ . . . , fip, ,^1, . . . , </,„)] 

the (a — l)-tensor field that arises from replacing the factor 

l^r[^^r2...r,_ijRiihki by tt fttctor V^^;^^^_^_^^- w and then making the index 
contract against a factor Vkfpu+i- We also denote by 

Ji^piuMu+r^Cl^,i^..MfiiH)(^au . . . . . .,</,„)] 

the {a — 1) -tens or field that arises from 

by replacing 4>u+i by w and uj by 4>u+i- 

Analogously, we denote by Rep^^''^^'^^+^^'^[C'g''-'''^'^'''\Q.i, . . . , fip, . . .,(j)u), 
the (a — l)-tensor field that arises from (7^'*i - *<'l-''(''') replacing the factor 
i;Ti^^r2...r^.ijRiihki by a factor --;;ipi^%~^^r^_^jik^ and then making the index 
' contract against a factor V i(f>u+i ■ We also denote by 

Repih,2,uj,^u+,^(ji,ii-iM{ih)i^^_^^ . . . , flp, ^1 , . . the (o - 1) -tensor field that 

arises from 

by replacing (j)u+i by u and u by (pu+i- 
Finally, for each G /" we denote by 

the (a — 1) tensor fields that arises from 

by replacing the expression ];^V^'^^'^'^_^^--j,wV'(^/, ... by an expression 

^;^S'*Vr2~rl_i-Ry7feV'a;VV/- (TMs is well-defined since e therefore v > 
0). Accordingly we define FRep'>^''^^'^^+''^'^ , FRep^^^'^''^''t>^+-' , Fi?ep*'"2''^''^"+i. 
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Then, in view of the hypotheses of Lemma 1 1.31 and by applying the shifting 
operation to V'^'^+^-'cj, we derive that for each Z € L^: 

= Xdivi-^ . . . Xdivi^ . . . Xdivi^ 

+ j7i?ep""i'^"+i''^[C^'*-vl/(^'.)(f7^^ . . . , 01, . . . , 0„)] 
+ Fi?ep"^^2,^,0„+i [c^-i-vl/(».)(r!i, . . . , 01, . . . , 0„)] + 
Fi?ep*-2,0„+i,^[^Mi...,|/(.,)(f^^^ . . . , 01, . . . , 0„)]}+ 

ajC^(ili, . . . , fip, 01, . . . , 0„, 0„+i, w). 

(7.34) 

On the other hand, by virtue of our assumptions on the tensor fields in (jl.6p 
and by the analysis above, we easily see that for each I ^ L\L^: 

Suhl+^+^'''{ImageY^JXdm, . . . Xdm^C'/'-'^ {n^, . . . , 0i, . . . ,0„)]} = 
a^Xdiv,, . . . Xdiv.^C^/'-'- . . . , rip, 01, . . . , 

^ a^Xdiv,, . . . Xdiv.^C^/'-'- (r!i, . . . , rip, 01, . . . , 

a™C7'^i-*"+^(r!i, . . . , rip, 01, . . . , 0„)V,„+,0„+iV,„^,t^+ 

ajC^(rii, . . . ,rip,0i, . . .,0„,0„+i,w). 

(7.35) 

Finally, we study the linear combinations 

Clearly, by the hypothesis of Lemma ll.3l that no /i-tensor fields have special free 
indices, we derive that for each Z £ L^: 

In addition, for each / £ , fc > /i + 2 we straightforwardly obatin: 
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= ^ a^Xdwii . . .XdTOi^C^''i---'*°(rii, . . . ,rjp,(/)i, . . . + 

ueUi 

^ a^XdiVi^ . . .XdiVi^Cg^''^-''''{ni, . . . , rjp, 0i, . . .,</)„, w)+ 

ueU2 

■meAf 

uj). 

(7.36) 

So, we next set out to study the linear combination 
SubZ+''+''"'{Imagel;^jXdtv,, . . . Xdiv.^CY'-'^ {^i. . . . ■ ■ -An)]} 

for each / G i/^+i- We just introduce one more piece of notation: 

Definition 7.5 We denote by J2beB ObC'g''' ' '''"' i^i, • ■ • , ^^p, 4>u+i, (t>i, ■ ■ ■ , M 
a generic linear combination of acceptable (fj, — l) -tens or fields in the form il.5]) . 
with length a + u, weight —n + /i + 3, and a u-simple character that arises from 
Ksimp by formally replacing a factor V^™"^ Rijki by V*-™^^-*!". We denote the 
other factors other than V(j>'s in - p^^ ^ ^ ^ -F0--1. 

We then define Hit^[Cg {ni, ... ^Qp, (j)u+i, 4>i, . . . , (pu)] to stand for 

the (/i — l)-tensor field that arises from ^j-^^^ ^ 4>u+i, 01, • ■ ■ j 4'u) 

by hitting the factor by a derivative V^^ and then contracting against a 
factor Vw. 

We denote by 

J2 acC^/'-'--' (fli, . . . , rip, <^i, . . . , </.„+!) 

a generic linear combination of (fi~l)- acceptable tensor fields with weight —n + 
/x+3, length a + u+1 and a u-simple character Ksimp and with one factor V0u+i 
contracting against a factor V'^'^'^ Rijki. We denote this factor V^'^'^Rijki by F 
and we denote the other factors other than \I(f)'s in (7^'*i-'f-i })y p^^ ^ ^ ,F^^i. 

We then define 7Jrf5[C^'''-'^"' . . . , rip, 0i, . . . , 4'u,4'u+i)\ to stand for 
the {p. — \) -tensor field that arises from C^'^i-v-i (f^^^ 17p, (/,!,..., 
by hitting the factor F^ by a derivative V^. and then contracting against a 
factor Vuj ('orV^u+ij. 

Two types of linear combinations that we will be encountering are linear 
combinations in the forms: 
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beB A'=i 

For complete contractions as above, we denote by 

Switch{mt^ [cMi.-.-i (f^^^ 4>u+iAi, • ■ • , 

the tensor fields that arise by interchanging the functions (pu+i,^- 

Now, by the same argument as for equation (I7.34p . we derive that for each 

cr-l 

beB K=l 

Switch{mt^ \cf---^-^ (ni, ...,np, 0„+i, ^i, . . . , 0„)]}}+ 

^ a^Xdm, . . . Xdii;,„C"''i-*°+"(17i, . . . , rip, 0i, . . . , 0„)V^„+i0„+iV,„_,,w 

uj). 

(7.37) 

In conclusion, combining equations dTT]), dLSH), (fTSS)) . ([7341) . (fTSSl) . (fTSHl) . 
(|7.37p . and replacing them into (|7.27p . we have shown that: 
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Y,aiSuhl+^+^Im,age'^^^jXdiv,, . . . (f^i, . . . , 0i, . . . 

+ a,Subl+^+^{ImageYl^[Cl{n,, 0«)]}+ 
a; Xdivi^ . . . Xdivi^ . . . Xdivi^ 

^ azi^i?ep"-2'"^"+i'"[C^''-'-l-^("-)(f^i, . . . , rip, 01, . . . , 0„)]}+ 



^ abXdiw,, . . . xdiv,^_, Y i^'i^ [cf'-'^-^ (ni,..., np, 01, ... , 0«)]+ 

beB K=l 

Switch{mt^ [^Mi. (n,, . . . , 0„+i, 01, . . . , 0„)]}}+ 

ttuXdivi^ . . .Xdivi^Cg'''^---''-''{ili, . . . , lip, 0i, . . . , 0„, 0„+i, + 
^ amXdiv,^ . . .Xdi-Wj^C™'*! (f^i, . . . , fip, 0i, . . . , 0„)V,„_^,0„+i V^^+^w 

meM 

+ Y a-jC^gi^i, ■ ■ ■ ,^p,(f>i, ■ ■ ■ ,(f>u,4'u+i,uj)+ 

Y ac^dm, . . . Xdiv^-xHit'^lCf'^-''^-^ (fii, . . . , rip, 0i, . . . , 0„, 0„+i)] 
= ^ atC*(^2i,...,rip,0i,...,0„,0„+i,w), 

(7.38) 

modulo complete contractions of length > cr + M + 3. The sublinear combination 
in the RHS is a generic sublinear combination as defined below (|7.2p . Notice 
that the minimum length among the complete contractions above is a + u + 1. 
The complete contractions (and tensor fields) with cr + u + 1 factors are indexed 
in [/i,i7f,C/2,i7|,B, J^+"+i. 

Therefore the above equation implies: 
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cr-1 

^ abXdiv^, . . . Xdiv,^^_, {Hit^ [Cg^.^^-v-i (fii, . . . , J]^,, 0„+i, ,^1, . . . , </,„)] 

+ Switch{Hit^ [C7M1...V-1 (fi,, . . . , <A„+i, . . . , <^„)]}}+ 

auXdiVi, . . . X(iWi„C^'" ■••■'<• (fii, . . . , Op, ^1, . . . , (?i„+i, a;)+ 

^ UuXdiVi^ . . . XdiVi^Cg''^ -''"' (Qi, . . . , 17^, ^1, . . . , a;) + 

ajC^(f^i,..., rip, (/)!,..., 0„,(^„+i,a;) =0, 

(7.39) 

modulo complete contractions of length > a + u + 2. We claim that in the 

non-special cases: 

cr-l 

Y abXdivi, . . . Xdivi^_, Y [Cg^'»i-v-i (1^1, ... , Qp, <^„+i, 01 , . . . , <^„)] 

+ Switch{Hit^ [Cgb.n.-v-i (Oi, . . . , f2p, <Ai, . . . , <j>u)]}} = 

ttuXdivi^ . . .XrfTOi„Cg''i-'*»(Oi, . . . ,f2p, . . . ,0„,0„+i,a;)+ 

^ a^XdiVi^ . . . Xrfwi„C^''i (Oi, . . . , f2p, . . . , 0„+i, w)+ 

jg7<r+»+l 

(T-1 

^ a^XdiVi, . . . XdiVi^_,{Y Hit^iC^/' (Hi, . . . , lip, <^i, . . . , 0„, </.„+!)] 

(T-l 

+ 5mte/i[^ ffii^ [Cf -^"-(f^i, . . . , Qp, <^i, . . . , <^„, <^„+i)]]}+ 
K=l 

X] • • • ,f^p,<?^i, • • . ,0„,0„+i,a;) 

= Y, atCg(^i > • • • . > • • • > -^u, (/-u+i, t^), 

(7.40) 

modulo complete contractions of length > cr + u + 3. Here the terms indexed 
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in Ui,U2 in the RHS are generic linear combination in the forms described in 
Definition 17.21 In the special cases, we claim: 



J2 atXdiv,, . . . Xdiv,^_, {fli,..., rtp, 01, . . . , (j)u)] 

beB K=l 

+ Switch{mt^ (f]^^ . . . ^ f]^^ 01, . . . , 0„)]}}+ 

^ auXdiv^, . . . Xdm^C^''^-'^- (f^i, . . . , rjp, 01, . . . , 

ueuiljul 

auXdivi^ . ..Xdivi^Cg''^---''"'{ni, . . . , ^2p, 0i, . . . , 0„, 0„+i, + 

ue(72 Ut^2 

X! %Cg(f^l, . . . , rjp, 01, . . . , 0„, 0U+1, Cj) 

= ^ a™C™''i-*'""-i(f7i,...,17p,0i,...,0„,0„+i,cj). 

(7.41) 

Here the tensor fields indexed in M^_i are acceptable, have length a + u + 2, 
u-simple character Ksimp and moreover each of the fJ- — I free indices belongs to 
a different factor. 

The harder challenge is to prove (|7.40p . so we start with that equation. 

Proof of l^7.40\ l: Let us pick out the subline ar c ombination in (|7.39p with a 
factor Vcj contracting against a given factor F^^l Since this sublinear combi- 
nation must vanish separately, we derive that: 



abXdiv,^ . . . Xdiv^^_,Hitl[CY'-''^-' (l^i, . . . , f]p, 0„+i, 0i, . . . , 0„)] + 

beB 

auXdivi^ . . .Xdwi^Cg'*i--''"(rJi, . . . , fip, 0i, . . . , 0„, 0„+i, 

Y ■ ■ • ,^^p,01, • ■ ■ ,0«, 0«+l,^) = 0, 

(7.42) 

modulo complete contractions of length > a + u + 2. Here the index sets 

Ui C Ui,Ui C Uf, are the index sets of terms with a factor Vw contracting 
against the factor Fi. 

Our aim is to derive an equation like the above, only with the factor VijJ 
contracting against a derivative index in the factor _Fi, and moreover, if Fi is 

ii3w?g assume for convenience that _Fi is a well-defined factor in Ksimp- If it were not, we 
just pick out the sublinear combination where S/<j>u+i contracts against any generic factor 
Rijkl E'lid the same argument applies. 
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of the form S/^^^flh, then we additionaly require that B > 3. Call this the 
*-property. Now, if Fi is a curvature factor, we apply the inductive assumption 
of Lemma 4.10 in [B] to ensure that in all terms in Ui the factor V(f>u+i is not 
contracting against a special index. Now, if Fi is a factor V^-^^^x, we apply 
the inductive assumption of Lemma 4.1 in [6] if necessary to assume wlog that 
u\ = 0. Finally, if needed, we apply the inductive assumptions onf Corollaries 
2 or 3 in [B] (if Fi is a simple factor in the form S^V'^'^'^ Rijki, or a simple factor 
in the form V'^^^il/j, respectively) to ensure that for each u £ Ui Vw is not 



contracting against a factor S^Rijki or V'-^^flh r^^ Therefore, we may assume 
wlog that the ^-property holds in (|7.42p . 

We then apply the Eraser to the factor Wcj)u+i (see the Appendix in [3]) and 
derive a new equation: 



beB 

auXdiVi^ . . . Xdivi^Erase^lCg'''^---'''-'' {^li, . . . ,ilp, cjii, . . . w)]- 

ueui [Jul 

X! '^J^gC^l' ■ ■ ■ ,^p,(l)l, ■ ■ ■,(f>uAu+l) = 0, 

(7.43) 

modulo complete contractions of length > cr + u + 1 . 

Now, apply the inductive assumption of Corollary 1 in 'B' to the above. We 
derive that there exists a linear combination of acceptable /i-tensor fields with 
a simple character Pre{Ksimp) (indexed in P below) such that: 



a,CgMl...^.-l (f7i, . . . , np, 01, . . . , 0„)V,,t; . . . V,^_,v+ 

beB 

Y apXdm^CP''^-'^' {ni, ...,np, . . . , (f)u)V^^v. . . V^^_^,v ^ ^^^^^^ 

peP 

J2 ajC^(^^i, •••,f^p, 01, •••,<^«, u^'^) = 0, 

jG./''+"+i 

modulo complete contractions of length > a + u + fi (the terms in the above 
have lengh a + u + jj, — 1). Then, keeping track of the greater length correction 
terms that arise in the above, we derive a new equation: 



^^"^In all the above applications of Lemmas and Corollaries from 6 , we observe that by 
weight considerations, the fact that 1)1. 6|l does not fall under the special cases ensures that 
there is no danger of falling under a forbidden case of those Lemmas/Corollaries. 
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beB 

01, . . . , 0„)Vi^u . . . Vi^_^w+ 

pGP 

X! ajC^g{ni,...,np,(i)i,... 

Cez 

^a,Cf-'--K^^i,...,f^p,0i,. 

je.J 

This equation holds perfectly~not modulo longer terms. The terms indexed in 
J have length a + u + fi, a factor Vw and a u-simple character Ksimp] the 
terms indexed in T, a factor V^^Vu+i- Thus, invoking the last Lemma in the 
Appendix of [3], we derive: 

atXdivi, . . . Xdiv,^_^C''/^-'^-^ (r^i, . . . , f^p, 01, . . . , 0„) + 

^ apXdiv,, . . . Xdiv,^_,Xdtv,^CP/'-'^^ (17i, . . . , rip, 0ti+l, 01, ■ • ■ , 0«) + 
peP 

X! • ■ • ,f^p,01, ■ • . ,0u,0u+l) = 

^ Qi^Xdm, . . . Mw,;^_iC^''i---'^-i (r2i, . . . , 01, . . . , 0„, 0„+i)+ 
^ a,Cf --^-1 (17i, . . . , l]p, 01, . . . , 0„, 0„+i). 

(7.46) 

Thus, by operating on the above by the operation X]^~=i Hit^[. . . ] (this clearly 
produces a true equation), and then interchanging the two functions 0„+i,[jj 
(this also produces a new true equation), we derive (I7.40|) . 

Proof of Ili7.41\ ): We just neglect the algebraic structure of J2'k=i Hit^ in the 
LHS and apply the Lemma 4.10 in [B] to ([7351 We use the fact that the LHS of 
the resulting equation vanishes formally at the linearized level, and then repeat 
the formal permutations of indices to the non-linearized level, and finaly replace 
the /i — 1 factors Vu by Xdiv^s (using the last Lemma in the Appendix of |3|). □ 

Therefore, replacing ([7^ (or (fCTI) ) into ([7^ we derive: 



, Vu, <Pu+l 



(7.45) 



, 0«, 0«+l)ViiU . . . Vi^_iU. 
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+ ai Xdivi^ . . . Xdivi^ . . . Xdivi^ 

{^^i?ep^-i'"^*"+i [c^'^-*"i-^'(^'^)(r!i, ...,np,<j>,,..., 

+ Fi?ep^'-2'"''^"+i . . . , l]p, 01, . . . , 0„)] + 

i^i?ep^'^^2.0„+i,c.[^Mi.-.|/(..)(f^^^ . . . , 01, . . . , 00]}}+ 

( araXdiv,, . . . Xdm^_,C^''^-'''+^ {fli, . . . , 17p, 01, . . . , 0„)Vj^>„+iV,^+iw) 



+ ^ amXdiv,^ . . .X(iii;j^C^"''i---*°+^(rJi, . . . , rjp, 0i, . . . , 0„)Vj„_^i0„+iVj„+,w+ 

mGM 

^ acXdm, . . . XdiVf,_iHit'J[C^/'-'^'-' (f^i, . . . , 01, . . . , 0„, 0„+i)] + 

011, 0u+l,'^) 

= ^ atC*(rJi, . . . , fip, 01, . . . , 0„, 0„+i, w), 
teT 

(7.47) 

modulo complete contractions of length > a + u + 3. 

Hence, we are reduced to studying the sublinear combinations 
SubZ+''+^{Image];^l^[Xdm, . . . Xdiv,^&g''-''- [Vlu . . . , l^p, 0i, . . . , 0„)]} 

and 

Subl+^+^ilmage^^^ [C^(l]i, . . . , 0i, . . . , 0„)]}. 
As before, we straightforwardly derive: 

SubZ+^+^{ImageY^JCl{^i, . . . , l]p, 0i, . . . , 0„)]} 
= Y ajCl{0.i,...,np,(j)i,...,(l)u,(l)u+i,u}). 



(7.48) 



(7.49) 



To analyze the sublinear combination (|7.48p we firstly seek to understand 
how it arizes: 
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A study of the sublinear combination 

SubZ+'^+Hlmage^^^^^iXdiv,, . . . Xdiv.^C'g'^-''- {^i, . . . , 1]^, 0i, . . . , </.„)]}: 

As before, we write out Xdivi^ . . . Adiwi^Cg'*^ - '*" (fii, . . . , fip, 0i, . . . , 0„) as 
a linear combination of complete contractions, say 

Xdiv,, . ..Xdm^Cl'''-'" = a-xC'g. (7.50) 

Then, for each Cg we identify the (ordered) sets of pairs oj pairs of indices, 
[(a, h), (c, d)] where a, 6 belong to the same factor and c,d belong to the same 
factor, and either a is contracting against c and b against d on vice versa, and both 
a, c cire derivative indices. Denote this set of ordered pairs by . Then, for each 
[(a, b), (c, d)] G we let i?[(a,fc).(c,(i)]{C'g } Stand for the complete contraction 
that formally arises from Cg by applying the last summand in (|2.2p to the 
indices (a,6) (recall that one of them is a derivative index, so this is a well- 
defined operation), thus making the indices c,d contract against each other. 
Then apply Sub^ to this complete contraction we have created. This replaces 
the internal contraction between c,d by a factor Vw (since c is a derivative 
index). Denote the complete contraction we thus obtain by -B[(a.fc),(c,rf)]{C'g }• It 
follows by the definition of S'u6J+"+2{. . . } that: 

5u6^+"+2{/ma5eJ,f^^ [Xdtv,, . . . Xdtv.^&g''-'^' {n,, . . . , 0i, . . . , </.„)]} = 

^ O:^ B[(a,b),{c,d)]{Cg}. 
xGX [(o,b),(c,£i)]eZ=" 

(7.51) 

Having obtained an understanding of how 

5u6^+"+2{/ma5e^f^jAdi«,, . . . Xdiv.^C'g'^-''- {Qi, l]p, (/.„)]} 

arises, we now proceed to express it in a more useful form: 

We distinguish cases depending on the form of the indices (a,b), (cd), for 
each complete contraction Cg{fli, . . . , 51^, (jji, . . . , </)„) appearing in 

Xdiv,^ . . . Adiw,^C^'*i---''"(rJi, . . . , rjp, 0i, . . .,</)„). 

Recall that we have defined an index in Cg to be a divergence index if it is an 
index V'J' which has arisen by taking an Xdiv operation, Xdivi^ , with respect 
to some free index ; we have also defined an index in Cg to be an original 
index in C*^'*!- -.'" if the index appears in the tensor field (7^.*i- -.«" (before we 
take any Xdiv^s). 

Now, we place each complete contraction in 

SubZ+'^+Hlmage'^l^jXdiv,, . . . Xdiv.^CY'-''^ {^i, . . . Mp, <j>i, . . . , </.„)]} 
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into one of the sublinear combinations 
5u6^+"+2'^{/mage^f^jXdz«,, . . . Xdiv^^C'/'-''-^ (Sl^, . . . , 1]^, 0i, . . .>„)]} 

{K = a, /?, 7, (5) based on the pair (a, 6), (c, d) from which it arose. 
Specifically: 

Definition 7.6 Refer to ( [7.5Jp and pick out a term in the RHS. For any given 
index aib^cd (recall that we are now assuming that a,c o-fe derivative indices), 
we inquire whether it is an original index or a divergence index V*'* , ft, = 1, . . . , a. 
Accordingly, we place the term i3[(o,6),(c,d)]{C'g } 'into one of the four sublinear 
combinations S'u6J+"+2'", SubZ+'^+'^'K Subl+'^+^'-i , SubZ+''+^'^ according to 
the following rule: 

We declare that Cg belongs to SubZ+''+'^'°'{Image]|;^_^^[Xdiv^^ . . . Xdiv^^CY^■■■ 
if and only if a and c are divergence indices. 

We declare thatCg belongs to SubZ+''+'^''^ {Image);^^^[Xdivr, . . . Xdiv^^CY^- 
if and only if only one of the indices a,h,c,d is a divergence index (say a with 
no loss of generality). We declare that Cg belongs to 

Sub'Z^^'-'^'^-'^{Image]^^^_^[Xdivi^ . . . Xdivi^Cg'^^----^'']} if either a, b or c,d are both 
divergence indices. Finally, we declare that Cg belongs to 

S'u6J+"+^''^{/TOa5eJ,'^^ jXdiwij ... Xdii^j^Cg*^ ■■■'*"]} if all four indices a,b,c,d 
are original indices. 

Now, another piece of notation: We denote by 

a generic linear combination of tensor fields of length a + u + 2 with two un- 
normalized factors VfJ^, Vf2/i', that are contracting against factors V(/)„+i, Vw 
respectively. We also require that if a = /.t then all free indices must be non- 
special. Now, the first thing we easily notice is that for each I e L: 

SubZ+"+^''{Image]^^JXdiv,, . . . Xdiv^^&g''-'^^]} = ^ 

XdiVi, . . . X(iTOi^a™C™'*i-*''+=(17i, . . . , 17p, 01, . . . , 0„)Vi„+i0„+i V,„_,,w. 

(7.52) 

In order to describe S''ufe^+"+2'"{/TOa5eJ,f^^ [Xdivi^ . . . Xdwi^C^^*i ■ we 
define (/ x /)" to stand for the subset of (/ x /) that consists of all ordered pairs 
of free indices that belong to different factors. For each I E L we then compute: 

.Xdiv,^Cl,'''-''-]} = 
Xdiv,^ . . . Xdiv,^ c^.^i -.^o V,, 0„+i V„ c^. 

(7.53) 



5wfo^+"+2'"{/mage^'f;^ [Xdiv,, 
Xdivi^ . . . Xdivif, . . 

(jfc,i06(/x/)lt 
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In particular, we observe that if / G Lk, K > ^ + 2, the right hand side of 
the above is a generic linear combination of the form: 



(7.54) 

us). 

ueU2 

Now, to describe each SubZ+''+'^'^{Image^^^^^[Xdm, ... Xdiw^^C^'*! -'*"]}, 
we introduce more notation: For each / G and each G // r^^l we define 



T{iii) to stand for the factor to which belongs. We observe that if Z G 
then for each factor T{ih) of the form T{ih) = V^^'^^R^jki or T{ih) = V^^^fl/, 
must be a derivative index, since in the setting of Lemma 11.31 no /i-tensor field 
contains special free indices. If T{ih) is of the form S^fV'^^^ Rijki, we then have 
that must be one of the indices ^ , • . • , r„ , j (by the first assumption in the 
introduction). In that case, we write out T{ih) as a sum of tensors of the form 



Defini tion 7.7 With the above convention, for each I G LUIj we denote by 
I* C /Jilll the set of free indices that are derivative i ndic es. We denote by 



1+ ^ Ii\ For each i G J,*, we denote by Set{T{i))^ to be the set of all 

the indices in T{i) that are not free and not contracting against a factor y(f>h- 
For each i G Ij^ , we denote by Set{T{i)) the set of derivative indices in the 
factor V''"^ RijM that are not free and not contracting against a factor V(j)h- 

Then, for each i G /;* and each t G Set{T{i)), let Repla^^^^^ J\C''^'^^^^^''^'^\ be 
the [a — 1) tensor field that formally arises from \)y erasing the index 

i and making the index t contract against a factor V^u+i and also making the 
index * contract against a factor Vlo. We denote by Replalf^ ^JC'^''^ "'*"] the 

(a — 1) -tensor field that arises from Repla]p cj[C'g'^'"'*°] by switching (j)u+i and 



UJ. 



For each ih G and each t G Set{T{i)), we denote by Repla^p uji^g"^^'"'^"] 
the (a—l) tensor field that arises from Cg'^^ '^'^ by erasing the index t and making 
the index i contract against a factor V(/),j+i. We also make the index * contract 
against a factor Vlo. We again denote by Repla^^ ^ [C'g*^ ■■■*"] the [a—l) -tensor 

field that arises from Repla^^ uM-'Y^'"^"'] switching (f>u+i o-nd lo. 



.1+1 

We then calculate that for each / G Lt, 



Recall that /; stands for the set of free indices in the tensor field (^^''i - •*<i 
^^^Recall that L = {JLy^ is the index set of the tensor fields ■*<i ju our Lemma 

hypothesis 1 11.61 1. 
^^'^ Recall that /j stands for the set of free indices in C'''i "'". 

^^^Observe that the indices that belong to will be the index j in some factor V'^'-Rijfci 
that has arisen from a de-symmetrization as above. 
^^^Recall that T(i) stands for the factor in (7^>*i "'<i to which the index i belongs. 
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'he/;UJ,+ *eSet[T(4)] 

(7.55) 

Convention: For future reference, we will further subdivide the index sets 
If there is a unique selected factor we define I^'^ = J,*P|Ji and anal- 
ogously /*'^ = I*f]l2 and similarly for . (Recall that Ii (or I2) stand for 
the sets of free indices that belong (do not belong) to the selected factor, when 
the selected factor is unique). If there are multiple selected factors {Tij^i^^, we 
define I^'^'^' = /; fl /f' and analogously 7;*'^^'^' = I* f] /J\ (Recall that if' is 
the set of free indices that belong to the selected factor Tj and ij' is the set of 
free indices that do not belong to the selected factor Tj). 

Analogously, we deduce that for each i € L \ I/^: 
SubZ+'^+^'^ilmagel;^'^^ [XdiVi, . . . XdiVi^C'/^ -''"]} = ^rn 

meMIJMlt 

Xdivi, . . . . . . , Op, (Ai, . . . , 0„)Vi„+,.^„+i Vi„^,u;. 

(7.56) 

Finally, we seek to understand Sub'^'^^^^''^ {Image^^^^^[Xdivi^ . . . XdiVi^Cg'^^--- 

Definition 7.8 For eM,ch Cg'*^'*", we denote by if the set of pairs of free indices 
that belong to the same factor, such that at least one of them is a derivative 
index. 

Now, for each I e L and each (1^,2,) € if, we assume with no loss of 

generality that i^, is a derivative index. Wc also denote by {Fi, . . . , i^o--i} the 
set of real factors (i.e. factors that are not in the form V0/i) in other 

than the factor to which belong. We then denote by -Re^'f"+^''^[Cg''i 
the (a — l)-tcnsor field that arises from C'^^«i- -'«£i by erasing i^, contracting 
against a factor Vcpu+i said then hitting the factor Fk by a derivative and 
contracting ^ against a factor V^w. We denote by 7?ej^'^"j''^"+^ [Cg''^ "''"] the 

(a — l)-tensor field that arises from i?e^'^''^""'"^ [C^'*! - '*"] by switching (jju+i and 
u. We then calculate that for each I £ L: 

SubZ+^+''''{Image'^^jXdivi, . . . Xdivi^C'/^-'^^]} = 

<T-1 

Xdivi^ . . . Xdivi^ . . . Xdivi, . . . Xdivi^ (7-57) 
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In conclusion, wc have shown that: 



i&L (jfc,i,)e(/x/)ti 

a; Xdivi-^ . . . Xdivi^ . . . Xdivi^ 

rneM \J \J M^i 
cr-1 

fl; Xdivi-^ . . . X'divi^ . . . Xdivt^ . . . Xdivi^ 

+ X! ajC^g{fli, . . . ,ftp,(j)i, . . . ,(j)u,(l)u+i,uj)- 

(7.58) 

Replacing the above into (|7.47p we obtain a new equation, after all this 
extensive analysis of the equation Image]^^ ^ [Lg\ = 0: 
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y^g; Xdivi^ . . .Xdivi^ . . . Xdivi^ . . .Xdivi^C'-g''^---''"'Vi^(l)u+iVi^uj 

leL (ifc,ii)e(/x/)tt 

+ y^ a; y^ y^ Xdivi-^ . . . Xdivi^ . . . Xdivi^ 

+ y^ a; y^ Xdivi-^ . . . Xdivij, . . . Xdivi^ 

{FEep^-'i''^^'^"+i . . . , 01, . . . , 0„)] 

+ Fi?ep*-i''^"+i''^[C^''-'"l-^'(^'^)(r!i, . . . , 01, . . . , 0„)] 
+ Fi?ep*^'2,u.,0„+i [c^,n...*„|/(».)(f^^^ . . . , 01, . . . , 0„)] + 
i^i?ep'-2,0„+i,<.[^Mi.-.|/(..)(f^^^ . . . , 01, . . . , 00]}+ 

( ^ araXdiv,, . . . Xdw,^_iC^''''i-*^'-i . . . , 01, . . . , 0„)V,^0„+iVj^,+iW) 

+ ^ a™C™^^i-""+^(17i,...,f7p,0i,...,0„)V,„^,0„+iV,„^,t^ 

cr-1 

+ y^ ai y^ y^ Xdivi^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^ 

J2 acXdm, . . . Xdiv^^iHit^ [cC,n-^f,-i (f^i, . . . , f]p, 0i, . . . , 0„, 0„+i)] + 

^ atC*(fii, . . . , rip, 01, . . . , 0„, 0U+1, w), 

(7.59) 

modulo complete contractions of length > cr + u + 3. The sublinear combination 
X]meA/j,-i ■ • ■ appears only in the special subcase of case B. The linear combi- 
nation on the RHS stands for generic notation (see the notational convention 
introduced after (|7.3p ). 

In fact, we observe that the minimum length of the complete contractions 
above is u + u + 2, and that all terms on the LHS have two factors V0ii+i, Vw, 
while each term on the RHS has at least one term V*^"^^0u+i or V'^^^uj, with 
A>2. 

Therefore, since the above holds formally, we derive: 
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y^ a; y^ y^ XdWi^ . . . XdWi^ . . . Xdivi^ 
+ y^ ai y^ Xdivi^ . . . Xdivij . . . Xdivi^ 

^pji^pinMu+r [cMi...ia|/(i.)(0^^ ...,np,<t>u..., <f>u)] 

+ FRep'^'^''^'^-+' . . . , fip, 01, . . . , <^„)]+ 
^^epi^,2,<A„+x,a-[^Mi...ia|/(i.)(0^^ fip, </,!,... , </,„)]} + 

( y]] g^Xdwii • . .Xrfwi^_iC^''^-'''-i(Oi, . . . ,np,<^i, . . . ,0„)Vi^(^„+iVi^+ia;) 

m6M^_i 

meM UMItUAflt« 

(T-1 

+ y^ ai y^ y^ Xdwi^ . . . Xdwi^. . . . Xdivii ■ • • ^divi^ 

acXdivi, . . . Xdiv^-iHit^ ^(JC,il■■■^^^l (ni,...,np,(j)i,...,(j)^, (j)u+i)] + 

Cez 

+ Yj «J<^s(^1'---'^P''?^1'---''?^«'^«+1''^) = 0' 

(7.60) 

modulo complete contractions of length > a + u + 3. 
We denote the above equation by: 

Im];^Lg]=0, (7.61) 

for short. We repeat that the contractions appearing in the above equation all 
have length a + u + 2, and the equation holds modulo complete contractions of 
length > a + u + 3. 

The operation Soph: We now define a formal operation Soph that acts on 
the complete contractions above: For each Cg(r2i, . . . , ftp, (f>i, . . . , (1)^+1, w) 
(with factors V(/)t(+i, Vw which are necessarily contracting against different 
factors), wc first replace the two factors Vi0„+i,Vja; by a factor gij. Then, 
we add a derivative index V„ onto the selected factor and contract it against 
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a factor 'V'^4>u+i (if there are multiple selected factors we perform the same 
operation for each of them and then add). Finally, we multiply the complete 
contraction by a factor i. This definition extends to tensor fields and linear 
combinations. 

Observe that when this operation acts on the complete contractions in 
JmJ,'^^^ [Lg], it produces complete contractions of length a + u+1 with a factor 
and with a weak character Weak{K'^^^p). 

Observe that since (|7.6ip holds formally, it follows that: 

Soph{Im,^-'^[Lg]} = 0, (7.62) 
modulo complete contractions of length > a + u + 2. 



7.4 Preparation for the grand conclusion. 

Schematically, our goal for the rest of this section will be to add (I7.62[) to the 
equation ()6.24|) (or (|6.25|) . (|6.26|) . depending on the form of the selected factor), 
thus deriving a new true equation which we denote by: 

/magej,;+ ^ [Lg] + Soph{Im^'>^[Lg]} = 0; (7.63) 

this holds modulo complete contractions of length > a + u + 2. This new true 
equation is the "grand conclusion" , which is the main aim of our present paper. 
The "grand conclusion" will almost directly imply Lemma fL3l in case A. It will 
also be the main tool in deriving Lemma 11.31 in case B-this will be done in 
section [HI 

A few easy observations: 



^ ajSoph[Cl{ni,...,np,(j)i,... 

jgJ<T + U + 2 

U ; ) 



(7.64) 



We also observe that for m ^ M, 

Soph{Xdiv,, . . . Xdm^C^'''-'-+Hni, . . . , rip, 01, . . . , 0„)V,„^,0„+iV,„+,u;} 

(7.65) 

is an acceptable contributor (see Definition lS.ip . while if m G Af" (|7.65l is an un- 
acceptable contributor with one un-acceptable factor, and for m e M^"^ (|7.65p is 
a linear combination of terms with all the properties of contributors, but there 
will be two un-acceptable factors Vi7, Vflh' that are contracting against each 
other (and if a = /i then all free indices are non-special). We have denoted by 

anXdiv^, . . . Xdiv^^C^^-'''^ . . . . . . ,0„+i) 

heH 
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a generic linear combination of contributors (acceptable or with one unaccept- 
able factor VfJji as in the conclusion of Lemma fTTS]) : we also denote by 



generic linear combinations of terms line the ones indexed in Af^. 
By definition, we observe that 

cr-l 

SophlY^ a^Xdm, . . . Xdiva^^_, J2 H^t^ [C^/^-^--^ . . . , 01, . . . , </.„+!)]} 

CGZ K=l 

(7.66) 

is a contributor ^ because acting by Soph{. . . } on the operation J2'k=i ^^^5" 
gives rise to another Xdiv (see the Definition 17.51 and the discussion under it). 

Now, we proceed to derive some delicate cancellations occurring in (|7.63p . 

Observe that: 



Soph{y^ ai Xdivi^ . . .Xdivi^ . . . X'div^^ . . . Xdii^j^Cg'*^---''" Vij^(?!)„+iVj,w} 

bi 

= Xdm,...Xdiv^^...Xdiv^^...Xdm^[Cl;'^-''^^''^'^' 
(Jli, . . . ,r2p,0i, . . . , (/)„)5*'=*']Vj.0„+i + Y Xdivi^ . . .X'divi^ . . .Xdivi^ 

. . . XdlV.ylfpg'--'- (f^i, . . . , (/.I, . . . , c|,u)9"''^V^Au+l}. 

(7.67) 

For our next observation, we will look at each / G L and pick out each pair of 
indices (i^., ) G if. We assume with no loss of generality that is a derivative 
index (recall that if stands for the set of pairs of indices that belong to the 
same factor in - and at least one of which is a derivative index). Then, 
for each such pair {i^ , ) , we denote by 

C'3'^^-^'-"-^-'^'(r!l, . . . , f^p, 01, . . . , (j>u)y^Au+l 

the tensor field that arises from C''^*^ ' *'' by erasing the index and adding a 
derivative index Vi, onto the selected factor Ti and then contracting V^^ against 
a factor V**(/)„+i. We see that for each I € L: 

See Definition [SH 
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cr-1 

Soph{y^^ ai Xdivi^ . . . Xdivi,, . . . Xdivi^ . . . Xdivi^ 

leL 

Xdiv,, . ..Xdiv,^ . . . M^.^C^'^-'^— . . . ,17p, 01, . . . , (/.„)V,.0„+i. 

(7.68) 

Furthermore, for each selected factor Ti, let us denote by /^'*'"°"~^> /d 
the subset of if that consists of pairs of free indices that do not belong to the 
selected factor T,-. We observe: 



E E '^MXdlV,, . . . XdlV,^ . . . XdlV,^ [yHcl''l■■■^y■■■^, . . . , rip, ,^1, . . . , 



bi 



Vi„0„+i] = E Soph{ ^ ^ Xdivi^ . . . X'divi^ . . . Xdivi^ 

Xdzi;,, . . . Xdiv^^ . ..Xdiv^^C'^''--"'-'^^''^^'ini, ...,np,cj)i,..., 0„)V,.0„+i}. 

(7.69) 

Now, a few more delicate observations. For each I G and each selected 



factor Ti, we denote by ' C I V^H the index set of the indices that belong to 
a factor S^V^^^Riju ^ T,. We also denote by = \ Z"'^'- Furthermore, 
for each tensor field - ^nd each free index in that tensor field, we will 
set = 2 if belongs to a factor V^"^^Rijki or S^V^"^^ Rijki and 2^^ = if it 
belongs to a factor V^^^^ilft,. Then, comparing the discussion above (|6.16p and 
(|7.34p . we derive that: 



^^'^Recall that /" stands for the set of free indices in (7^>*i - '<i that belong to a factor 
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Soph{ Xdivi-^ . . . Xdivi^ . . . Xdivi^ 



+ Fi?ep*^.i>"+i-"[C^.»-*»l-^'(*'^)(r!i, . . . , 01, . . . , 0„)] 
+ Fi?ep*^'2,u.,0„+i [c^,u...*.|/(2.)(f^^^ . . . , 01, . . . , 0„)] 

+ Fi?ep*^'2''^"+i'"[C^''— ^»l-^(^'')(17i, . . . , 01, . . . , 0„)]}} = 

J2 J2 Vd^i ■ --Xdm^ . ..Xdiv^^[V'r^^Cl-''-'y-'-ini, . . .,np)V^Ju+l]. 

(7.70) 



2 = 1 



On the other hand, we observe that: 
Soph{ a^Xdiv^^ . . . Xdii;j^,_,C™'*i-'^f-i (^i, . . . , rjp, 0i, . . . , 0„, 0„+i, w)} 

= ^ atXdm, ...Mwj^,_,c^''i-'''f-i(rji,...,rjp,0i,...,0„+i). 

(7.71) 

(Recall that the sublinear combination indexed in M^^i appears only in the 
special subcase of case B). The linear combination indexed in B' is a generic 
linear combination defined in Definition 15.21 

Next, we note some further cancellations, for each - t^^d^ ^t least one 
free index in the selected factor. In the case where the selected factor is of the 
form V'^^^O.h (in which case it is unique) we must have: 

Soph{ Xdivi-^ . . . Xdivii^ . . . Xdivi^ 

= ^ A^Xdiv,^ ...Xdiv,^ ...Xdw,^C^'''i-*^'(rJi,...,^]p,0i,...,0„)V,^0„+i; 

(7.72) 

(Recall that stands for the number of indices in the factor V^^^-'il/; that are 
not free and not contracting against a factor V0/i). On the other hand, if the 
selected factor(s) is (are) of the form V'^™-'i?ijfci we will have: 
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Soph{ Xdivi-^ . . . Xdivi^ . . . Xdivi^ 

«hG/;-'*65'et(T(ih)) 

Xdiw,, . . . Xdiv,^ . . . Xdiv,^CY^-''^{Vli, . . . , rjp, . . . , 0„)Vj>„+i; 



(recall that m\ stands for the number of derivative indices in the selected factor 
Ti — V^"^^Rijki that are not free and not contracting against a factor V4>h)- 

Finally, in the case where the selected factor is of the form S^V'^'^^ Riju (in 
which case it is again unique), for each I G with at least one free index in 
the selected factor, we find: 



Soph{ Xdivi-^ . . . Xdivi^ . . . Xdiv^^ 

{Repla>^f^^^JC];^-'-] + Replc^^^^JC]^''-^^]]} + Soph{ J] Xdzv,, . . . 
Xdiv,, . . . Xdiv,AFRep'''^^'^^^-+'[Cl'''-'^^f^''^\ni, . . . , <^i, . . .,(/.„)] 

+ Fi?ep^'"2'"''^"+i . . . , 1]^, 01, . . . , 0„)] + 

^^gp^.,2,0„+i,<.[^Ml.-.|/(..)(f7^^ . . . , 01, . . . , 00]}} = 

^ {J + 2)Xdiv,, . . . Xdiv,^ . . . Xdiv^^C^'-'^ (f^i, . . . , rip, 01, . . . , 

(7.74) 

(recall that stands for the number of indices m ■ ■ ■ ,r„,j in the selected factor 
S„\7i'{^...r^Rijki that are not free and not contracting against a factor V0/i). 

8 The grand conclusion, and the proof of Lemma 
8.1 The grand conclusion. 

Now, we combine all the cancellations we have noted in the previous subsection 
to derive the "grand conclusion". When the selected factor(s) is (are) of the 
form S^V'^^^ RijM or V*^™''i?yfci, the grand conclusion will be the equation: 
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Image J,'J*^jLg] + Soph{Im]i;^^^[Lg]} + {Lgifli ■ cjy^+i, . . . , rjp, (^i, . . . >„) 
H h Lg{Qi, . . . ,flx ■ • • ■ , i^p, 01, ■ • • , 0«)} = 0. 

(8.1) 

(Recall that fii, . . . , fix are the factors in Ksimp that are not contracting against 
any factor V(/)ft,. The terms in {. . . } appear only when the selected factor (s) is 
(are) curvature terms). 

When the selected factor is of the form V'^-'ri^:, the grand conclusion will 
be the equation: 

Image]^+^^ [Lg] + Soph{ImY^^, [Lg]} = 0. (8.2) 

For future reference, we put down a few facts before we write out the "grand 
conclusion" : 

Recall notation: Recall that s stands for the total number of factors V^'^'^Rijki , 
S^.V'^"^ Rijki in the simple character iisimp (all the tensor fields in (|1.6p have this 
given simple character-see the introduction of the present paper for a simplified 
discussion of this notion). Recall that for each - i ^ i^^^- ^ (^or ji if there 
are multiple selected factors Ti) stands for the munbcr of indices in - 
that do not belong to the selected factor and are not contracting against a fac- 
tor V(j)h- We also recall that Ii (or if there are multiple selected factors) 
stands for the set of free indices that belong to the selected factor, and I2 (or 
jj' if there are multiple selected factors) stands for the set of free indices that 
do not belong to the selected factor. We also recall that for each I € L^^ and 
each free index e h (or e /J') which belongs to ■ 'f^ stands for 
the number 2 if the free index belongs to a factor of the from V'^'^^Rijki or 
S^,V^'^^ Rijki, and it will be zero if it belongs to a factor of the form V^^^fl^. 
Now, we define 2^^ to equal number 2 if the free index i,^ belongs to a factor of 
the from V'^"^^ Rijki or S^V^'^'' Rijki, and to equal 1 if it belongs to a factor of 
the form V^^^n^. 

Finally, we recall: When the selected factor is of the form S^V'^^^ Rijki then 
(for each /i-tensor field (j^^"'"^^ ^ I g X^) stands for the number of indices in 
the selected factor Si,V^^^ Rijki that are not free and not contacting against a 
factor V0;i. When the selected factor(s) is (are) of the form V'^^i^yfe;, then 
(for each /i-tcnsor field Cg'*^ I £ and) for each selected factor V^™^") Rijki, 
ml stands for the number of derivative indices that are not free and not con- 
tracting against a factor V^/;. Lastly, when the selected factor is of the form 
V'^'^-'rifc then (for each /i-tensor field - / ^ ^^-j j^t g^^nds for the number 
of indices in S/^^^fl^ that are not free and not contracting against a factor V^^. 

Then, if the selected factor is of the form S^V'^'^^ Riju^ the "grand conclusion" 
may be written in the form: 
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+ (1^1 1 - 1) + - 2(.5 - 1) - X)Xdiv,, . . . Xdiv.^Xdiv,^ 

l&L^, iheli 

Xdiv,, . . . Xdiv,, . . . Xdiv,^V';JCl-'^-''^-''"'' . . . , rip, 01, . . . , 0„)]V,.0n+i 
-{ Y Xdm, . . . Xdiv,, . . . Xdiv^^^C'/^---'''---'-''- (Qi, . . . ,np,(^i, . . . , 

cr-l 

^i,(j>u+i + Xdivi^ . . . Xdivif, . . . Xdivi^ . . . Xdivi^^Xdivi^ 

J....,».,..|5(f^^^ . . . , f^p, 01, . . . , 0.)V,,0„+i} + 

( ^ abXdiv,, . . . Xdiv,^_,C''/'-''-~' (r!i, . . . , Sip, 01, . . . , 0„+i))+ 
fees' 

^ ahXdm, . . . Xdiv.^C'g'^''-''^^'' {fli, . . . , lip, 01, . . . , 0„)V..0„+i = 0, 

(8.3) 

modulo complete contractions of length > a + u + 2. J^beB' ■ ■ ■ (defined in 
Definition 15. 2p appears only in the special subcase of case B. 

If the selected factor(s) is (are) of the from V'^"^'' Riju, the "grand conclusion" 
we obtain is very analogous: 
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b, 

E«'E{- E (7. + (i/r'i-i) + m»-2(.-i)-x) 

Xdwi^ . . .Xdivi^ . . .Xdiwi^^Cg (fii, . . . , fJp, 0i, . . . , (/'„)Vi^(/)„+i + 

Xdiv,, . . . Xdiv,^ . . . Xdiv^^C'/^ i^i,..., rip, cjji,..., 0„)V,.0„+i 

+ Xdivi^ . . . Xdivif. . . . Xdivi^ . . . Xdivi^Xdivi^ 

+ E ajC^(f7i,...,rjp,0i,...,(/i„,(/)„+i)+ 

( ^ ab^dzz;,, . . . Xdiv,^_,&/'-'--' (f^i, . . . , . . . , + 

fcSB' 

^ ahXdm, . . .Xdii;,„C^''i (f^i, . . . ,^2p,<^i, . . . , <^„)V,.<^„+i = 0, 

(8.4) 

modulo complete contractions of length > a + u + 2. X^bes' ■ ■ • (defined in 
Definition 15. 2p appears only in the special subcase of case B. 

Finally, in the case where the selected factor is of the form V'^'^-'ili, (|8.2p 
gives us the "grand conclusion" : 
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{l+i\Ii\-l)+A^ -2s)Xdiv,,...Xdiv,^...Xdtv,^Cl'''-'^ 

(Jli, . . . , rip, 01, . . . , 0u)Vi^(/)u+i + 

{Xdii;,, . . . Xdtv,^ . . . Xd^v.^CY'-^"-'-^'' rip, </.!,... , 0„)V,.0„+i 

cr-l 

+ Xdivi-^ . . . Xdivi^ . . . Xdivi^ . . . Xdivi^Xdivi^ 

^^''--^--^"'^^'^(r!!, . . . , rip, (/.I, . . . , 0„)V,>„+i} + 

E a,c^(r^i,...,rip,0i,...> 

+ u + 2 

( E abXdm, . . . Xdm^_,Cl'''-''^^-' {ni,...,np,<j>i,..., <l>u+i))+ 

b£B' 

E auXdivi^ . . . Xdivi^Cg'"-^ {rii, . . . , fip, 0i, . . . , 4'u)'^i,(l>u+i = 0, 

h£H\JHM 

(8.5) 

modulo complete contractions of length > a + u + 2. X^bes' ■ ■ ■ (defined in 
Definition 15. 2p appears only in the special subcase of case B. 

We observe that because of our Lemma assumption that L* = U^^I it follows 
that all the (/i— l)-tensor fields above are acceptable. Moreover, by construction 
they each have a (u + l)-simple character Kj^„jp. 

Now, we will show in a "Mini- Appendix" below that using the above, we 
may write: 

E ahXdiVi^ ...X(iwi^C^^*i--'"''*(rii,...,r2p,(^i,...,(/)„)Vi.(?i„+i = 
Y ahXdivi^ . . . JY'dTOi„C^''i--'-'*(rii, . . . , flp, </)i, . . . , 0„)V,.(/)„+i 

heH 

+ E ajC^gi^i,---,^p,<l>i,---,(l}u,(l)u+i), 

using generic notation in the right hand side-the sublinear combination in the 
left hand side is exactly the one appearing in \8.!^) . {8.4% liS.^fl . 

In view of (|8.6p (which we prove below in the appendix), we may assume 
that F§§ = in ([Q]) . ((53)l . whenever we refer to these equations. 



^^^See the notation in the statement of Lemma ll.3l 
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8.2 Proof of Lemma 11.31 in case A. 



We pick the selected factor(s) to be the second critical factor(s) (see the state- 
ment of Lemma [T75)) . Recall that in this case A the second critical factor has at 
least two free indices. 

For convenience, in each sublincar combination 

(T-l 



we will assume that amon g all the factors Fi, . . . , F^-^i, the first critical factor(s) 
is (are) Fi (or Fi,...,Fa) 
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We then claim that among all the (/i — l)-tensor fields in 
(all of which have a (u + l)-simple character K^j„jp), the sublincar combination 
of maximal refined double character will be precisely: 



E E°'( E )c'^''"-'''-''^''--"(f^i,---,f^p,0i,--->«)v.,0„+i, 

(8.7) 



in the case where there is only one critical factor, and: 



a 

E E«K E )E^9'"'""''''"''^'^("i'---'"p''^i'---''^-)^'''^"+i' 

(8.8) 

in the case where there are a > 1 critical factors. 

This fact essentially follows just by our definitions: Firstly observe that the 
tensor fields in the above two equations have M + 1 free indices in some factor. 
Now, by definition of the maximal refined double character we observe that for 
each Z g L^, each factor in ^an have at most M free indices in one of 

its factors. Hence, each tensor field of rank /i — 1 in the above three equations 
other than the tensor fields with a tilde sign, C, will again have at most M free 
indices in any one of its factors (and this is double subsequent to the terms in 

(EZD, (EHD). 

Moreover, for each Z e \ U^ez' observe by definition that each 

tensor field in 

cr-l 

E C'^''--^'=--^-^^l«(17i, . . . , fip, 01, . . . , </.„)V,, (8.9) 
s=i 

will either have at most M free indices in any given factor or will have M + 1 free 
indices in one factor but then its refined double character will be subsequent 

123'pjjg expression . d.T^ will only be present when the selected (second critical) 

factor is generic in the form \7^"^^ Rijj^i. 
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to L^,z G ^Max- This second claim just follows by the construction of the 
tensor fields above: If Z G L„ \ M U- then the refined double character of 

Cg will be either doubly subsequent or "equipolent" to each refined double 
character L^, z G Z'j^^^^ (which corresponds to the tensor fields C^^'"^" ,1 S 



^".^ e ^Max)l^ Now formally arises 



from C^-:i-^---i-t^ by erasing the free index from the (selected) factor Ti and adding 
a new free index Vi^ onto another factor, with M free indices. Thus, our claim 
just follows by the definition of ordering among refined double characters 
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So we observe that the "grand conclusion" proves Lemma ll.3l in the case A: 
The sublinear combination (|8.7p in the grand conclusion is precisely the first 
line in (|1.14p . All the other (/i — l)-tensor fields in the grand conclusion arc in 
the general form ^Y1iv<^n o-v ■ ■ ■ described in the claim of Lemma 11.31 Also, the 
tensor fields indexed in H (with rank > [i) are in the same general form as the 
tensor fields indexed in Ti IJ T2 IJ IJ T4 in (fTTi)) . □ 

Notes Regarding case B: We will prove Lemma [T751 in case B in section [S] 
(and our proof there will heavily rely on the grand conclusion above). We only 
end this section with a remark, which will be essential in the proof of Lemma 
11.31 in case B: 

Important Remark: The quantities in parentheses in the first lines of (j8.3p . 
(j8.4p . (|8.5p are universal, i.e. they only depend on the simple character Ksimp, 
and on the form of the selected factor Td (meaning whether it is of the form 
S^V^'^^Rijku ^^"^^Ri'jki or V^^^fi/i): We denote those quantities (inside the 
parentheses) by qz- We observe that in the case of (|8.5p : 



qd = n-2u- ii-l. (8.10) 

In the case of 



qd^n-2u- n-l- X. (8.11) 

Whereas in the case of 1 



qd = n~2u- fj.~3~X. (8.12) 
(We will define Qd = \Ii \ ■ Qd, for future reference). 

8.3 Mini-Appendix: Proof of dM]). 

To prove this claim we will need to distinguish two cases: Either a — 4 or a > 4. 
We will start with the case a > A which is the easiest. 



^■^"^See the introduction for a discussion of these notions. 

See [6] for a strict definition of this notion— see also the introduction of the present paper 
for a simplified description of this notion. 
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Proof of iS. 6]} when cr > 4; In this setting, we refer back to the grand 
conclusion. For each tensor field Cg'*i ' '"''* Vi,(/)„+i, h S H^^ we define 

to stand for the subhnear combination in Xdivi^ . . . Xdiui^Cg'^^ ■ Vi,(/>„+i 
where each V^^ is not allowed to hit either of the two factors Vfi^,, \JQ,^i (which 
are contracting against each other). 

We may then straightforwardly use the fact that the grand conclusion holds 
formally to derive an equation: 

ahXUiv,, . ..X»div,^C'g'-''-'--''{ni, . . . , l]p, 01, . . . , 0„)V,.(^„+i + 

^ajC^(rji, ...,np,(j)i,.. .,(j)u+i) = 0, 

(8.13) 

where J2jej ■ ■ ■ above stands for a generic linear combination of complete con- 
tractions of length a+u+1 with a weak character Weak{K'^^j^p), with two factors 
Vila;, Vila;' contracting against each other and which are simply subsequent to 

Now, we state a Lemma (which will be applied to other settings in the 
future), which fits perfectly with the equation above: 

Lemma 8.1 Consider a linear combination of tensor fields, 
X)tgt '^T'^g'*^ *° (^1' ■ • ■ ' ^p'' '^1' • ■ ■ ' '^"')' eac/i with a given simple character 
'^simp, o,nd each with a >V (for some given V). We assume that this simple 
character falls under the inductive assumption of Proposition \l.ll 

We consider the tensor fields CJ'*^"'*" (r2i, . . . , flpi , (t>i, . . . , 4>u')^i^x^^4'q which 
arise from the above by just multiplying by Viflx^^(j)q. We assume an equation: 

J2 arX^div^, . . . X^div,^ [cj.'i--. (f^^^ rip,, </,!,... , </.„,) V^1].VV,] + 

^ a, q (i7i , . . . , i]p, , (/-i , . . . , v.r!. V>, = 0, 

(8.14) 

where X^diVi stands for the sublinear combination in Xdivi where is in addi- 
tion not allowed to hit the expression Vifij-VVij- X^jeJ '^j^gi^ij ■ • ■ i ^p' ■ ■ ■ i 4'u') 
stands for a generic linear combination of complete contractions with a weak 
character Weak{l<,simp) cind simply subsequent to Ksimp- Furthermore, any 
terms of rank fj, must have all fi free indices being non-special. 

Our conclusion is then that we can write: 
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ar^rfiwii . . .Xdiwi^CJ'*i---'"(rJi, . . . ,r2p',0i, . . . ,4'u'\^x,(l)q) 

+ X! ^9 ' ■ ■ ■ ' ^P' ' ' ■ ■ ■ ' 0m' ) Vi^a; VV, , 

(8.15) 

where the linear combination / • • ■ stands for a generic linear combination 
in the form described above. On the other hand, the linear combination X)tgT' 
stands for a generic linear combination of tensor fields where we have two factors 
V'-"*^f2a;, V^^Vi? with A = 2, B — \ or A = 1, B = 2 respectively, and in each 
case the term with one derivative is contracting against the other term ( with two 
derivatives) . 

We claim that the above Lemma 18.11 (which we will prove momentarily), 
when applied to (|8.13[) implies our claim on the sublinear combination X^/iG-ffSs • ■ ■ ' 
in the case a > 4. This follows immediately once we set 4>q = U,xi , and once we 
observe that the tensor fields we obtain from (|8.13p by erasing the expression 
VifixV^rJa;' have a simple character that falls under the inductive assumption 
of Proposition ll.il (because we are increasing the weight). 

Proof of Lemma \8.1[ 

The proof follows the usual inductive scheme: 

We will assume that for some ^ > we can write: 

J2 arXdiv,, . . . Xdiv,^ [CY^-'-{ni, ...,%,,ct>i,---, 0„')V,r!xV>,] = 

rGT 

^ arXdiv,, . . . Xdiv,^ [C;'^i-*«(r!i, . . . , rjp-, 01, . . . , 0„OV»r!xVV,] + 

tGT^ 

OrXdiVi^ . . .XdWi^CJ'*^---'"(ril, . . . ,r2p',01, . . . ,(j)u'\^xAq) 

tET' 

(8.16) 

where X^tgt-* RHS stands for a linear combination of tensor fields which 

are in the general form of the tensor fields in X^tgT' with rank > A. We 
can use the above to replace X^tgt ■ • ■ in our Lemma hypothesis by X^tgt-* ■ ■ ■ • 
We will then show that we can write: 
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ttrXdm^ . . . X(iii;^^Cg (Oi, , ...,</)„' Ifi^;, </'g) 

rGT' 

(8.17) 

with the same notational conventions. Clearly, if we can show that (|8.16p im- 
plies (j8.17[) then by iterating this step, we will derive our Lemma |8. II 

Proof that 18.16\) implies |($.-?7| j; As explained, we may assume that 
J2TeT ■ ■ ■ — J^reT^- denote by C the index set of tensor fields 
with rank exactly A. Then, applying the eraser to the expression Viflx'S/^cjiq, 
we derive an equation: 



arXdiv,, . . . Xdiv,^ [cy^--^ . . . , (/.I, 

+ Y,ajC^g{ni,...,np,,(j)i,..., 



= 0. 



(8.18) 



Then, with certain exceptions [ifj we may apply Corollary 1 in to the 
above, and derive that there is some linear combination of acceptable {A + 1)- 
tensor fields with a u'-simple character Kgi^p (indexed in H below) so that: 



Y arXdiv,^^,C^^'^-'^+^ {Qi, . . . , rjp,, 01, . . . , 0„')VjiW . . . V,^u = ^-g -^g-j 
Y a, -^-^ (f^i , . . . , rip. , 01 , . . . , 0„O V,, u . . . V,^ V 
(the tensor fields indexed in J are simply subsequent to 



exceptions are when there are tensor fields in which are "forbidden tensor fields 
of Corollary 1 in [6] with rank m > ^ + 1. (It follows that the forbidden tensor fields of rank 
fi cannot arise here, since all /i free indices of the tensor fields in _ff§§ must have all their free 
indices being non-special). 

^^^In the exceptional cases above, our claim l|8.17|l follows from from the "weak version" of 
Proposition 11.11 presented in [6], with <& = VsHa; Vijiq. 
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Now, if we multiply the above by VifiajVVg and make the Vus into Xdiv's 
(which are allowed to hit either of the factors V^lx, V(/)g), then we derive (|8.17p 
and hence also Lemma 18.11 □ 

The proof of i8. 6]) in the case a — A: 

In this case, we will prove (|8.6p directly, immitating the ideas in [5]: 
Proof of i8. 6]) in the case where a = 4; We have that in this case, the tensor 
fields indexed in H^^ will have two factors Vfia,, VOa,' (c ontr acting against each 
other) and two other factors, which we denote by Ti, r? !^^^! We also recall that 
all tensor fields indexed in H^^ have rank > /i (> 1), and if they do have rank 
/z they will also have a removable index, by construction. We distinguish the 
following cases regarding the form of the factors Ti: Either both these factors 
are of the form V^^^O,, or one (Ti, say) is in the form V^P^Qj and the other is 
a curvature term (either in the form V^"^^Rijki or S^^V'^"^ Rijki) or both Ti,T2 
are curvature factors (either in the form V^"^^Rijki or S^V'^'^^ Rijki)- Label these 
cases A,B,C respectively. 

In case A, we will assume with no loss of generality (up to re-labelling factors) 
that Ti = V^^^Oi, T2 = V(=')02 (and also = VLs,^^, = D.^). Then, by 
"manually" constructing divergences, we can show that: 

^ ahXdiv,, . . . Xdiv^^ (r!i, O2, 01, . . . , (j)u+i)yj^^y'^4\ = 

J2 ahXdiv,, . . . Xdiv.JC;;^'''-'^ (r!i, . . . , 1^4, f^c/-!, . . . , 0u+i)]+ (8-20) 

iConst),xdiv,, . . . xdiv,,[c*/'-''{ni,n2,(l)i,- ■ ■ , 0„+i)Vjr!3V^'r!4], 

where the tensor field C*'*i- -*'' (fii, ri2, 0i, . . . , (j)u+i)'^ j^s'^^^i is in the form: 
pcontr{Vifl^^ni ® W[flt^n2 ® V01 • • • ® V0„+i), 

with the following restrictions: All indices in both V^'^-'ili, V''^'il2 are either 
free or contracting against some V0/i. Also, if we denote by /3 the number of 
factors \7(j)h that are contracting against V'^'f22 (notice (3 is encoded in i^simp, 
then B = 2 if P < 2, while B = 13 \i (3 > 2. The linear combination J^Iigh ■ ■ ■ 
on the right hand side of the above stands for a generic linear combination of 
the form X^teT' • • ■ allowed in the RHS of (|8.6|) . 

Then, using the above, we derive that (Const) = 0, and that concludes the 
proof of (|8.6p in this case. 

In case B, using the same technique of constructing "explicit" X-divergences, 
we derive an equation (|8.20[) only without the last term (Const)* .... That 
immediately implies (|8.6p in this case. 

° In the case where both Ti , T2 are generic terms in the form V('"'i?,ijfc; , the labeUing Ti , T2 
is arbitrary; in all other cases, we will have a well-defined factor Ti and a well-defined T2 . 
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Finally in case C, we distinguish subcases on the factors Ti,T2: In subcase 
(i), both factors will be in the form V^™'''Rijki- In subcase (ii), Ti will be in the 
form V^"^^Rijki and T2 will be in the form S^V^'^^Rijki- In subcase {in), both 
Ti, T2 win be in the form S^W^"^ R^ju- 

Now, in subcase (i) we show (|8.20p by the same argument, only now the 
tensor field C*'*!---*' (fii, ri2, • • ■ , 4>u)'^ j^z^^^i is in the form: 

pcontr{v[^l ^^R,jki ® "^[fLts^^'^^ i' ® V0i ■ • ■ (g) V<?!)„+i), 

with the following restrictions: The indices are free. All derivative 

indices in both curvature factors are either free or contracting against some 
V(/)/i. Also, if we denote by f3 the number of factors \7(j)h that are contracting 
against T2 (notice (3 is encoded in Ksimp, i? = 2 if /3 < 2, while i? = /3 if /3 > 2). 
We again derive that (Const) — 0, which implies that (|8.20p is our desired 
equation (|8.6[) . 

In subcase (m) we use this technique to derive an equation: 

ciuXdiv,, . . . xdiv,^ [cl^^n.... 1^2, 01, . . . , 4>u+i)^jn3vm4 = 

h£H<i<i 

ahXdiv^^ . . .Xdw,JC^''i---'"(l]i, 174, </>!,■ • ■ (g 2I) 

+ aACl{^U^2, . . . , <^„+l)Vjl)3V^'l)4], 

where the terms indexed in J are simply subsequent to Ksimp- 
Finally, in subcase (in) we explicitly write: 



Y auXdiv,, . . . Xdiv,^ (j]^, . . . , 1^4, . . . , 0n+i)] + 

h&H (8.22) 

(Con.si),M«,, . . . xdiv,^[c*/^-'^{ni,n2, (1)1,..., (j>^+i)v,rt3\7mi] 

+ J2 aACgi^l^^2, 01, ... , 0„+l)V,l)3V^l]4], 

where the tensor field Cp^^---'^'" (f2i, 172, 0i, . • • , 0M)Vjil3V-'l74 is in the form: 

pcontr{S^Vifl^^R,jki ® 5,v|f ® V0i • • • ® V0„+i), 

with the following restrictions: The indices ; , are free. All indices ^ , • . . , ) j ) 
t^, . . . ,tB,j' are either free or contracting against some V<j)h- Also, if we denote 
by P the number of factors V0'^ that are contracting against T2 (notice (3 is 
encoded in K^.mp, then B = lifl</3<2, B = 0if/3 = 0, while B = (3-1 
\i (3 > 2. We again derive that {Const) — 0, which implies that (|8.22[) is our 
desired equation (|8.6p . □ 
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8.4 Mini-Appendix: Proof of (E23]). 

Firstly, we observe that for any tensor field Cg'*i - '"(Sli, . . . , fJp, 0i, . . . , </)„+i, a;) 
with a = fj, we will not have any of the free indices ^ belonging to any 
of the two factors V'-^-'t/iu+i, V'^^^w (this holds because we are in the setting of 
Lemma 11.31) hence no /i-tensor fields in p.6p have special free indices in any 
factor SfV'^'^^Rijki, while any free index in any of the factors V'^'0„+i, V^^^Wi 
would necessarily have arisen from a special free index in some factor S^Rij^i 
by (EH). 

Now, we apply the eraser to the factors V0;i that are contracting against 
are left with factors V(/>u+i, and denote the tensor 
fields and complete contractions we are left with by (^^'^i ' *"^ (j^^^ Thus we 
obtain an equation: 



E 



.23) 



(modulo complete contractions of length > a + u + 1). 

We regard the factor Vw as a factor V0ti+2- We observe that the tensor 

fields Cg^^ all have the same (u — 2)-simple character (the one defined by the 

factors V0ft, h <u), say 'Ksimp and each is simply subsequent to that (m — 2)- 
simple character. The tensor fields in the above either have rank either a > fi + 1 
but may contain free indices in the factors V'^^V«+ij V^^^cj, or they have rank 
and in addition no free indices belong to the factors V'^' V^^-'w. We 
denote by L"'^'^ the index set of tensor fields of rank exactly /i + 1 where both 
factors V'^'0„+i, V'^^w contain a free index (say the indices ^^,^3 wlog). We 
will prove that we can write: 



aiXdivi^ . . .Xdivi^^^^Cg''^"''"{fli, . . . , fip, 0i, . . . , uj) = 

aiXdiVi^ . . . Xdivi^^j^c''g^^ '^°' {^i, . . . , fip, . . . , (^„+i, + 

jfZjc.,,3.11 

(8.24) 

(where the tensor fields indexed in L'"''^ have all the features of the tensor 
fields indexed in L""'' and in addition have the factor V^'^^uj not containing 
a free index and with one index in the factor V^^Vm+i contracting against a 
non-special index. 

Notice that if we can prove the above, then we are reduced to showing our 
claim under the additionnal assumption that = 0. Let us check how our 
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claim then follows under this assumtpion. We will then show (|8.24p below. 



Proof of our claim assuming 1 ^ 8. 24V ■' W e break (j8.23p into sublinear combir 
tions with the same w-weak characteqHj (suppose those sublinear combinatio 
are indexed in the sets L"'^'"", v G V); we derive an equation for each v G V: 



aiX^diVi^ . . .X^divi^dg^"'''"{ni, . . . ,np,(pi, . . . 
"^^^'^ (8.25) 

Now, by virtue of the assumption L"'^'^ — 0, we may assume that all the tensor 
fields in the above equation have rank a > fj, and also ha ve n o free indices in the 



factors V0ti+i, Then, applying Lemma 2.5 in [Tjl^jwe derive (17.231) . □ 



Proof of Ii8.24^ : We initially pick out the sublinear combination in (|8.23p 
where both Vw, V(pu+i contract against the same factor T. Clearly this sub- 
linear combination must vanish separately, and we will denote the new true 
equation that we thus obtain by New[ (|8.23p ]. Thus, the sublinear combination 
of tensor fields indexed in L"^'^ which contained at most one free index among 
the factors V^^+i, contributes a linear combination of iterated Xdiv's of 
rank at least /i to New[ (|8.23p ]. We denote the equation we have obtained by: 



aiDoubdivi-^i^Xdivi^ . . . Xdivi^^-^c'g^^' "''^^^ + 

' (8.26) 

afXdiv,, . . . Xdiv.^Cf/'-'- {V(jyu+i,y^) + ^a^q = 

{DoubdiVi^i2 means that both derivatives V*\V*^ are forced to hit the same 
factor). We then symmetrize the two factors ^ipu+i, Vw and thus obtain a new 
true equation, which we denote by: 



aiDoubdivi^i^Sym[C ''''^^]Xdivi.^ . . . Xdivi^ + 

ajXdiv,, . . . Xdiv,^Sym[CYg''-''-iV^u+iyu;) + ^a,%m[q^g = 

(8.27) 



i29The one defined by Vo; and Vcf>h, I < h < u + 1, h ^ a,h ^ p. 

^^"A note to show why Il8.25| l does not fall under the "forbidden cases" of Lemma 2.5 in [7]; 
We observe that the tensor fields of minimum rank in 118.251 1 with both factors V</>„+i, Vo) 
contracting against special indices can only arise from the /i-tensor fields in l|1.6| l-but those 
tensor fields will have no special free indices, thus 118.251 does not fall under a forbidden case 
of that Lemma. 
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(here Sym[. . . ] stands for the symmetrization over the two factors V(/)„+i, Vcj). 

We denote by F° C F the index set of tensor fields for which both the factors 
V(/)u+i,Vw are contracting against internal indices in some factor V^"^^ Rijki- 
We denote by C F the index set of tensor fields for which one of the indices 
, Vw are contracting against a special index in some factor S^V'^'^^ RijkC^^(j)i 
By replacing the two factors V a4>u+i^ b<^ by gab in the first case and the two 
factors VV^^V'^w by g^^ in the second, a nd then using the operation RictoVl 
and iteratively applying Corollary 1 in pj l^^^l we derive that we can write: 

^ afXdiv,^...Xdiv,^Sym[C]l'''-''^{V(t>u+u'^oj) = 

afXdm, . . .Xdm^Sym[CY/'---'''{V<j)u+uVLj) + J2'^jSym[C]i, 

fepoK jeJ 

(8.28) 

where the terms indexed in have all the properties of the terms indexed 

in F in (|8.27p and in addition have at most one/none of the factors V0„+i, Vw 
contracting against special indices in factors of the form V'-™-'i?ijfe;, S^V^'^'^ Rijki- 
Therefore, we may assume that F" = F'' = in ((8?27)) . 

Now, we refer to ()8.27p and replace the expression Va^u+iVbW by gat', we 
denote the resulting equation by (18. 27^ '. We then apply Sub^ to (I8.27P (see the 
Appendix in [3^) (obtaining a new true equation which wc denote by Dg — 0) 
and we then apply our inductive assumption of Lemma 4.10 in ^ to Dg — 

In order to describe the resulting equation, we just denote by Cut[C]g^^"'^''^^ 
the tensor field that arises from - erasing the factor Vii0„+i (along 

with the free index i^). We thus derive that there exists a linear combination 
of acceptable /x-tensor fields (indexed in K below), with a simple character 
Cut^Ksirnp) o,nd With the index i^^.-, belonging to a real factor so that: 

131 Wo will assume it is the factor Vo;, wlog. 

'^^^A note to illustrate why the "forbidden cases" of Corollary 1 in [6] do not interfere with 
our argument: Observe that for the terms indexed in there will be a removable index 
by construction, therefore the "forbidden cases" do not obstruct our iteration; the terms 
indexed in _F" with rank must necessarily have arisen from the tensor fields or rank in 
(|1.6|l . Therefore they will have only non-special free indices, therefore at the first iteration, 
Corollary 1 in [6] can be applied. On the other hand, it is possible that at a subsequent step 
in the iteration we may obtain a "forbidden" tensor field of rank > /i; in that case we use the 
"weak substitute" of Corollary 1 in [3, presented in the Appendix in 0. 

'^^^When we apply Lemma 4.10 in [B] we treat the Xdivi-^ [. . . Vi^cj] as a linear combination 
of (/i — l)-tensor fields— i.e. we "forget" the Xdiv structure with respect to the factor Vijj, thus 
the terms of minimum rank the factor SJu) contains a removable index, thus our assumption 
does not fall under a "forbidden case" of that Lemma. 
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aiXdm^Cut[C]^g''-'>'+' . . . , rip, 01, . . . , w)V,3U . . . V.^^^v 

= akXdm^^,C^'''-'-+%ni, . . . , rip, (/.I, . . . , (f>u,uj)V,,v . . . V,^^,w. 

(8.29) 

Now, just multiplying the above by an expression V^i/'ti+i V^u and then replac- 
ing the Vus by Xdiv's we derive (18.241) . □ 

In section m we derive the other half of 11.31 

9 Proof of Lemma 11.31 in case B. 

9.1 Introduction: A sketch of the strategy. 

In order to derive Lemma 11.31 (which corresponds to case B of Lemma 3.5 in 
[^) we will use all the tools that were developed in thi paper. Most importantly 
the "grand conclusion" but also the two separate equations that were added in 
order to derive it the "grand conclusion". 

Main Strategy: For each /i-tensor field - ; g L^,2: £ ^mok (|1.6|) . 
we will canonicaly pick out a prescribed free index . We then consider the 
(fi - l)-tcnsor fields Cg '' •'^ Vji<?!)„+i, I £ U^ez;, -^^0 We then prove 
(schematicaly) that there will exist a linear combination of (/i + l)-tensor fields, 
^^gj:^ a?jCg'*^ "'^'*'^Vij 011+1, each (^^^'i - V+i partial contraction in the form 
p.5p . with the same w-simple character Ksimp, such that: 

aiXdiVi^ . . .XdiVi^Cg'"-^ {fli, . . . , fip, 0i, . . . , (/)„)Vii 0„+i = 
ahXdiv,^ . . . Xdm^^,C^-'^-'''+^V^,<j)u+i (^Q i^ 

here the terms indexed in J are "junk terms" ; they have length a + u (like the 
tensor felds indexed in Li and H) and are in the general form (|1.8p . They are 
"junk terms" because one of the factors V0/i,l < h < u) which are supposed 
to contract against the index i in some factor S^X/^'^'' Rijki for all the tensor 
fields indexed in now contracts against a derivative index of some factor 

I34rpj^ggg (/i — l)-tensor fields arise from jjy j^g^^ contracting the free index i-^ against 

a new factor Vt/i^-i-i. 
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After we have derived an equation of the form (|9.ip , Lemma 11.31 follows by 
just applying the inductive claim of Proposition II . II to the above. 

In order to derive (|9.ip . we will subdivide case B of Lemma [TT51 into subcases 
and treat them separately. In certain cases we must derive systems of equations 
combining the "grand conclusion" with other equations that we derived above. 
In certain very special subcases (such as when ^ = 1 in (|1.6p ). we will resort to 
ad hoc methods to derive (|9.ip . 

We wish to stress again that when proving of Lemma 11.31 we are stU mak- 
ing all the inductive asumptions (on the parameters, n, ct, $, cti + 02) regarding 
the validity of Proposition 11.11 and also all of its consequences. Hence we are 
allowed to apply our inductive assumption of Proposition 11.11 or Lemmas 4.6, 
4.8 etc from [B] 

The subcases of Lemma II. 3t We distinguish subcases for Lemma 11.31 
according to the maximal refined double character among the yit-tensor fields in 
(|1.6p . We refer the reader toto the introduction for a loose discussion of the 



notion of maximal refined double characters l^fj In particular, we recall that 
the maximal refined double character contains a decreasing list of numbers, 
R^Max , which corresponds to the distribution of free indices among the differ- 
ent factors in the /j,-tensor fields in IJ^ez' have denoted RXhiax = 
(M, Bi, . . . , Btj). The subcases are then as follows: 

1. M = 1, TT > 0. 

2. M > 2 and = . . . = 1, TT > 1. 

3. M = ^ > 3. 

4. M = ^ - 1 > 2. 

5. M = ^ = 2. 

6. M = fi = l. 

Technical remarks regarding the "grand conclusion": The "grand 
conclusion" is a new local equation, which is a consequence of (|1.6p : it applies 
in the setting of Lemma ll.3l It will be one of the main tools in deriving Lemma 
11.31 in the present paper. For the reader's convenience, we recall a certaine con- 
ventions which we hav introduced: 
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In the formal language introduced in [6], in this second scenario we would say that 



Cg'^^ (f^i, • ■ ■ , f2p, 01, • ■ • , is "simply subequent" to the simple character Ksimp- 
I36rpj^g proper definition appears in [6] 
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Recall conventions: Recall firstly that the "grand conc lusion" is derived 
once we specify a particular factor/set of factors in Ksimpllfj This is called the 



"selected factor" / "selected set of factors". Given such a choice of factor/set of 
factors, we construct a new {u + l)-siniple character k^^^ by contracting the 
chosen factor/one of the set of chosen factors against a new factor V(j)u+i', the 
new factor must not contract against a special index. Given such a choice 

of chosen factor/set of factors (and thus a new {u + l)-siniple character), the 
grand conclusion will involve tensor fields in the form (jl.5p with a (u+ l)-simple 
character and complete contractions in the form (|1.8p with a weak (u+ 1)- 

character Weak^Kgimp)- When the selected factor is in the form S^V^"^^ Rijki, 
the grand conclusion is the equation (|8.3p . When the selected factor is in the 
form V''™^'' Rijki it is the equation (|8.4p . while when it is in the form V^-^^f^?, it 
is the equation (|8.5p . 



9.2 A useful technical Lemma. 

The next Lemma will allow us to assume wlog that all the tensor fileds indexed 
in H in the grand conclusion (i.e. all "contributors" there) are acceptable, and 
have the factor V0„+i not contracting against a special index. 

The "Technical Lemma" below has certain "forbidden cases" , which we spell 
out here for reference purposes. A tensor field Cg^''"'^''' in (|1.6p is "forbidden" 
(for the purposes of the next Lemma) if it has (T2 > 0, each of the fi free in- 
dices belonging to a different factor, all factors \7^'^^ Rijki f^^^^^h must contract 
against no ne /at most one factor V0y, and either the re ar e no removable free 
indices or there is exaclty one removable free index 

Remark: There "forbidden cases" will only force us to give a special proof 
of Lemma [T751 in the subcase /i = 1, when the terms in (|1.6p are "forbidden" as 
defined above. Those cases will be treated in the Mini-Appendix at the end of 
this paper. 

Lemma 9.1 Refer to the grand conclusion. We denote by Hsad.i C H the 
index set of tensor fields in H which have an unacceptable factor V57/i. We 
denote by HBad,2 C H the index set of ten sor fi elds in H which have the factor 
V(j)u+i contracting against a special index r^'^l if a > A (if a = Z we just set 

HBad,2 - 

^^'^In particular, "specifying one factor" means that we pick out a factor in 1)1. 5|l which is 
either in the form, V'^'n^,, for some given x, or in the form S. V('''i?ijfe, V^^ for some given 

n, or m the form V$.™'.r,„i?,j ki^^''<l>h' for some given h' . Specifying a "set of factors" means 
that we pick out the set of factors \7^"^^ Rij^i in Ksimp which are not contracting against any 
factor ^4>h- 

-'^^^(See definition 4.1 in [Bj). In this setting, all factors must be in the form Rij^i, S,Rijki 
without derivatives, or in the form Vf^)^^. 

'^^^One way to think of this is that for such a ^-tensor field one free index belongs to a 
factor ^ (free)Rtiti '-"^ ^{/ree)tttt other factors are in the form Rijki, S^Rijui or 

v(2)n,. 

'^^''Therefore, these tensor fields will be acceptable by Definition UT] 
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Then, (unless the tensor fields of maximal refined double character in HI. 6]) 
are in one of the "forbidden forms" above) we claim that we can write: 

OhXdiv^, . . . X(iiw,„C^''^i {Qi, ...,np,(j)i,..., 0„)V,. 

h£HBad,l U Hsad.-l 

= ahXdivi,...Xdivi^C^^'^-'-'''{ni,...,np,(Pi,...,(j)u)\7i^(l)^+i + 

heHoK 

^a,Cf*(r!i,...,17p,0i,..., 0n)Vi.0„+l. 

(9.2) 

The terms indexed in H qk in the RHS stand for a generic linear combination 
of acceptable contributor s^^H with a {u + 1) -simple character K^^^p- The terms 
indexed in J are u-simply subsequent to Ksimp- 

We observe that if we can show the above then we can assume wlog that all 
tensor fields in the grand conclusion are acceptable and have a (u + l)-simple 
character K^^p. 

Proof of Lemma \9.1\ We divide the index set Hsad.! into subsets H'^^^ ^, 
^Bad 1 according to whether the factor Vil/j is contracting against a factor 
or not, respectively. 

We firstly pick out the sublinear combination in the grand conclusion with 
a factor V^lu contracting against the factor V0„+i. We thus derive a new 
equation: 



OhX^div,, . . .X,dw,^C^'''i---'"'**(f7i, . . . ,rjp,0i, . . . ,<^„)Vj.(/)„+i 



+ H {ni,..., rip, (1)1,..., 0„)v^. (t>u+i = 0. 

J 6./ 



(9.3) 



Then applying Lemma 4.1 from "6 or 4.2 from ^"^^1 we derive that we can 
write: 



"iSee definition O 

I42rpj^g fact that we have excluded the forbidden cases ensures that the terms of minimum 
rank in I I9.3I I does not fall under the "forbidden case" of that Lemma. 

143'pjjg fact that we have excluded the forbidden cases ensures that the terms of minimum 
rank in 1 19. 3| I does not fall under the "forbidden case" of that Lemma. 
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= ^ QhXdivi^ . . . Xdivi^Cg''-^---'''-'''' {fli, . . . ,ftp,(f)i, . . . ,(l)u)'Vi^(f)u+i (9,4) 

Thus, we are reduced to the case Hg^^ = 0. Now, we pick out the subhnear 
combination in the grand conclusion with a factor Vf2/i not contracting against 
We thus derive an equation: 



anX^div^^ . . . X^divi^C^-''--'"''' {^i, . . . , rjp, ^i, . . . ,^„)V,.0„+i 



11 

Bad,l 



(9.5) 



Now applying Corollary 4.6 in ^6]-'^"^^ (if tr > 4) or Lemma 4.7 in ^ (if cr = 3ji^ 
to the above we derive that we can write: 

Y ahXdiv,, ...Xdii;,^C^''i-*°'*-(r2i,...,17p,0i,...,(^„)V,.0„+i 
Y ahXdm, . . . Xdii;j„C^'*i {fli, ...,np,(j)i,..., 0„)V,.0„+i + 

heHoK 

(9.6) 

Thus, we may additionally assume that H^^^ 1 = 0- Finally, applying Lemma 
4.10 in pji^ to the above we derive that we can write: 

Y ahXdiv^^ . ..Xdm^C'g'-'''---''"''{ni, . . . , lip, ^i, . . . , (/)„)Vj.0„+i 

heHBad.2 

= Y ahXdiv,^...Xdiv,^C^''^---''^'''{ni,...,np,(f>i,...,(l)u)V.i,(t>u+i (97) 

heHoK 



fact that we have excluded the forbidden cases ensures that the terms of minimum 
rank in Il9.3| l does not fall under the "forbidden case" of that Lemma. 

145'pjjg fact that we have excluded the forbidden cases ensures that the terms of minimum 
rank in l|9.3| l does not fall under the "forbidden case" of that Lemma. 

146'pjjg fact that we have excluded the forbidden cases ensures that the terms of minimum 
rank in Il9.3| l does not fall under the "forbidden case" of that Lemma. 
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This concludes the proof of our Lemma. □ 



9.3 Proof of Lemma 11.31 in the subcase M = 1, tt > 0: 

In this case, it foUows by the definition of the maximal refined double character 
that all /i-tensor fields (^^''i ■ must have AI — 1,7: — fi — 1 > 0. 

In this setting, we claim: 

!GL,, k=l 

+ J2 ^hXdlV,, . . . XdlV,^ C^^-l , . . . , r!p, 01 , . . . , ct>u)V^^+,(t>u+l 
heHljH' 

(9.8) 

where the tensor fields indexed in H have the property that they are accept- 
able with a u-simple character Ksimp and they satisfy a > /z. The tensor fields 
indexed in H' have a > fi, and are contributors, see Definition 14.11 above; in 
particular they have a M-simple character Ksimp but they also have one unac- 
ceptable factor Vfl/i (with only one derivative). The complete contractions in 
J are u-simply subsequent to Ksimp- 

We will now show how Lemma [T73l can be derived from ()9.8p in this subcase. 

Lemma \1.3\ follows from Ii9.8\) in this subcase: Firstly, we observe that by 
breaking (|9.8p into sublinear combinations with the same weak (M-l-l)-character, 
we obtain a new set of true equations (since (|9.8p holds formally and the weak 
character is invariant under the permutations that make the LHS of (|9.8|) vanish 
formally). So, for each z S Z'j^^^^ we pick out the sublinear combination in (|9.8p 
with a (u + l)-weak character W eak{Kl^j _^^^^) . We assume with no loss of 
generality (just by re-labelling free indices) that the sublinear combination of 
contractions in the first fine of (|9.8p with weak character Weak{K^^j_^^^^) are 
the summands k = 1 , . . . , 14 ; we also denote by Hz,H'^, the index sets of 
contractions with a weak character Weak{K^^j_^^^^). We denote Vz = V for 
brevity and thus derive an equation: 
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V 

^ a; ^ Xdivi^ . . . Xdivi^ . . . Xdivi^Cg^^-'^^' {^i, . . . ,ilp, cjii, . . . , (/)„)Vij^(^„+i 

ieL^ k=l 

+ ahXdivi, . . . Xdivi^C^^''-'-'''+' (f^i, . . . , 01, . . . , (/)„)V,„^, </)„+! 

+ X! "j^ff ''(^1' ■ ■ ■ ,^p,(f>ii ■ ■ . ,0„)Vii0„+i. 

(9.9) 

Now, our aim is to apply the inductive assumption of Corollary 1 in [6] to 
(|9.9p . In order to do this, we first apply Lemma [9.11 to (|9.9p to derive a new 
equation where H — % (thus all tensor fields are acceptable and have the same 
(u + l)-simple character). 

Thus, we apply the inductive assumption of Corollary 1 in [6] to (19.91)1^"^ ''I 
For our chosen z € Z'j^j^^ we derive that there is a linear combination of (/i+ 1)- 
tensor fields with a refined double character Kref-doub (indexed in P below) so 
that: 

aiCY^-"-^ (r?!, . . . , rip, . . . , 0„)v,i0„+iV,2u . . . v,^u- 

Y apXdm^^^,CP/'-'-+'{ni, rip, </.!,... , 0„)V,,0„+iV,,i; . . . V,^v = 
peP 

Y^jClini, . . . ,f]p,0i,. . . ,(^„+i,'u^"^); 

(9.10) 

here the contractions indexed in J are simply subsequent to Ksimp- Now, setting 
4>u+i = V, we derive our claim in this case. □ 

Proof of Ii9.8\) : This equation just follows by considering the equation 
Im]^^ 1 \.^a\ — (see (|7.6ip and then replacing by an Xdiv, by virtue of the 
last Lemma in the Appendix of [3]. □ 

9.4 Proof of Lemma ll.Sl in the subcase M > 2, Bi = 1,% > 1: 

This subcase follows by a very similar reasoning. We arbitrarily pick out some 
z € ^71/ (jj. and we will show our claim for the tensor fields indexed in L^. If we 
can do this then by induction we can derive Lemma 11.31 in this subcase. We 

147'pjjg above equation falls under the inductive assumption of Corollary 1 in |6] because we 
have increased the value of $, while keeping all the other parameters fixed. Observe that the 
tensor fields of minimum rank in 1 19. 9| I will have only non-special free indices. Thus there is 
no danger of falling under a "forbidden case" of that Corollary. 
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recall that for each I G L^,z e Z'j^j^^, - v j^as one factor with M > 1 free 
indices and all other tt > 1 factors that contain free indices will each contain 
only one free index. Therefore, by the definition of maximal refined double 
character (see the beginning of this section) for any non-maximal - any 
given factor will contain at most M — 1 free indices. For notational convenience 
we assume wlog that for each / e L^, the indices i^, . . . in (^^''i - *^' belong to 
the same factor. 

We will prove our claim in this case by considering the equation Im^^^_^ [Lg] = 
(i.e. (|7.6ip ). where we now set w = 4'u+2- In order to analyze this equation 
and derive our claim, we will introduce some notation: 

Notation: We denote by k++ the refined {u + 2, fi — 2)-double character that 
arises from as follows: Consider all the refined double characters of the {fi—2)- 

tensor fields Cg*^"'*^ Vj;^0„+iVi^(/)ti+2, a, P > M. Let k^"*" be the maxima/ such 
(u + 2,yU — 2)-refined double character (if there are many such refined double 
characters we pick out one arbitrarily). We will write k++ instead of for 
brevity. 

We assume with no loss of generality (and only for notational convenience) 
that Cg'^ "'^ Vi^_j0u+iV,;^(/)ti+2 has a maximal refined double character 
We denote by 

^ aiC^'''i---'^'(f7i, . . . ,rjp,(/)i, . . .,<j>u)V^^(f)u+lV^|,(pu+2 

the sublinear combination in 

that consists of complete contractions with a refined double character k++ . By 
definitio n, i t follows that there is a nonzero, universal combinatorial constant 
(Const) Hi for which: 



(9.11) 

(Const) a; •C^''i-'f'(f}i,...,17p,(/.i,...,0„)V.,u...V.^i;. 

Now, refer to the grand conclusion; we observe that for each I E L^, any 
(/i-2)-tensor field Q'' ''^ (f^i, . . . ,np, . . . , 0u)Vi^(/)u+i Vi^0„+2 with either 
a < M or P < M, has a weak character that is different from Weak{K^~^). In ad- 
dition, we observe by the definition of refined double characters that for each I G 
L^\L^ all the (/i-2)-tensor fields Cg'''"*''(rii, . . . ,flp, 4>i, . . ■ .(j^u)^ i^4'u+i^ ii34>u+2 
with a weak character W eak{it^^) have a (m + 2)-simple character Simp(ji'^^) 



By "universal" we mean that it depends only on the refined double character 
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and a refined double character that is either subsequent to, or equipolent to k"*""*". 
Therefore, with these conventions if we pick out the sublinear combination with 
weak character Weak{K'^~^) (recall that this sublinear combination must vanish 
separately) in the equation Im^^^^^[Lg] = we derive a new equation: 



Vj^^n+i Vj^(/)„+2 + ^ aiXdivi^ . . . Xdivi^ . . . Xdiv^i^ . . . Xdivi^ 



leL' 



...,np,(j)i,.. . ,0„)v,„0„+lV,^,(/)„+2+ 
^^ a^Xdivi-^ . . . Xdivi^ 



heH 



. . . Xdiv,^, . . . XdiVi^^,C'g'''^-''^+' (r^i, . . . , . . . , 4>u)y^Au+l'^^rAu+2 + 

fljC^'*'*** (r^i, . . . ,r2p, (^1, . . . , (^„)Vi.(^„+iVj,..(?!)„+2 = 0. 

jeJ 

(9.12) 

Here the tensor fields indexed in L' are all acceptable and have a (u + 2, jj, — 2)- 
refined double character that is either subsequent or equipolent to k++ (refer 
to [6] for the strict definition of this notion, or to the introduction of this paper 
for a rough description.). The complete contractions indexed in J are simply 
subsequent to Ksimp- The tensor fields indexed in H have have a u-simple 
character Ksimp and rank > /i — 1, but they may have one or two unacceptable 
factor(s) Vr^a; (and furthermore any such factors must be contracting against 
V0U+2), and possibly one or both of the factors V0„+i, V</)„+2 may be 
contracting against an internal index in some factor ^^"^^ Rijki or an index k,i 

Now, by repeating exactly the same argument (just formally replacing any 
expression ViQh'^^Qh' by Vifi/iVVu+i Vjil^' V^(/)„+2) that showed that we may 
"get rid" of the sublinear combination y~!i,^ . . . (modulo introducing correc- 
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tion terms in the form J^heH'i ' ' ' + X)je / • • -lIj) in the "grand conclusion" 
we may also assume that all tensor fields indexed in H in (19. 12^ have at most 
one factor VQh- 

Then, applying Lemma 4.1 in 6J (or Lemma 4.2 there if cr = 3) we may 
assume wlog that all tensor fields indexed in H in (|9.12p have no factors Vil/j 
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Under that additional assumption, we may apply the generalized version of 
Lemma 4.10 in [S] if necessary, and additionally assume that in (|9.12p no tensor 
fields indexed in H have a factor V0„_|_i or V4)u+2 contracting against a special 
index. We are then in a position to apply Proposition 11.11 to (|9.12p : we derive 
that there exists a linear combination of acceptable (/j, — l)-tensor fields (indexed 
in P below) with a (w + 2)-simple character Simp(K~^~^) so that: 

argument, did not depend on the "forbidden cases". 
^^'^See the the subsection after the "grand conclusion". 

^^'^ Since > 4, by weight considerations there is no danger of "forbidden cases". 
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pGP 

• ■ ■ + (f^i, . . . , f^p, -^1, . . . , v^'-^)V^, </)„+i V,..0„+2 = 0; 

(9.13) 

(here the complete contractions indexed in J on the RHS are simply subsequent 
to the u-simple character Ksimp- 

Setting 4>u+i — 0U+2 = w in the above we derive case B of Lemma 11.31 in 
this subcase. 



9.5 Proof of Lemma 11.31 in the subcases M = n > 3 and 

M = /X - 1 > 2. 

These are more challenging subcases. We will first consider the case where 
M = (u(> 3). Our claim in the case M = — 1 > 2 will follow by a simplification 
of the same ideas and will be discussed at the end of this proof. 

The case M = /x corresponds to the setting where the /x-tensor fields Cg^^'"^" 
of maximal refined double character have all the free indices , . . . belonging 
to the same factor. Therefore, the sets C £ ZMax that index the 

tensor fields of maximal refined double character can be easily described in this 



setting: Let us list by Fi, . . . Fc all the non-generic factors in KsimpLZ-i Let us 
denote by Lc+i the set of all generic factors on Ksimp- Then we may number 
the maximal refined double characters of the yit-tensor fields appearing in (|1.6p 
as i^, z e {1, . . . , c, c + 1}: The refined double character L^, z < c stands for the 
refined double character that arises from the simple character Ksimp by assig ning 



H free indices to the factor Fz (all these free indices must be non-special) 
The refined double character stands for the refined double character that 
arises from the simple character Ksimp by assigning /i free indices to one of the 
generic factors V'^"^^ Rijki- 

So, in this case we observe that the index set L^,z £ Z'j^j^^ corresponds 
to one of the index sets L^, c £ {1, . . . ,c + 1} introduced above. So we prove 
Lemma 11.31 for any chosen index set _L^,z£{l,...,c-|-l}. So from now on z is 
a fixed number from the set {l,...,c+l}. 

Now, we denote by the factor in each Cg'*^ "*^, / G that contains the 
M free indices (recall that we have called this factor the critical factor). We 



^^^Recall the "generic" factors in Ksimp are those factors in the form Rijkl that are not 

contracting against any factors ^<j>h- 

Recall that free indices are called "special" if they are internal indices in some factor 
^'•"^'Rijkl or indices in some factor SiVt^'Hij kl- 
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recall that stands for the (u, /i)-refined double character of the tensor fields 

We introduce some notation that will be useful for our proof: 

Definition 9.1 Consider the refined double characters that is formally con- 
structed out of by erasing one of the M free indices from the critical factor 
and then adding a free derivative index on some other factor S^S/^'^^ Riju, or 
V*^™^i?yfc; or V^P^r^a;. We call those the linked refined double charact ers. We 
denote the list of those linked refined double characters by {ki, . . . , Kj}^^ 

We then define Lfi-^ , ■ ■ ■ , Lg^ C Lp, to be the index sets of the tensor fields 
jj ^jj njith a refined double character respectively. For 

notational convenience, we assume that for each - yjHii a linked double 
character, the indices i-^, . . . belong to the critical factor (and thus the 

free index belongs to Fh which we will call the second critical factor). 

Note: Let us consider any (^^■'i - **' ^ff\\^\^ a refined double character k/i, 1 < 
h < J. Then, by the hypothesis — $ of our Lemma II. 3( we can assume 
without loss of generality that the free index will be a derivative index. 

We now define the second linked refined double characters of each : 

Definition 9.2 Consider the refined double characters that are formally con- 
structed out of by erasing two free indices from the critical factor and 
adding two free indices onto some other factor Rijki, S^V^'^^ Rijki (neces- 
sarily non-simple), V'^-'il/j. These (formally constructed) refined double char- 
acters will be the second linked refined double characters. 

Observe that there is an obvious correspondence between the linked and the sec- 
ond linked refined double characters of based on the non-critical factor that 
we hit with one or two free derivative indices. Therefore, we denote the second 
linked refined double characters by ii'i, . . . so that each k'^ corresponds to 
Kh- 

Technical remark concerning Definitions Iff. Ji 1 9. 2[ If either Fh or Tz are not 
generic factors V^"^^Rijki, we will then have that /t/,, ^ k'^ for every /i = 1, . . . , 7. 
If both Fz and Tz are generic factors y'^"^^Rijki and M > 4 this is still true. In 
the case where both Fh, Tz are generic factors ^^"^'^Rijki not contracting against 
V(/)'s and M = 3 we have that i^h = i^'h- Furthermore, if M = 4 and both Fh, Tz 
are generic we see that in kJ^ there is no well-defined defined critical factor. In 
that case, abusing language, when we refer to the critical factor we will in fact 
be counting Cg'^^*^*^** twice: Once with the the factor to which ij,^^ belong 
being the critical factor and once with the factor to which , belong being 
the critical factor. Moreover, if M = 3 and Fh,Tz are generic then Hh = k^. 
Therefore, when we speak of the complete contractions indexed in L^^ and Lpti^ 
we are counting the same tensor fields twice. This, however, will not affect our 

-"^^^Slightly abusing language wc will say that Kj, arises from by hitting the factor by 
a derivative V;,. 
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conclusions further down. 



Now, some more notation: We denote by k+ the refined double character 
of the — l)-tensor fields Cg*^ ' *^Vij(/)„+i, I £ L^. For each I £ Lf^^, h = 
1, . . . , 7 (which is linked to L^), we denote by ^q^^ _ ^ 0i, . . . , 0„) 

the (/i — l)-tensor field that arises from j^y erasing the index i^. We 

also denote by c'^*^*^ " '"'** (fi^, . . . , fip, . . . , (j)^) the (/i — l)-tensor field that 

arises from Cg^^^^' "^^ {fli, . . . , flp, 0i, . . . , 0u) by adding a derivative index Vi, 
onto the critical factor with M — 1 free indices. 

Now, we apply the grand conclusion to Lg(fli, . . . , fip, (pi, ... ^ 0„), making 
Tz the selected factor. We derive an equation: 

Qz ■ ^ aiXdiVi^ . . .XdiVi^Cg''^ - '-''{ni, . . . , 17^, ^i, . . . , ^„)Vji^„+i + 

7 

^2,^ ^ azXdzv,, . . . Xdiv,^_, [C'Ml^2...v,^. (^^^ . . . , . . . , 0„)V,.0„+i] 

+ aiXdiv,, . . . Xdiv,^_,CY'-'^ (r!i, . . . , rip, 01, . . . , 

leL' 

ahXdiVi, . . . Xdw,^,C^'^i-*^''*(17i, . . . , rip, 01, . . . , 0„)Vji0„+i + 

(9.14) 

modulo complete contractions of length > a + u + 2. Here Qz stands for the 
first coefficient in the grand conclusion (it depends on the form of the factor Tz) 
and = ^. Also recall that 2y stands for 2 if Fy is of the form V^™-^Rijki or 
St^y^'^^ Rijki and 1 if Fy is of the form V'^-'fi/j. The tensor fields indexed in L' 
are generic, acceptable (/i — l)-tensor fields with a simple character Simp{Kf) 
but a refined double character that is either doubly subsequent or equipolent to 
K+. The tensor fields indexed in H are contributors (see Definition 14. ip . 

Now, by applying Lemma |9. II to the above equation, we may assume with 
no loss of generality that all the tensor fields indexed in H are acceptable and 
have a (u + l)-simple character k^. 

Then, applying Corollary 1 in [6)^^^l to the above and picking out the sub- 
linear combination of terms where all Vu's are contracting against the factor 
Tz, we derive that there is a linear combination of acceptable /x-tensor fields 
(indexed in P below) with (it + l,/i — l)-refined double character so that: 

There are no special free indices in the tensor fields of minimum rank, hence there is no 
danger of falling under "forbidden cases" . 



190 



7 

^2% J2 a,\CY^'--^-^'' . . . , . . . , 0„)V..(/.„+i]V,,u . . . V,^_,v 

v=i leL,^ 

- apXdm^^,CP/'-'-''-+' (f^i, ...,np,(j)i,..., (/.„)V,,0„+iV,,t; . . . V,^v 
peP 

(9.15) 

where the tensor fields indexed in J are it-subsequent to Ksimp- 

Since fj. > 3 we may assume with no loss of generality that V(/)ti+i is contract- 
ing against a derivative index. By applying Erase^^j^-^ we obtain an equation: 

Qz ■ Y aiC'^''-''-{ni, ...,np,(j)i,..., 0„)v,,u . . . v,^v+ 

7 

pGP 

^ a,Cf . . . , 01, . . . , </.„)V,,u . . . V,^ 

where the tensor fields indexed in J are it-subsequent to Ksimp- 

Remark 1: Thus the above equation involves the /i-tensor fields indexed in 
, which our Lemma 11.31 deals with in this subcase, but it also involves the 
/z-tensor fields in the second line. We can therefore not derive our Lemma 11.31 
in this subcase from the above equation alone. We seek to derive two more 
equations in order to obtain a closed system of three equations in three different 
sublinear combinations. In order to formulate and derive our next two equations 
we will need to introduce some more notation: 

Notation: For each h,l < h < c+1 we denote by (7^'*i*2-v.'*^^h ^i^^ tensor 
field that formally arises from C•"'■■■'^ / e by erasing a derivative index ^ 
and hitting the (one of the) factor(s) F/, by a derivative V^, (and adding over 
all tensor fields we thus obtain if ft, = c+l). Also, for each I e Lj^i^, w = 1 . . . ,7, 

we denote by (^^^*i - v-ivl'« ^^le tensor field that arises from (^^''i - ^f' by erasing 
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the free index i P^^l (we may always assume it is a derivative index) and adding 



a derivative index V^, onto the critical factor T^. So these tensor fields have 
M — 1 free indices in . 

Now, we apply the grand conclusion to Lg making Fh the selected factor. 
In order to describe the equation we then obtain, we introduce some notation: 
Consider (/i — 1) -t enso r fields with a factor V0u+i contracting against a non- 



special index in Fh I I while all the other /-t — 1 free indices belong to the factor 



Tz- We denote by the refined (u-l- 1, /i — l)-double character that corresponds 

to these tensor fields. In this setting we will denote by X^ieL' ^iC'g*^ "*^ Vj;^(/)„+i 
a generic linear combination of tensor fields with a (m + l)-simple character 
Simp{K^) but a {u + 1, fi — l)-refined double character that is either doubly 
subsequent or equipolent to k^J^. We derive: 

(2,M - (^^^ ) ^ aiXdiv,, . . . Xdiv^^^C'/^'--'^'''--^^ (f^i, . . . , 17^, . . . , 

y^Au+i + Qh - '^i^divi, . . .xdTOi^,_,c^''i-*^(f7i, . . . ,rjp,(^i, . . . ,0n)Vi^>„+i 

+ aiXdiv,, . . . Xdiv,^_,Xdiv,,&g'^-'-'^^-\'' {n,, . . . , rip, (/-i, . . . , 0„) 

h 

aiXdivi^ . . . XdiVt^_^Cg'^'----^''{Ui, . . . , fip, ^i, . . . , (j>u)Vi^<j>u+i 

leL' 

+ Y ahXdivi, . . . Xdivi^C^^^'^-'-^ini, . . . ,np,(j)i, . . . = 

heH 

^ajC^(17i, . . . ,f^p,(/)i, . . . 

(9.17) 

where Qh stands for the coefficient in the grand conclusion with selected factor 
Fh and = 1. Recall 2^ stands for 2 if the factor is of the form S/^'^'fR^jki 
or S^V^'^'^RijM- If Tz is of the form V^P^fi^- then it stands for 1 if is not 
contracting against a factor V(j)h and otherwise. The complete contractions 
in J are it-simp ly subsequent to Ksimp- 

Remark 2: Now, we observe that the equation above involves the sublinear 
combinations indexed in , L^,^ , but it also involves the sublinear combination 
indexed in Lftr . Thus, we seek to derive a third equation in order to obtain a 

h 

closed system. 



'^^^Recall that we are assuming i belong to the second critical factor. 

Recall that a special index is an internal index in some factor V'^'-R^jfej or an index ^,1 
in some factor S^^^"^ Rijki. 
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Therefore, we invoke the equation I'm]fl^^^[Lg\ — 0. i.e. equation (|7.6ip . 
We then define an operation SimpOp that acts on the terms in Im^^^_^ [Lg] by 
replacing the factor Vw by an Xdiv. It follows that SimpOp{Im]f^^^_^[Lg]} = 
(by virtue of the last Lemma in the Appendix of p?). 

We will again pick any /i < c + 1 and focus on the terms in Im^^^_^ [Lg] = 
with the factor V0„+i contracting against the factor Fh, and Vlu contracting 
against Tj. (So we again focus on the {u + 1, fj, — l)-rcfincd double character 
as before). Picking out this sublinear combination (which vanishes separately), 
and acting on it by SimpOp[. . .], we derive: 




(M -I) aiXdiv^, . . . Xdiv^^_,CY'■■■''^ [VLi, . . . , f7p, <^i, . . . , <^„)V,^0„+i + 

Y aiXdiv,, . . .Xdiv,^_,Xdiv,^Xdm,Cl''^-'''-^^''{ni, . . . , rjp, 0i, . . . , 0„) 

'^^^^^(t>u+l + Y O'l^div,^ . . .Xdiw,^_,C^''i---'f (f)i, . . . ,f2p,(/)i, . . . ,0„)Vi,>„+i + 
leL' 

Y ahXdiv,^ . ..Xdiv,^C'g' '' - '''{ni, . . . , fip, . . . ,0„+i) = 

'Pu+D, 

(9.18) 

(the sublinear combinations in L' , H, J stand for generic linear combinations as 

in mm ). 

Now, we may first apply Lemma 19.11 (to ensure all tensor fields in H are 
accept able and have the same (u + l)-simple character k^), and then Corollary 
1 in [6j^^^l to the two equations (19. 17^ . ()9.18p . and pick out the sublinear com- 
binations where there are (/x — 1) factors Vu contracting against Tz and V(/)u+i 
is contracting against F^- These sublinear combinations will vanish separately, 
and we thus derive two new equations: 

iSS'pjjgj.g he fi — I > 2 non-special free indices among the tensor fields of minimum rank, 
hence no danger of falling under a "forbidden case" . 
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"^i^v + Qh- Yl aiC^g'''"'''{^i, . . . , f^p, 01, . . . , 0„)V,^0„+iV,,u . . . Vi^,_,u+ 
^ajC^(r2i,...,17p,0i,...,0„+i,i>^-i), 

(9.19) 




{M - 1) ^ aiC'f (r!i, . . . , rip, 01, . . . , 0„)V.>„+i V.^u . . . V^^_,v+ 
Y azC^^*-v-iK- (n,, . . . , rip, 01, . . . , 0„)V,^_,0„+iV,,w . . . V,^_,v+ 
^ ahXdiv,^^,C^-''-'''^+'{ni, . . . , f7p,0i, . . . , 0„)V,,0„+iV,,u . . . V,^v = 

he Ha 

^a,q(f7i,...,f]p,0i,..., 0«+l,'t^ j- 

(9.20) 

In the above two equations, all the tensor fields in the first three lines are 
acceptable, and have a (u + 1,/i — l)-rcfincd double character k^. The tensor 
fields indexed in Hi are acceptable contributors with a (u + l)-siniple character 

(see Definition [41]). The complete contractions in J are in both cases simply 
subsequent to Simp[K^) , and hence also to Kgimp- 

Subtracting ()9.20p from ()9.19|) we derive a new equation: 
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^.,v + {Qh - [M - 1)) • J2 aiC'g"'-"" (f^i, . . . , fip, 01, . . . , (/.„)V,>„+i V,,^; . . 
^v-i" + H ahXdivi^^,C!;'''-''^+' . . . , f]p, 01, . . . , 0„)V,,0„+i V.^u . . . V,^ 

(9.21) 

where the tensor fields and complete contractions indexed in H',J have the 
same general properties as the ones indexed in Hi, J in (|9.19p . 

We act on (|9.2ip by the operation Erase^^^^ (this operation is formally 
well-defined and produces acceptable tensor fields) and divide by Qh — {M — 1). 
We thus derive an equation: 

^ aiC'g''-'^'-' (r!i, . . . , 01, . . . , 0„)V,,u . . . V,^^,v = 
(2(^^) — 2 M) 

O .(M-l) ^ ^'C*^'''^"-'" ("i' • ■ ■ , f^P^i, • • ■ , 0n)V,,t; . . . V,^v+ 

^ ' (9.22) 

apXdm^^CP^'^-''^ (r^i, . . . , 01, . . . , 0„+i)V,iU . . . V,,,_iU+ 

Y a,c'/'-'--'ini, . . . , rip,0i, . . . ,0„+i)v,,i; . . . y^^_,v. 

(2(*^)— 2-Af ) 

Notice the coefficient q^_i^j^/_i^ is non-positive (because M > 3 and < 
Af — 1 by inspection). We denote this coefficient by Ch- 

Now, replacing the above into (|9.16p . and since {Qz + J2h=i 2/i • c/,.) < 0, we 
obtain: 



Y aiCY'-'- (r!i, . . . , 01, . . . , 0„)V,,t; . . . V,^v 

- Y apXdiv,^^,CP/'-'-^'-+^{ni, . . . , 01, . . . , 0„)V,,t; . . . V.,,« = (g 33) 
^ a,Cf-^" (f^i, . . . , 01, . . . , 0„) V,,w . . . V,^v, 

modulo complete contractions of length > a + u. 
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Now, define an operation Op that acts on the above by adding a derivative 
Vi onto the factor which is contracting against the fJ, — 1 factors Vv, snd 
contracting Vi against a factor Vv. Since (|9.23p holds formally, Op produces 
a true equation. Applying Lemma 19.11 to this equation, we derive our desired 
conclusion for the case M = > 3. 

We now prove case B of Lemma [1.31 in the case, M = /i — 1 > 2. Slightly 
abusing notation, we carry over the notation from the previous discussion, only 
now = 0. In this convention, the /i-tensor fields in (|1.6p of maximal refined 
double character will correspond to the index sets ^k^, h = 1, . . . , 7. 

We can again make use of equations (|9.17p and (|9.18p . where we now have 
that = 0. We then subtract these two equations, obtaining a new true 
equation. Since Qh — [M — 1) < as before, we may divide by that constant 
and set (j)u+i = v. That gives us our desired conclusion. □ 



9.6 Proof of Lemma 11.31 in the subcase M = /i = 2. 

As before, the two main ingredients from the earlier discussion that we will be us- 
ing here are the grand conclusion, and also the equation (|7.6ip . Im^^^^ [Lg] ~ 0. 

This case presents certain particular difficulties. We first divide = L2 
into two subsets: We say / G L^'^ if the two free indices , belong to different 
factors. We say I G L^'^ if the two free indices , belong to the same factor. 
We recall our Lemma hypothesis L* = which ensures that for each I e L^''^ 
we cannot have ^^,^3 belonging to a factor V^^^fi/j. 

Firstly let us understand what the refined double characters associated to 
Ksimp are. This is easy to do, in this case: We denote by Fi,. .. ,Ft the list 
of factors in Ksimp which are contracting against a factor Vtjjh or are of the 
form V'^P-'ily. The rest of the factors Fi in K^ imo that do not belong to this list 
will be generic factors of the form v("')/;,^-^, |i59| jnjq^^ fQj. each ft, < r we may 
unambiguously speak of the factor F^, . 

For each h < t, we denote by L^'^l'' c L^'" the index set of the 2-tensor 
fields Cg'*i*2 with the two free indices ii,^^ belonging to the factor F^. On the 
other hand, we index in L2,o|r+i ^ ^2,0 g^jj ^^le 2-tensor fields which have the 
two indices i-^^i^ belonging to a generic factor V'^^^^ Rijki- We observe that: 



Notice that (in this subcase) the 2-tensor fields of maximal refined double char- 
acter (in (|1.6p ) are the ones indexed in L^'". Observe that the index set 
UzGZ' -^^ "^^^^ correspond to one index set L^'^^'^. We denote the h that 



-"^^^Recall that a generic factor is a factor of the form ^^"^'^ Rijkl that is not contracting 
against any Vc/i^. 
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corresponds to this one index set by a. We recall that the factor is called 
the critical factor. 

Now, for notational convenience we will be assuming that the free index 
in each Cg''^^'^^,l G L^'" is a derivative index. This can be done with no loss of 
generality by virtue of the assumptions of Lemma ll.3l (no special free indices in 
any C^'^i*^ and also i+ = 0). 

For any a, 5 < r we now denote by L^'^\'^'^ the index set of the 2-tensor fields 
indexed in L^'^ with the additional feature that one free index belongs to Fa 
and the other to Ft,. On the other hand for any a < r, we denote by L-^''^\°'''^+^ 
the index set of the 2-tensor fields where one index belongs to the factor Fa 
and the other belongs to a generic factor V^™'^ Rijki. Finally, we denote by 
^i,i|-r+i,T+i ^j^g index of the 2-tensor fields where both free indices belong to 
(different) generic factors V^^'i?^^;. Recall that we may assume wlog that if 
Fa or Ff, are simple factors of the form S^\7^'''> Rijki, then L^'M^-b _ 

We distinguish two subcases: Either the critical factor F^ is in one of the 
forms jki, or it is in the form V'^"^'' Rijki. We first consider 

the first subcase. 



Proof of case Af = /i = 2 when the critical factor is in one of the forms 

We will firstly show that for each pair (a, 6), (where b^aifa<T + l and 
neither Fa, Ft, is a simple factor of the from S',V'^'^^i?yfe;): 



J2 aiCY'^'iSli, . . . , rip, (/-i, . . . , 0„)V,,wV,,u+ 
ieLi.ii".'' 



(9.24) 



here stands for the tensor field that arises from Cg'*^*^ by erasing 

the (derivative) index and adding a free derivative index onto F^ (and S'*- 
symmetrizing if needed). X]/i6ff ■ ■ ■ stands for a generic linear combination of 
acceptable 3-tensor fields with a w-simple character Ksimp- ■ ■ ■ stands for 

a linear combination of contractions that are simply subsequent to Ksimp- 

Note regarding the notation in \9.24^ : For each b < t the tensor field 
C'g*^'**^''(r2i, . . . , 01, . . . , 0„) is well-defined. On the other hand, if b = 
T + 1 C'g*^'*'^^^^(f2i, . . . , Q,p, 01, . . . , 0tj) will be the sublinear combination in 
Vi, [Cg'*^ (r^i, . . . , ^p, 01, . . . , 0ti)] where V^^ is only allowed to hit one of the fac- 
tors V'^^^^Rijki which are not contracting against a factor V0/i. Furthermore, if 
a = T + 1 we additionally require that Vi, can not hit the factor V^™-'i?ijfc; to 
which belongs. 



q'^i*^(r!i,...,f]p,0i,...,0,)V,,W,;,i;; 
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We will show (|9.24p below. For now, wc show how (|9.24p imphes our claim. 



Proof that ^9.24^ implies our claim ( when the critical factor is in one of the 
forms V^^^^h, SfV^^'> Rijki): We make note of a straightforward corollary of 
(|9.24p : Making the Vu's into Xdiv^s (using the last Lemma in the Appendix of 
[3]) and substituting this into our Lemma hypothesis, Lg = , we derive: 

^ aiXdiv^^Xdiv^^Cl;'''^{ni, . . . , rjp, 0i, . . . , 
J2 aiXdiv,,Xdiv,,Cl''''^{ni,...,np,<j>i,...,(l)u)+ 

^ aiXdiv,,Xdiv,, J2 c'g''\''^\n^,...,np,<t>u---Au) + 

Y aiXdiv,,xdiv,,cl''''^{nu...,np,^i,...,(j)u)+ 

l<c<d<T+l,cM^a l£L'^, 111, d 

J2 ahXdiv,, . . . Xdiv,,C^/'-'' {ni, . . . , rip, 01, . . . , 0„) 

heH 

+ ^a,q(f7i,...,r!p,0i,...,0„) = 0. 

(9.25) 

In particular, we have succeeded in replacing the old sublinear combinations 
X]ieLi.ii°.<^ . . .of 2-tensor fields with the two free indices belonging to different 
factors with new ones, which in particular arise from X^gl^ oI" precise 
way outlined above. 

Now, we will be applying the grand conclusion to (|9.25p . making Fa the 
selected factor. We will be interested in the 2-tensor fields in the grand conclu- 
sion that will have the factor V</)„+i and the free index contracting against/ 
belonging to the crucial factor Fa- 

Now, in order to apply the grand conclusion we must check that the extra 
claims are satisfied in this setting. We indeed have that L2 — ^ by hypothesis 
and also that = 0, by inspection in (|9.25p . Then, we apply Lemma [9.11 to 
obtain an equation that is the same as (j9.25p only with the additional restriction 
that the index set H is replaced by an index set H' which indexes terms which 
are contributors which are acceptable and have w-simple character Ksimp and 
V(/)u+i not contracting against a special index. In view of this, we may now 
apply the grand conclusion to (|9.25p and we obtain an equation: 
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'^■^ (9.26) 

heH 

^a-jCliVLi, . . . ,rjp,0i, . . .,(l)u+i) = 0- 

Here qa stands for the coefRcient between parentheses in the grand conclusion 
(see the discussion after the "grand conclusion" -recall that the coefficient 
depends on the form of the selected factor Fa) with —2 for the factor Fa, 
while Ga,* = — v^a (recall the definition of 2^ from the discussion above 

the "grand conclusion"). Here all the 1-tensor fields are acceptable, and also 
have the factor V^u+i contracting against the factor Fa- Moreover, the 2-tensor 
fields indexed in L have the free index not belonging to the selected factor Fa ■ 
(It will in fact be a non-dangerous index in some factor other than Fa). Ter ms 
indexed in H are contributors. Now, applying Lemma 19.11 if necessary 
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we 



may also assume that V(/)u+i is not co ntrac ting against a special index in Fa 
for any of the tensor fields indexed in ff F^^I 

Observe that 2{qa + (Ja,*) < (q^ < because = 2). 



But then, just applying Corollary 1 in [Bj^fj to the above (and picking out 
the sublincar combination where V^u+iiVu are contracting against the same 
factor), we derive an equation: 

(2g„ + 2a„,,) ^ a/C^'*i*^(f7i, . . . , 0i, . . . , (/)„)V,, 

ahXdiVi., . . .Xdm^Cg-''^---'-'{ni, . . . , fip, 0i, . . . , (/)„)Vii(/)„+i V^^-u-t- (g 27) 

heH 

^ajC^g{ni, . . . . . .,(l)u+i,v) = 0. 

Setting (f>u+i = V we derive our claim in this case M = /i = 2. 

Proof of (|9.24p : We pick out some h ^ a and will show our claim for the 
index set L^^^'^"^^'. We distinguish two cases for the proof, based on the form 
of the factor Fa- Either Fa is of the form V'^^-'fifc or of the form S^V'''^^ Rijki- 
We begin with the first case, which is the easiest. 



160'pj^gj.g jg danger of falling under a "forbidden case", by inspection. 

^^^Recall that a special index is an internal index in some factor V'™'-Rijfc( or one of the 
indices a,,; in some factor S» V^'^'-Rij^j . 

Notice that for the tensor fields of minimum rank there is a non-special free index. 
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First case: the factor Fa is in the form V^P^ri^; We consider the equation 
Lg(rii, . . . , ilfc-i, ilk ■ </'ti+i, • ■ • ^p, 4>It ■ ■ , 4>u) = and we pick out the subhnear 
combination Tg(V0„+i) of complete contractions of length a + m + 1 with a 
factor V(/)u+i contracting against F},. Clearly, it follows that rg(V(/)„+i) = 0, 
modulo complete contraction of length > cr + u + 2. Moreover, we calculate: 

+ 2 aiXdiv,,C'g''\''-\nu...,%,4>u---(t>u)V,,4>u+i 

+ Y aiXdiv^^C^^'^ (f^i, . . . , f7p, . . . (/)„)V,,0„+i + 

Y dhXdiv,^ . . .XdiWj,Cg''i---''(rJi, . . . . . >„)Vjj0„+i 

heH 

+ X! ^j'^ff (^1 ' ■ • ■ ' ^P' "^1' ■ ■ ■ " ^' 

(9.28) 

here the tensor fields indexed in L' have the free index not belonging to the 
factor Fa and also have a u-simple character Ksimp and V0„+i is not contracting 
against a special index in Fa ■ The tensor fields in H have a u-simple character 
Ksimp and have rank t > 3. The factor V(/)„4.i may be contracting against a 
special index in Fa , and in that case if t = 3 then the other two free indices must 
be non-special. Also, we note that the tensor fields indexed in L', H potentially 
have one non-acceptable factor Vilk (with only one derivative), and in that case 
if t = 3 then the two free indices are not special. We call the tensor fields with a 
factor Vf2fc or with the factor \/(f>u+i contracting against a special index "bad" 
tensor fields. 

In the case where Vftk is not contracting against a factor V(f>, we may "get 
rid" of the bad tensor fields in (|9.28p (modulo introducing tensor fields in t he 
general form J2ieL' ■ ■ ■ ' J2heH ■ ■ ■ which are not bad) via Corollary 2 in [Sj^or 
Lemma 4.7 in that paper. In the case where Vfifc is contracting against a factor 
V(j), we may "get rid" of the bad tensor fields in (|9.28p (modulo introducing 
tensor fields in t he g eneral form J^ieL' • • • ' TlheH ■ ■ ■ '^tiich are not bad) via 
Lemma 4.6 in 

Therefore, we may assume wlog that all the tensor fields in (|9.28p are ac- 
ceptable and V(j)u+i is not contracting against a special index. Therefore, this 
modified equation (|9.28p shows (|9.24p in the case Fa = V'^'^^ila;. 

Proof of \9.24^ when the crucial factor Fa is in the form S.^V^'^'^ Rijki'- 

leS'pjjjg applied since the terms with minimum rank do not have special free indices, 

hence there is no danger of falling under a "forbidden case" . 

I64rp[^jg Lemma can be applied since the terms with minimum rank do not have special free 
indices, hence there is no danger of falling under a "forbidden case" . 
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We define an operation Linkab that acts on the complete contractions in 
Lg (recaU that Lg stands for the LHS of the hypothesis of Lemma II. 3[) by re- 
writing them in dimension n + 2 and then hitting the factor Fa by a derivative 
Vc and the factor Fb by a derivative V^. (As long as the weight of the complete 
contractions is — n — 2, we will be considering the re-writing of our complete 
contractions in dimension n + 2). 

We now consider the Imaae\l^_^^ [Lg] Recall the sublinear combinations 
Image^^^^'^^'^"[Lg], Image^^^^'^^~^"'^^[Lg]. We recall that in the sublinear combi- 
nation of length cr -f M -|- 1 in Image^^^_^ [Lg] we can still identify the factors 
Fa,Fb. On the other hand, in the sublinear combination of length cr -I- u in 
Image^^^^_^[Lg] we will now define the factors Fa, Fb'. Recall that any complete 
contraction C*(ili, . . . , fip, 4>u+i^ 4>It ■ ■ i4'u) in this sublinear combination has 
arisen by replacing a (possibly symmetrized) curvature factor V^-^'^Rijki by an 
expression V^^+^Vu+i 9, provided the two indices in g then contract against 
two indices in the same factor. Now, if the curvature factor that was replaced 
was not Fa or Fb, then we can straightforwardly identify Fa or Fb in C*. If the 
curvature factor that was replaced was Fa, we will now define this new term 
V(P+2)0„+i to be the factor Fa. We use the same convention if the factor Fb 
was the curvature term that was replaced. 

Thus, we can define the operation Linka^b[- . . ] on the complete contractions 
in the sublinear combination Image]^^^_^[Lg]. 

In view of the equation Image^^^^_^ [Lg] ~ we derive an equation: 

Linka,b{Image]i;^^_^[Lg]} - Image]j;^^_^[Linka,b{Lg}] = ^ a^Cg {(j)u+i) , 

(9.29) 

which holds modulo complete contractions of length > a + u + 2. The complete 
contractions C^' have length cr-|-u-f 1 and a factor V*^^Vu+i) P > 2. Wc observe 
that the left hand side of the above consists of complete contractions with length 
> (7 + u + 1. Thus, we can derive: 

Linka,b{Image^^^^_^[Lg]} - /magej,'^^ JLm/ca.hl^g}] = 0, (9.30) 

modulo complete contractions of length > a + u + 2. 

Moreover, any complete contraction of length a + u + l in the left hand side 
of the above will have a factor V(?!)„+i and an internal contraction involving a 
derivative index. We denote the left hand side by Diff[Lg]. Wc then define 
Diff*[Lg] the sublinear combination of complete contractions where V^„_|_i is 
contracting against the factor Fa and the internal contraction belongs to the 
factor Fb- We then derive: 

Dtfr[Lg]^0. (9.31) 

Recall the definition of this sublinear combination from [8]. 
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It is actually quite easy to understand how Diff*[Lg] arises from Lg-. 

Description of the linear combination Diff*[Lg]: Let us write out Lg as a 
linear combination of complete contractions: 

^9 = ^'^tC'lifll, . . . ,17p,(/)i, . . . 

teT 

Then, for each t G T we denote by Z* the set of particular contractions {x,y) 
in Cg for which ^ belongs to Fa and y belongs to Fi,. We formally define 
-ReP(a;,i/)[C'g] to stand for the complete contraction that arises from C* be erasing 
the contraction g^^ and making ^ contract against a factor V^(f>u+i and then 
adding a derivative index onto the factor Ff, to which the index y belongs (so 
now y is contracting against and we have obtained an internal contraction). 
We then calculate: 

{0^)Dtfr[Lg]=Y.at R^Pi^.y)K]^ (9-32) 

modulo complete contractions of length > a + u + 2. We also define Rep*^ ?/)[■■■] 
to stand for the operation that replaces the internal contraction (y,y) by an 
expression (V^w, y). By virtue of the operation Sub^^ (defined in the Appendix 
of [3]) apphed to (|9.32p we derive: 

modulo complete contractions of length > cr + m + 3. 

Now in order to prove our claim (|9.24p . we define the operation iJifJ"^"*^ 
that acts on complete contractions and tensor fields by hitting the factor Fa by 
a derivative index which we then contract against some factor V'^u+i (and 
in addition since Fa is in the form S^V^'^'^ Rijki we S',-symmetrize. 

Furthermore, by construction we now observe that we can then write the 
right hand side of the above as: 
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teT (x.,y)ez* 

= cllXd^v,,H^tJ;^-+'C'/''%nl,...,np,^l,...,(j)u)y^,u; 
Y aiXdiv,, Cl''^'^'' , . . . , l]p, 01 , . . . , 0„) V,, 
^ Cf , . . . , l]p, 01 , . . . , 0„) V,, 0„+i V.,a;; 

(9.34) 

here the tensor fields indexed in L are all acceptable and have the feature that 
the free index does not belong to Fa. Moreover, for each tensor field indexe d in 
L both the factors V^u+i, are not contracting against dangerous indices 
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The tensor fields indexed in H each have w > A and are necessarily accept- 
able. Moreover, either one or both of the factors V0„+i, may be contract- 
ing against special indices (if they are contracting against curvature factors) 
Furthermore, the tensor fields indexed in J are u-subsequent to Ksimp- 

Now, we break up the index set H: We index in the tensor fields 
that have the factor V0„+i contracting against a special index in the factor 
Fa = S^y'^"^ RijM- We want to derive an equation that will be precisely like 
(|9.34p . only with the extra restriction that H^, — 0. 

Proof that we may assume wlog that = % in {9.34\l : We may assume with 
no loss of generality (by just switching the last two indices in a curvature factor) 
that for each h G iJ,, V0„+i is contracting against the index k in i^^. We then 
denote by 

c^^^--- (r!i, . . . , r, 01, 4, , . . . , . . . , 0„) 

the tensor fields that arises from C*^-*! - ** by replacing the expression 

sM:l,,^R^JklV'Ky''K+lV'^y, . . . V'0j,, 

by v|.^+j;^^*"^^V (recall that t > 0). (Notice that we are obtaining complete 
contractions of weight ~n',n' < n, and moreover with ai + a2 = s — 1). We 



Recall that a dangerous index is either an internal index in some V''"'-Rijfei or an index 
I in some S* V^^-'-Rijfc;, or an index j in some StRijki- 
leTrpj^jg follows by construction, since these tensor fields arise from the tensor fields of mini- 
mum rank 2 in ljl.6|l . all of whose free indices are non-special. 
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observe that all the tensor fields thus constructed will have the same (u— — 1))- 
simple character, which we denote by Cut{Ksimp)- Then, we derive an equation: 

4>vi 1 • • ■ I 0yt-i ! ■ ■ ■ 4>u)'^i2^ 

heH, 

+ • ■ • • ■ • • ■ -i^yt-i,- ..(/'«) Vj^cJ = 0, 

(9.35) 

where each C^'*^ is simply subsequent to Ksimp- 

Let T > 2 be the minimum rank of the tensor fields appearing above, and 
suppose they are indexed in H^ r- Thus, (except for some special cases which 
we will treat momentarily), we apply our inductive assumption of Corollary 1 
in 'S] to the above P^ and derive that for some linear combination of acceptable 
tensor fields (indexed in P below) with a simple character Cut{ 

anC^g''^-'^-' {Vti,..., Vtp, y, 01, 4i , • ■ ■ K-i ' ■ • • ' 0«)V,,u;V,3U . . . V^_,u- 

'Pyi 1 • • ■ 4'yt-i : ■ ■ • 1 0u)Vi2tjVi3U . . . Vi^^jU 

= ajCl^'^-'^-^ (^^1, • ■ ■ , Y,(j)i,^y,,... (j)y^_, , . . . , (j)u)Vi^ujV^^v . . . V^^-lV. 

(9.36) 

Now, we act on the above by an operation Op that formally replaces the 
expression V^^^^ ^^^u+iV'^j^^ by an expression 

Thus, as explained in the proof that Lemma 3.1 in [6] implies Proposition 2.1 
in [5], we derive a new equation: 

Y a/iC^'''-'"-' (rJi, . . . , r2p, 01, . . . , 0„)V,;i0„+iV,,wV,3W . . . V,^_,v = 

Y ahC^-'' -'-' (f^i, . . . , lip, 01, . . . , 0„)V,,0^+iV,,wV,3W . . . V^^_,v+ 

Y apXdiu,^CP/^-'^ (f^i, . . . , flp, 01, . . . , 0„)V,,0„+iV,,wV,3u . . . V,^_,u+ 

pS-P 

Y ajC^/'-'--' (f^i, . . . , f)p, 01, . . . , 0„)V,,0„+iV,,tjV,3i; . . . V,^_ii;, 

(9.37) 

Except when there are "forbidden cases" appearing in the above— we will treat that case 
below. Note that if r = 2 HQ. 351 1 can not fall under a forbidden case, since all free indices in 
the terms of minimum rank will be non-special. 
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where the tensor fields indexed in H'^ are acceptable, have a w-simple character 
i^aimp and the factor V(/>„+i is contracting against Fa, but not against a special 
index. The tensor fields indexed in J are simply subsequent to Ksimp- 

Now, replace the Vu's by Xdivs, and then replace into (|9.34p : iterating this 
step gives our desired conclusion (which is an equation in the form of (|9.34p 
with =0). If at that last step of this process we fall under a "forbidden 
case" of Corollary 1, we apply instead the "weaker version" of Corollary 1 from 
the Appendix in [5]. As we have noted above, r > 2 is we fall under "forbidden 
cases" , hence the "weaker version" of Corollary 1 gives us our claim. 

Therefore, we may now assume that each of the tensor fields indexed in H 
have the factor \/(j)u+i not contracting against a special index in i^^. □ 

Now our claim is only one step away: We apply the operation Eraseff,^j^-^ 
in (|9.34|) (since = and Fa is a non-simple factor of the form St:'S/^'^^ Rijki) 
this is well-defined). This is precisely our claim for (|9.24p . 

Proof of our claim when the critical factor is of the form V^"^^ Rijki : An 
important observation: This hypothesis means that there are no 2-tensor fields 
in L2 in our Lemma hypothesis with two free indices belonging to the same 
factor of the form V^-^^n^ or S^V'^^^ Rij-ki. This follows by the definition of the 
critical factor. 

We denote by Fi,...Fr^ the non-generic factors V^"^'>Rijki in Ksimp- We 
will then have that Lj'*^ = U/Li L^'^^'^ [J L^'^^'^'^^ ■ Again denote by Lj'^'" the 
index set that corresponds to Uzez' Thus the critical factor will again 

be denoted by Fa (it will now be in the form V^''"'^ Rijki)- Wc first consider all 
the sets L^^il"''', 6 = n + 1, . . . 5 = r for which Fb is not in the form V'^'^'' Rijki 
(and is also not a simple factor of the form SitV'^^^ Rijki)- In that case, we claim 
that we can write: 



Xdiv,,Xdiv,^ ^ ajC^^'i'^ (fJi, r2p, 0i, ...,(/)„) = 

iGLi.il".'' 



la. T 2,0 a 

. . (9.38) 
^ OhXdiv^, . . .Xdiv,^C^ '^ -''{ni, . . . , rjp, ^1, . . . ,(/)^) 

heH 

where the tensor fields indexed in H w-simple character Ksimp and are acceptable 
and have t > 3. The complete contractions are w-subsequent to Ksimp- Note 
that if we can show the above, then by applying Lemma 110.21 we may also 
assume that they satisfy all the extra hypotheses of Lemma 11.31 pertaining to 
the extra claims. 
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Secondly, we consider the tensor fields indexed in L^-^\'^ '' where Ff, is in the 
form \/'^"^^Rijki, where if a £ {1, . . . , ri} then b ^ a (if a = ti + 1, there are no 
restrictions). We claim that we can write: 

Xdm^Xdivi^ ^ a,C^''i'^(f7i, . . . ,rjp,0i, . . . = 
- Xdivi^Xdiv^^ ^ a;C'g'*'''*^''(rii, . . . , f2p, (^i, . . . , 

-XdiVi^Xdm^ a,C'^''ll*-~'°(f]l,..., rip, (/)!,..., (/)„)+ (-g gg-j 

J2 ahXdiv,, . . . Xdiv^^C^/^-'^ . . . , rip, ,^1, . . . , 

heH 

+ X! ■ • • , ^^p, 01, ■ ■ ■ , -^u), 

with the same notational conventions as above. 

Proof of i9.38\) and \9.39\) : Both equations are easy to derive: We just con- 
sider the equation I'm]p^_^^[Lg] = (see (|7.6ip and we pick out the sublinear 
combination where V(/)„+i is contracting against and Vw against F},. We 
then change both \7(f>u+i and Voj into Xdivs. □ 

Derivation of Lemma \l.S\ in the case M = /i = 2 from the equations \9.38\) . 
i9. S9\] when the critical factor is of the form \7'^"^^ Rij^i: Some notation: For 
each a <Ti and each b < ti with 6 7^ a or 6 = r + 1, we denote by (^^'{^i*^}^^'^ 
the tensor field that formally arises from C^'*^*^, I £ L^.oia ^Yasing the two 
free indices V^^ , from Fa and adding them onto the factor Fi, (if 6 = r + 1 
we add them onto any generic factor V^''^^Rijki and then add over all the tensor 
fields we can thus obtain). For a = t + 1 and 6 < ti we define (jg^^^^^^^'^'' in 
the same way. lia^T + l,b = T+ l, we impose the extra restriction that the 
free indices are erased from the factor F^ to which they belong and then we add 
them to any other generic factor V^^^^ Rijki other than F^; we then add over all 
the tensor fields that we have obtained. 

Now, for each a < ri and also for a = r + 1 we consider the grand conclusion 
with Fa being the selected factor. We denote by X]teT„ o-tC^^^^ a generic linear 
combination of acceptable vector fields for which the free index does not 
belong to Fa- We then derive an equation for each such a: 
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-2 ^ J2 alXd^v,,Cl'^''''^-^-inl,...,np,(j)l,...,q^u)y^,(|)u+l 

6e{j,...,ri.r+l},g^2.0|b 

(9.40) 

where each is simply subsequent to Ksimp and each of the tensor fields indexed 
in H have t > 3 and are otherwise as in the conclusion of Lemma 11.31 The 
constant qa is equal to n — 2u — /i — 2 and is strictly positive (therefore observe 
that — 2qn — 2(gi — 2+(7 2) < 0). Therefore, by applying the inductive assumption 
of Corollary 1 in [6.1221 we derive an equation, for each Fa in the form V^-^^^ Rijki'- 



bG{4,...,Ti,r + l};g^2,0|b 

Vii(/)„+iVi2W + ^ ahXdivi.^Cg''^---''*{^li, . . . ,flp, (j>i, . . . , (j)u)y i^4>u+i^ 

heH 

(9.41) 

We are therefore reduced to proving our claim under the assumption that the 
sublinear combination X^ieL^-" ^iC'g*^*^ in our Lemma hypothesis can be ex- 
pressed in the form: 

b£B 

where the complete contractions Cg are in the form (|1.5p . have weight —n + 4, 
are acceptable of simple character Ksimp- The symbol ^i^l^^'^"''^ means that we 



^^^The terms of minimum rank above all involve terms with non-special free indices, hence 
there is no danger of falling under a "forbidden case" . Also, we fall under the inductive 
assumption of that Lemma because we increased the number of factors S/(f>h, while keeping 
all the other parameters of the induction fixed. 
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may hit any factor of the form V^^^Rijki , and then we add over all these factors 
we have hit. 

Therefore, applying (|9.38p and (|9.39p to this setting we may in addition 
assume that the sublinear combination of 2-tensor fields in p.6p where one free 
index belongs to a factor V^™'i?ijfe; and one to a factor Si,V^'^'^ Rijki is: 



beB 

where the symbol outside brackets means that we are considering the sublinear 
combination in V^^]^ where is forced to hit a factor V^^^^Rijki and is forced 
to hit a factor S^V'^'^^ Riju (and we can analogously obtain a new true equation 
for the sublinear combination of terms where one free index belongs to a factor 
V^"^^Rijki and the other to a simple factor of the form V^^-'fi/j). 

Moreover, applying (j9.39p and making V0„+i, Vu into Xdivs, (by virtue 
of the last Lemma in the Appendix of [3]) we may assume that the sublinear 
combination of 2-tensor fields in (|1.6p where both free indices , belong to 
(different) factors ^^"^^Rijki is: 



beB 

where the symbol outside brackets means that we are considering the sublinear 
combination in V'"^'^ where i-i,i2 are forced to hit two different factors of the 
form V(")%fei. 

Now pick any A Cz {1, . . . ,ti + 1}. Applying the grand conclusion with Fa 
being the selected factor, we derive: 



-2gi - 2(ai - 1) - 2a2) ^ a^Mz;,, V^;l;^'^^^^^^C^^(f}i, . . . . . 



beB 

Vii0„+i + ^^atXdivi^Cg^^^^ {ill, • ■ • , f^p, <Ai, ■ • ■ , (l>u)Vii4'u+i + 
teT 

^ ahXdivi^ . . . Xdivi^C^'"'--'* (f^i, . . . , ^Ip, . . . , (f>u)V i,(pu+i + 

heH 

^ajC^gifli, . . . ,rjp,0i, . . . , (t)u+i) = 0. 

(9.42) 

The symbol in the first line means that we hit the factor Fa with two derivatives 
Vijij- Here the tensor fields indexed in T have not belonging to Fa- Since the 
coefficient in the first line is non-zero, we may apply our inductive assumption of 
Corollary 1 in [6] pick out the sublinear combination where Vu is contracting 
against Fi and then set 4>u+i = v. This is our desired conclusion. □ 



iTO'pjjg terms of minimum rank above contain no special free indices, hence there is no danger 
of falling under a "forbidden case". 
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9.7 Proof of Lemma 11.31 in the subcase fi = 1. 

We proceed to show the remaining case for Lemma [T751 the case fj, = 1. Recall 
that by Lemma 110.61 we may assume that there are to 1-tensor fields in our 
Lemma hypothesis for which the free index belongs to a factor S^.V^'^'^ Rijki- 

Special cases: We single out certain special cases which will be treated in 
a Mini- Append ix a t the end of this paper. The "special subcases" are when 
(72 > in KsimpEm and the terms of maximal refined double character in (jl.6p 



either have no removable index P^^I or the refined double characters correspond 
to the form: 

conir(V(/^ee)%tttJ ® %tttJ • • • ® 

( 9 43 ) 

s*Rim «)•■■«) (g) v^y^^i «) ■ • ■ v^j'rip ® v^i » • • ■ ® V0„). 

(In the above, each index j must contract against another index in the form 
jj; the indices y are either contracting against indices tt,j, or contract against a 
factor V0h). We remark that in the rest of this proof we will be assuming that 
the terms of ma ximal refined double character in (|1.6p are not in the form (|9.43p 
with 0-2 > O F^ 

In this case the different refined double characters of the vector fields C^''^^ , I G 
Li are fully characterized by specifying the factor in Ksimp to which i-^ belongs. 
Recall the discussion on the index sets L^,z & ^Max- Observe that in this case 
the index set Z'j^^^ will consist of one element, and the sublinear combination 
stands for the sublinear combination of 1-tensor fields in the LHS of the Le mma 
hypothesis for which the free index belongs to the critical(=crucial) factor V^ 
Denote by Fa the crucial factor. 

Again, we start with the case where the critical factor is of the form 

Proof of the claim when the critical factor is in the form V^^'^Vtu: 
We denote the index set of the 1-tensor fields in the Lemma hypothesis where 
belongs to the crucial factor by i". (In other words IJzez' — )• 

We will then initially be using an analogue of (|9.24p . We introduce some 
notation to serve our purposes. 

Notation: For each / G Li, we denote by Cg(rii, . . . , fip, 0i, . . . , 0„) the com- 
plete contraction (of weight —n+2) that arises from (17i, . . . , fip, 0i, . . . , 
by erasing the (derivative) index ^ ^ . For each x < Ui , we then define 



^'^^We recall that c72 stands for the number of factors 5, V^^-'-R^jfe; in Ksimp- 
^'^•^In particular, all their factors must be in the form Rijki, StRijki without derivatives, or 
in the form V(2)n^. 

fS^g gjj.g again applying the convention that wc do not write out any derivative indices in 
a factor ^^"^^ Rijkl that contract against factors V0). 

Recall that given the simple character Ksimp of the tensor fields appearing in the hypothe- 
sis of our Lemma, the crucial factor is either a well-defined factor in one of the forms Vt-^'Hi,, 
V(™)Hijfc;, St^^""> Rijki or the generic set of factors ^^"^^ Rijkl that are not contracting 
against any factor Vt/i^. 
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Passim [Cg(r2i, . . . , V,p, 01, ... , </)„)] as follows: If a; < tJi, it will stand for the vec- 
tor field that arises from Cg by hitting the x*'* factor '^'^'"^^ Riju by a derivative 
index V^j . 

For each a; < CTi, we denote by C Li the index set of the vector fields in 
our Lemma hypothesis for which belongs to the x*^ factor. We denote by 
the (u + l)-simple character that arises by contracting the free index against 
a factor V(/)„+i. 

We will prove that for each x, \ < x < ax: 

+ aiPassi'Clj'''{ni,...,np,(l)i,...,(j)u)V,,<j>u+i + 

(9.44) 

J2 ahXdiv^.C''/''- (Oi, . . . , (/.I, . . . , 0tt)Vij0„+i + 

^ fljC^'-'i (i7i, . . . , rjp, 01, . . . , (t>uWn (t>u+i = 0, 

modulo complete contractions of length > a + u + 2. Each C^''^ is w-subsequent 
to Ksimp, each vector field C^'*^'^ has a u-simple character Ksimp, {u + l)-weak 
character Weak^Kx) and is either acceptable or has one unacceptable factor 
VfJft,. We will discuss how (|9.44p follows below. Let us now check how it applies 
to show our Lemma. 

Proof that ^9.44^ implies case B of Lemma \l.3\ in this case /i = 1 when the 
critical factor is of the form V'^-'fi/,,; 

We make the factor V0„+i into an Xdiv in each of the above equations 
(appealing to the last Lemma in the Appendix of [3]), and then we replace the 
sublinear combination 

o"l 

Xdiv,^ Y aiCl''' (111, . . . , rjp, 01, . . . , 0„) 

x=i leLi 

in our Lemma hypothesis by 

CiiXdiv,,Passl'C'/^nu ... ,np,(bi, ... ,cj)u)+ 
Y ahXdiv,,Xdiv,^CY''^ (rii, . . . , rjp, 01, . . . , 0„)+ (9.45) 

^ ajC^(rji, . . . , rip, 01, . . . , 0„). 
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Thus, we obtain an equation: 



aiXdiv^, (Oi , . . . , rjp, 01 , . . . , 0„) 

aiXdiv,,Pass\'&g'' [ni, . . . ,Vtp,(t>i, . . . ,(t>u)+ 

x=i leL^ 

aiXdiv,,CY' . . . , l]p, 01, . . . , 0„)+ (9.46) 

Y ahXdiv,,xdiv,,c^''^'- [ni, . . . , rip, 01, . . . , 0„)+ 

^ajC^(f7i, . . . ,r2p,0i, . . . ,0„). 

The vector fields indexed in Li are acceptable but belongs to sonic non- 
crucial factor in the form V^^^Qh- 

Again by inspection we have that = 0. By applying Lemma 19. H we 
may assume wlog that the tensor fields indexed in H are all acceptable. We 
also apply Lemmas 110.11 110.21 if necessary to ensure that the above fulfills the 
requirements to apply the "grand conclusion" . We may then apply the grand 
conclusion to the above, making Fi the selected factor. We derive an equation: 

J2 ahXdiv,, (Oi, . . . , l)p, 01 , . . . , 0„) V,,0„+i+ (9.47) 

heH 

5^a,q(f7i,...,f]p,0i,..., 

here the tensor fields indexed in H have a u-simple character Ksimp, a weak 
l)-character Weak{K'^-^p) and possibly one un-acceptable factor Vflh {qi stands 
for the coefficient inside parentheses in the first line of the grand conclusion, and 
it depends on the form of the selected factor). Using Lemma [?Tl if necessary we 
may assume that all terms in H are acceptable with a (w + l)-simple character 

simp ■ 

Now, under these assumptions, notice that if (— gi — J2x=i x^a ^ then 

dividing by this number we derive our claim. Let us now derive our claim in 
the case where {-qi - Yl,V=i,x^a '^x) = 0. 

The remaining case: Notice that the only case in which the number in 
parentheses is zero is when we have ui = (72 = and all factors V^^^Vlh have 
all their non-free indices contracting against factors V0ft • We also observe that 
furthermore there can only be one free index among all the tensor fields in our 
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induction hypothesis (in other words L>i = 0). In that case we just read off 
our claim directly from (|1.6p as follows: We break Li into sets Li,h = 1, . . . ,p 
depending on which factor V'-^^'ilh contains the free index. Then, for each 
pair 1 < hi < h2 < p we pick out the sublinear combination in (|1.6p where 
the one contraction not involving factors V(j)x is between V^'^-'fi/n , V^'-^-'ri/jj. 
This sublinear combination must vanish separately. We then erase the two 
(derivative) indices involved in these complete contractions and we derive: 

{E «'+ E (9-48) 

This then implies that X^ieLf o-i ~ ^ for every h = 1, . . . ,p, since p = a > 3. 

So, we only have to show (|9.44p . But this follows by the exact same argu- 
ment we used to prove equation (|9.24p in the case /i = 2: We replace factor 
crucial factor V^^^fl^ by V'-^^ilh ■ cj) in our Lemma hypothesis and then pick 
out the sublinear combination with a factor contracting against the x*'* fac- 
tor V^™^i?ijfc;. This sublinear combination must vanish separately and this is 
precisely our claim, (|9.44p . □ 

Proof of the claim when the crucial factor is of the form Riju^ Again, 
by the definition of the critical(=crucial) factor, it follows that no vector field in- 
dexed in Li will have its free index belonging to a factor V'^^'^^lh or S^^V'^^^ Riju- 

We then repeat the same argument as in the previous case: Let us denote 
by ii, . . . , L V-^\ all the index sets that correspond to the various factors 



Fi, . . . , i^r+ JUj to which the free index may belong. Recall that qi will 
stand for the coefficient in the first line of the grand conclusion; recall qi > 0. 
We distinguish two cases: Either = or qi > (recall qi is the coefficient 
between parentheses in the grand conclusion, in this case qi = n — 2u — fj, — 3). 
We first prove our claim in the first (very special) case. 

Subcase qi = 0: In that case we clearly have that ai = 1 and all the indices in 
each factor V'^^^flh are contracting against a factor V0j,, and also all the indices 
n, . . . , in each factor S^V'^"^ Riju are contracting against some factor V0'^. 
Furthermore, the crucial factor must be in the form ^i^}.rm^iiRijki (where 
n , . . . , r„ are contracting against factors V(/)a;)- So we can write: 

l£L[ b£B 

modulo longer complete contractions, where each Cg is an acceptable complete 
contraction of weight ~n + 2 with simple character iisimp and V^™*^ means that 
the derivative V,;j is forced to hit the (unique) crucial factor V^"^'' Rijki- 



^''^Recall that Fi,...Fri stand for the factors V'^'-Rij^; in K^j^p that are contracting 

against some factor Vi^/j. -Ft+1 stands for the set of factors ^^"^^ Rijkl in i^simp that are not 
contracting against any factors Vt/ij,. 
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We then pick any factor Fc ^ Fi {Fi is the crucial factor) and we apply 
the grand conclusion to Lg with Fc being the selected factor. We obtain an 
equation: 



beB 

</'«)V*^0„+i+ (9.49) 

^QjC^gini, . . . ,fjp,(/)i, . . . ,0„) = 0, 

modulo complete contractions of length > a + u + 2. Here the tensor fields 
indexed in H have a > 2 and have a u-simple character Ksimp and the factor 
V0ti+i contracting against Fc. They may also have one unacceptable factor 

Now, by applying Lemma IQ.lj^^^l we may assume wlog that for each tensor 
field indexed in H above there are no unacceptable factors and the factor Vt/i^+i 
are contracting against a non-special index. 

We then apply Erase^^^-^ to the above and then add a derivative index Vi, 
onto the crucial factor Fi, which we then contract against a factor Vi.^u+i. 
This gives us an equation: 



beB 

anXdiv,^ . . . XdiVi^C^^ '^ - ''^ {ili, . . . , rjp, . . . , 0„)V*i(/>„+i+ ^-g 

heH' 

^ajC^(rji, ... ,rjp,0i, ...,(/)„) = 0, 

where the tensor fields indexed in H' have a u-simple character Ksimp and are 
acceptable, and V^u+i is contracting against a non-special index in the crucial 
factor, by construction. This is our desired conclusion in this case. 

Subca se a i > 0.' Observe that we will either have qi > 2((Ti — 1) or qi = 



2((Ti — 1)1113 For both cases the starting point will be the same: 

We pick any c G {1, . . . ,ri,Ti -|- 1| a nd we consider the grand conclusion 
where we make Fc the selected factor We derive: 



i^'f'By inspection, the above does not fall under a forbidden case of Lemma l9.1l 
'^^'^Notice (by a counting argument) tliat if the 1-tensor fields of maximal refined double 
character in 111.61 1 are in the form 1 19. 431 1. then qi = 2(ai — 1). 
-'^''^Recall that Fc is always a factor ^'^^'^'l Rij^i. 
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ai{-qi - 2)0^' . . . , f)p, 01, . . . , (j^u)^ ^Au+l + 

6e{i,...,Ti,Ti+i} leL'i 

abC^/^ifli, . . . ,np,(j)i, . . . ,(j)u)V^,<j)u+l) (9.51) 

beB' 

+ aiXdiv,^ . . . Xdiv,^C^-''^---'y iSli, . . . ,np,(l)i, . . . ,(t)u)V = 

heH 

<Pu+l), 

where the tensor fields indexed in H and complete contractions indexed in J are 
as in the conclusion of the grand conclusion. The linear combination X^hes' ■ ■ ■ 
(defined in Definition 15. 2p arises only when the 1-tensor fields of maximal re- 
fined dou ble character in (|1.6p are in the form (|9.43p . Applying Lemma TO. II if 
necessaryl^3 we may assume the tensor fields in H are acceptable. 

Now, we divide by {—qi — 2), and we make V^^+i into an Xdiv and then 
replace into our Lemma hypothesis, (|1.6[) . We see that we are reduced to proving 
our Lemma ll.Sl in this case with the sublinear combination X^jgLi '^i ■ ■ ■ replaced 
by a new sublinear combination J^i^l '^i ■ ■ ■ with certain special features: 

Special features: Let us divide Li as before into Li, c G {1, . . . , ri, ri + 1}. 
Then the sublinear combinations J^ieL" ■ ■ ■ related as follows: There exists 
a linear combination of acceptable complete contractions 

^afC*(f7i, . . . ,r2p,0i, . . .,(/)„), 

with length a + u, weight —n + 2 and u-simple character Kgimp so that for each 
CG {l,...,ri,T + l}: 



^ azC^^'H^^i, • ■ • , f^P, '^1, • ■ • , '^n) = V*^ ^ atC*(r!i, . . . , f7p, (Ai, . . . , 

(9.52) 

where V^^ means that V'^ is forced to hit the factor F'^. 

Then, applying the grand conclusion with F'^ being the selected factor, we 
derive: 

iTgrpj^g Lemma can be applied, since we are assuming that we did not start out with the 
"special cases" , described in the beginning of our subsection. 
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i-qi + 2(cri - 1)) ^ atV^e [C*(f7i, ...,np,<j)i,..., (/)„)]V,, + 
teT 

aiXdiVi^ . . .XdiWj^Cg''i---'«(rii, . . . , lip, . . . , 0„)Vii(/)„+i = (9,53) 

je./ 

Thus, if qi > 2(cti — 1), since the quantity in parentheses is non-zero, we only 
have to apply Lemma 19.11 to ensure that all tensor fields indexed in H are ac- 
ceptable and we are done. 

If qi = 2((Ti — 1), we distinguish two further subcases: Either (T2 + p > or 
(72 = P = 0. 

In the first case, it again follows (from the definition of qi and a count- 
ing argument) that for each vector field in our Lemma hypothesis, the factors 
<S'*Vri?..r„-Ry"fci must havc all their indices n, ■ ■ ■ , r^, j contracting against factors 
V(/)'^ and all factors \7^-^^fl,j. must have at least two of their indices contracting 
against factors V0/i. 

Let us consider the first subcase: Making a factor Fd ^ '^'^"^^Riju into the 
selected factor and applying the grand conclusion we derive an equation: 

2aiVi^,[^ atC*(f)i, . . . . . . , K)]^ ^^<l^u+l + 

teT 

^ aiXdiv^^ . ..Xdm^Cf'^---''y{ni, . . . . . . ,0„)V,,0„+i = 

heH 

'^ajCl{VLi, . . . ,rjp,(/)i, . . . 

where the tensor fields indexed in H have V(j)u+i contracting against the selected 
factor Fc- As usual, they may have one unacceptable factor Vil^; but then 
V0tj+i will not be contracting against a special index. 

Now, by applying Lemma 19.11 if necessary, we may assume that all tensor 
fields indexed in H are acceptable and that V^u+i is not contracting against a 
special index in any of the tensor fields in (|9.54p . 

Under all the assumptions above, we apply the eraser to V0„+i to the above 
(notice that this can be done and produces acceptable tensor fields, by virtue of 
our assumptions) and then adding a contracted derivative index V'^ onto the 
crucial factor Fi = V'^"^^ Rijki^ and then contacting against a factor Vij0„+i, 
we obtain: 
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2 [C* (r!i, . . . , f]p>i, . . . , 0„)] V,, + 

tGT 

^ fliXdii;,, . . . Xdiv,^Cl;'''-^'''--'y . . . , l]p, 01, . . . , 0OV,,0„+i = 

heH' 

(9.55) 

This is our desired conclusion, in the case (T2 + p > 0. 

Finally, the case where a2 = p = 0, qi = 2{ai — 1). Notice that necessarily 
then, in our Lemma hypothesis there are no complete contractions C^ . Recall 
(|9.52p . which still holds in this case. 

Since gi = 2(cri — 1) it follows that each C* has the property that in each 
factor V'^"^^Rijki all the derivative indices must be contracting agains t a f actor 
V(/)/i. Therefore, each complete contraction in our Lemma hypothesi j^^"! must 
have precisely two derivative indices among all the factors V^™-'i?ijfc; that are 
not contracting against a factor \/(px (this follows by weight considerations). 

Also, the only tensor fields appearing in (|1.6[) . other than the ones indexed 
in Li can have rank 2 (recall that this sublinear combination of these 2-tensor 
fields is denoted by J2ieL2 ^i^g^^^^)^ ^"^^ ^^^V must be in one of two special 
forms: 

1. Either C^^^'^ will have two factors V^'^^Rijki with the indices i being 
free and all derivative indices contracting against some factor ^(px, and 
furthermore all the other a — 2 factors ^^"^^Rijki must have no free indices 
and each derivative index contracting against some factor V^^. 

2. Or Cg'*^'^ will have both free indices being internal non-antisymmetric 
indices in some factor 'V^"^'^ Rijuu and all derivative indices in all the other 
tJ — 1 factors V^"^^Rijki are contracting against factor V(j)x- 

Let us prove the claim in this case: Denote by L2^diff C L2 the index set of 
2-tensor fields where the two free indices , belong to different factors. Let 
Cg'*^'^ ((/)i, . . . ,(t>u)giii2 be the complete contraction that arises from Cg'*^*^ by 
contracting the two indices , against each other. 

Now, given a complete contraction Cg{4>i, . . . , (j)u) in the form (|1.5p with 
a M-simple character Ksimp, we denote by T[t] the number of pairs of factors 
(Tq, Th) with at least one particular contraction between them. 

We claim: 

^ azC^^^i'n(/.i,...,(/.„)5,,,, =^atr[i]C*((/.i,...,0„). (9.56) 

-'^^'^In other words, we momentarily think of each Xdiv in our Lemma hypothesis as a sum 
of complete contractions. 
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Let us check how the above imphes our claim: 



Proof that i9.56]) implies our claim: We wiU prove this inductively: Let M 
be the maximum value of T[t],t e T. Clearly M > (simply because the exist 
a pair of indices in two different factors that contract against each other, by 
construction). Denote by Tm C T the corresponding index set. We will then 
prove: 

teTA/ heH t£T' 

(9.57) 

here the terms indexed in T' are generic complete contractions in the form p.5p 
with a u-simple character Ksimp and weight —n + 2 and moreover T[t] < M . The 
2-tensor fields in J^heH^h ■ ■ ■ are as described in the claim of Lemma 11.31 If 
we can prove this, then by replacing the V(/)u+i by an Xdzti F^ replacing back 
into our Lemma hypothesis and then iterating this step at most four times, we 
derive our claim. 

Thus, matters are reduced to proving (|9.57p : 

Proof of {9.51^ : Refer to equation (|6.25p . In view of (|9.56p . we derive an 
equation: 

(9.58) 

Thus, dividing by M in the above, we derive (|9.57p . □ 

Proof of Ii9.56\) : For each C^^^^ ,1 G L2.diff, let us denote by Ti^ , Ti^ the two 
factors V^™-'i?ijfe; , V'™ Ri'j'k'v to which the indices ^^,^3 belong. 

Definition 9.3 We assume wlog that they occupy the positions Let us 

denote by i2di//' ^2diff' ^Idiff' ^idiff index sets of tensor fields for 
which the two factors Ti-^^Ti^ in C^'^i'^ iiave three, two, one and no particular 
contractions between them, respectively. Now, given any C^'*^'^, I £ L2,diff, 
we denote by Cg the complete contraction that arises by contracting against 
i2 and then hitting the factors Ti-^^^Ti^ by derivatives Vi, , V* (which contract 
against each other). 

Now, given a complete contraction Cg, t T, let us denote by Pair", Pair^ , 
Pair], Pairf the set of (ordered) pairs of factors {Ta,Ti,) in C* that have four, 
three, two and one particular contractions between them, respectively. Given 
any Cg,t e T and any pair of factors {Ta,Tb) e Pair" etc, we denote by 
HitT^^TiiCg] the complete contraction in Xdivi^V i^Cg where the derivative V^^ 
is forced to hit Ta and then the derivative V*^ in Xdivi^ is forced to hit Ti,. 

^^'^ (Using the last Lemma in the Appendix of [3]). 
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We will then prove that: 



J2 a;(5^ = E«* E HztT^^TdCli (9.59) 
E a;C^=^a, HitT^,n[C% (9.60) 

E a/C^-E«* E ^*^t„,tJC*], (9.61) 

E a^C^-E"* E ^*^T„.T.[C*]. (9.62) 

We note that il we can prove the above, then by j ust applying the eraser 
to the pair ol contracting derivative indices V* , V^^l^fj in aU four of the above 
equations and then adding, we derive (j9.56p . 

Let us first prove (|9.59p . which contains (in a simple form) the idea for the 
proof of the other equations. We will then prove (|9.60p . and explain how the 
other two equations follow by the same argument. 

Proof of S9.59\) : Pick ou t the sublinear combination in (|1.6p with two fac- 
tors V aRijki, a'Ri'j'k'i'i^ with five particular contractions between them. It 



is clear that this sublinear combination must vanish separately, and that the 
only terms in '^^^j^ atXdivi-^Cg'^^ that can contribute to this sublinear combi- 
nation from are precisely the terms X^teT '^t J2{t^ Th)£Pair'' ^''•Ta.Tt [C'g]. From 
J2ieL2 d ff ^i^divi^Xdivi^C^^^'^ , the only terms that can contribute to this are 
the tensor fields indexed in ^-jj, if we force the derivative V*^ to hit Ti^ and 
to hit . Our claim then just follows by the second Bianchi identity. □ 

Proof of l\9.6(J\) . k9.61\) . Ii9.62\) : Pick out the subhnear combination in (|1.6p 
with two factors aRijkh ^a'Ri'j'k'i' with four particular contractions between 
them. Denote this sublinear combination (which clearly must vanish separately) 
by Yg = 0. Let us also observe (by virtue of the Bianchi identities and the anti- 
symmetries of the curvature tensor) that the four particular contractions can 
either be according to the pattern V aRijki^ a' R^''^^ , or according to the pattern 
^ aRijki^"' Ri'''*'^ denote these two sublinear combination by Yg, Y^. It follows 
(using the variation of the curvature tensor by a symmetric 2-tensor Vij), that 

Now, notice that the only terms in "^^^rp atXdivi-^Cg'''^ that can contribute 
to Y^ are precisely the terms J2teT '^tJ2{Ta,n)£Pair^ ^^**t„,tJC*]. 
From 'Y^i^j^^^^^^aiXdivi^Xdivi^CY^^'^i the only terms that can contribute to 



^®^Note that by weight considerations there is exactly one such pair. 

183 are again not writing out the indices in those factors that contract against factors 
V</.;,). 
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this are the tensor fields indexed in ^2^1//' force the derivative V^^ to hit 
and V'^ to hit T^^ , and then apply the second Bianchi identity to replace any 

expression V* RijkiV'R'' j' by V Rijki^ sR" j^^ (the other term that arises in 
the second Bianchi identity falls into Yg ), or V* Riju'^^Ri'''^ v (no correction 
term in this case). 

(|9.6ip . (|9.62p follow by the same reasoning. Thus we derive our claim. □ 
We have shown Lcmma fl.3l when = 1, except for the special cases described 

at the beginning of this subsection. We derive Lemma 11.31 in those special 

settings in the Mini-Appendix below: 

9.8 Mini-Appendix: Proof of Lemma 11.31 when /i = 1, in 
the "special subcases". 

We now prove our claim in the special subcases, defined at the beginning of 
subsection (|9.7p : we recall that 0-2 > in the special subcases. We recall that 
by virtue of the assumption = in our Lemma assumption, we may assume 
wlog that all tensor fields of minimum rank 1 in (|1.6p contain no free index 
in any factor of the form S^V'^'^^ Rij^. We first consider the special subcases 
where the '-tensor fields of maximal refined double character in (jl.6p correspond 
to ((Oal) : 

The second special case, We recall also that no 2-tensor field in (|1.6p 

can contain more than one free index in any simple factor S^.V^'^^ Rijki , by weight 
considerations. Again by weight considerations, we derive that the maximum 
rank of tensor fields appearing in p.6p is 2, and moreover those tensor fields can 
have no removable free index. (In particular any given simple factor S^S/^"^^ Rijki 
must have v = 0). Moreover, for any /^-tensor field in (jl.6[) and any given factor 
S^.V^'^^ RijkiV^4'h can have — or v — 1. 

Now, denote by Lf C Li the index set of 1-tensor fields in (|1.6p with 1^ = 
on the factor S^S/^"^ RijkiV^cpi. We denote by C ii the index set of ^-tensor 
fields in (|1.6p with ;/ = 1 in the factor 5* V^'^^i^yfe; V^i. By our remark above, 
Lf[jLl = Li. 

We will prove the following: First, that there exists a linear combination of 
2-tensor fields (indexed in H' below), as required by Lemma Fl.Si such that: 

iSLf heH' 

(9.63) 

ieL[ jeJ 

Here J2i£L' ^^i^Y^ stands for a linear combination of acceptable /^-tensor fields 
in the form (|1.5p with a u-simple character Kgiinpj and in addition have v = I in 
the factor S^V'^'^'^ RijuiSI^4>i- The terms indexed in J are simply subsequent to 
Kgimp- The above holds modulo terms of length > a -\- u + 2. Thus, making the 
Vw into an Xdiv and replacing into (|1.6p . we may assume wlog that = 0. 
We then will prove that: 
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(9.64) 



(Here the terms indexed in L>i are the same terms appearing in (jl.6p : the terms 
indexed in H' are the same that appear in (j9.63p . Thus, making the Vu into an 
Xdi and replacing into (|1.6p . we may additionaly assume wlog that H[J H' — 0. 
Finally, under that additional assumption wc will show that: 

^ aiC'^^^V.^u = 0. (9.65) 
leLf 

Clearly, if we can show the above three equations, then our claim will follow. 

The proof of the above equation just relies on the trick that we introduced 
to prove (in [7]) the Lemma 5.1 in ^6^: 

Pick out the sublinear combination in (jl.6p with an (undifferentiated) fac- 
tor S,fRijki^'4'i- This sublinear combination must vanish separately, thus we 
derive: 



aiX^div,,&''' - X^div,,X^div,^ Y ahCg'^^^^ + ^ a^C^ = 0. (9.66) 
leLf heH jej 

Now, we denote by Ha C L>i the index set of 2-tensor fields in the above 
that contain a free index, say the index wlog, in the factor S'*i?ijfc; V'0i. 
We also formally replace the factor S^Riju by an expression VjwVfcCjVjy — 
VjUjViOjVky, thus deriving a new true equation. Denote the resulting tensor 
fields by C''*^ , Cg'^'^^^ . We then apply Lemma 5.1 in [6] to the resulting equation. 
We derive that: 



Y'^lC''''^^,v + X,dm, Y ahC^g'"'''V,,v^X,div,, ahC^g'"''^V,,v 
leLf heHa heH' 

(9.67) 

Here the terms indexed in H' are of the same form as the terms in the LHS, 
but have rank 2; furthermore, the free indices ij,i2 do not belong to any of the 
factors Vw, Vy. Now, by just formally replacing the expression V a^'^b^'^ cD by 
S*Ri{ab)c^^4>i (this gives a new true equation), we derive (|9.63p . (|9.64p follows 
by the exact same argument. (|9.65p follows by the same argument, the only dif- 
ference being that we now pick out the terms with a factor V dS^:Rijki'^^4'i s-nd 
replace them by an expression V^i^VjtjVfcajVjy — VdwVjOjVjojVfcj/. We then 



apply the Lemma 5.1 in |6]|^£j, and in the end formally replace each expression 



See the Appendix of [6] 
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V dijJ^ j^^^ k^^^ ly by a factor V(^dS*R'^jk)i^i<f>i- This proves (|9.65p . □ 



We now consider the special cases where the 1-tensor fields of maximal re- 
fined double character in (|1.6p have no removable free indices: 
The first special case: 

We start by observing that (by weight considerations) there can be no tensor 
fields of rank higher than 1 in (|1.6p . and that (T2 > 0. 

In this case, the claim of Lemma [1.31 is a straightforward application of the 
"generalized form" of Lemma 5.1 in [5]: Consider a factor SfRijM^^4>x in Ksimp- 
Wlog we asume that x = 1. By virtue of the assumption = 0, we know that 
this factor does not contain a free index for any of the tensor fields in (|1.6p . We 
pick out the sublinear combination of terms with an (undifferentiated) factor 
'S'*-Ryfei V*(/)i in (|1.6p . This sublinear combination must clearly vanish separately, 
thus we derive that: 



aiX^div,^ . . . X^div,^CY^-''^{Vli, . . . , rjp, 0i, . . . , 0„) 

'^"^^ (9.68) 
+ ^ajC^(f)i,...,l]p,(/.i,...,0„) = O. 

ieJ 

(Here X^^divi^ [■ ■ ■] stands for the sublinear combination in Xdivi^ [■ ■ ■] where 
the derivative is not allowed to hit the factor S^:RijkiV^4>i', notice that none 
of the free indices belong to S'*i?ijfcz V'^i). 

Now, let stand for the tensor field that formally arises from each 

^Mi - v |-,y replacing the factor 5',i?ij/c; V'0i by an expression VjwVfcwVzy — 
VjwViwVjj/. We perform this formal replacement to the terms in (I9.68p . and 
then we apply Lemma 5.1 in [6] to the resulting equation. We derive that: 

J2 aiCY'-'-{^li, ...,np,(bi,..., 0„)V,,u . . . V,^u = 0. 

Thus, formally replacing each expression VjwVfcwV;?/ by V'^i, we 

derive our claim in this remaining special case. □ 



10 Appendix: Proof of Lemmas 3.3, 3.4 in |[6|. 

Definitions related to Lemmas 3.3, 3.4 in [6j: In case A of Lemma [1.31 
we denote by L* C the index set of those tensor fields - (|i,6p for 

which some factor vi'^l.rA^x (for a single x, which we are free to define) has 
A — 2 and both indices n , r2 ^re free indices. 

Also, we define C to stand for the index set of those /i-tensor fields 
that have a free index (^^ say) belonging to a factor SsrRiju'^^i'h (without 
derivatives). 
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We now consider the sublinear combination indexed in in (|1.6p . We 
define L" C Ly^ to stand for the index set of (/i + l)-tensor fields with a factor 
S^RijU^^i'h with both indices free. 

The Lemmas proven in the present paper: After aU these definitions, 
we are prepared to re-state Lemmas 3.3, 3.4 in [^: 

Lemma 10.1 Assume hl.6\) . where the terms in the LHS of that equation have 
weigh —n, real length a, < & fa ctors Vi^i, V0', V0 and ai + ai curvature fac- 



tors V^^^i^ijfci, S'*V('')i?jjfei£!!l assume also that no ji-tensor field there has any 
special free indices. We claim that there is a linear combination of acceptable 
~\' 1) -tensor fields, ^^^p OpCg'*^ "*^^^ (ili, . . . , fip, ^i, . . . , (/)„) with a simple 



(10.1) 



character iisimp so that: 



J2 aiCY'-'^ i^i, rip, </-!,... , (bu)V,,v. . . V,^v+ 
J2 apXdiv.^^.CP''^ . . . , rip, (/.I, . . . , (/.„)VhW ■ • ■ V,^u = 

pGP 

fljCf -V (r!i, . . . , rip, (/.I, . . . , <j>u)V,,v. . . V,^v+ 

aiC'/'-'^' (rii, . . . , rip, (/.I, . . . , 0„)v,,u . . . v,^v, 

modulo complete contractions of length > a + u-\-fi+l. The tensor fields indexed 
in J on the right hand side are simply subsequent to Hsimp- The terms indexed 
in L' in the RHS are acceptable terms in the form il.5]) with a simple character 
Ksimp- They are not in the forms corresponding to tensor fields indexed in 

Lemma 10.2 Assume HI. 6]) with weight —n, real length a, $ factors V(/), V^', V0 
and (Ti + (72 factors V''™^^ Riju^ S^V'^'^'^ Riju! assume also that none of the fi- 
tensor fields have special free indices, and that IJ = ^- claim that 
there exists a linear combination of acceptable -\- 2) -tensor fields, 
Spep OpCg'*^ '''^^ (rii, . . . , rip, (^1, . . . , (^u) with simple character Kgimp, so that: 



-"^^^See the discussion on the induction in the introduction. 
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Y apXdtv,, . . . Xdtv,^^,CP/^-'-+^{ni,. 

^ajC^(17i, . . . ,np,(j)i, . . .,(j>u) 

+ Y aiXdm, . ..Xdm^^^,C'/'-'-+'ini, 

modulo complete contractions of length > a + u + 1. X^jej • ■ ■ stands for a linear 
combination of complete contractions that are simply subsequent to Ksimp- The 
terms indexed in L' in the RHS are acceptable terms in the form 111.5]) with a 
simple character Ksimp ■ They are not in the forms corresponding to tensor fields 
indexed in L" . 

Proof of Lemma \10.1[ We prove Lemma 110.11 by breaking it into two Lem- 
mas. In Lemma 110.31 below, we aim to "get rid" of the tensor fields indexed 
in I/* . (Recall that L* C Lfj_ stands for the index set of factors with two free 
indices belonging to a factor V^^^fix- 

With no loss of generality (up to re-labelling the functions flh) we may 
assume that x = I. 

Lemma 10.3 We claim that there is a linear combination of acceptable (fi+l)- 
tensor fields, ^ flpCg'*^ ' *"^^ (fii, . . . , fip, 0i, . . . , (/)„) so that: 



. . ,fip,0i, . . .,4>u)+ 

(10.2) 

. . . ,r2p,</)i, . . .,</)„), 



Y apXdiv,^^,CP/' (f^i, . . . , lip, (/-i, . . . , (/.„)V,,u . . . V, 

Y fljCf -V (Oi, . . . , l]p>i, . . . , 0„)V,,u . . . V^^v 

+ J2 ait's (^1. • • • , • • • , (f>u)y^^V. . . V,^V. 



leL 

where each - ^/jg JlJJS is acceptable in the form U.5\) with a u-simple 

character Kgimp has a factor V'-'^-'Sli with A > i. The complete contractions 
indexed in J are simply subsequent to K.simp- The above holds modulo complete 
contractions of length >ij + u + ^i+\. 

If we can show the above, then we will be reduced to showing Lemma llO. II 
under the assumption that L* = 0. 

Our next claim, which will "get rid" of the sublincar combination indexed 
in i+: In fact, we make a stronger claim: 
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Lem ma 10.4 Assume il.6]) where no ^-tensor fie ld th ere has special free in 



diceslf^ consider a given simple factor S"* V'^'^^iJ.yfe; l^fj Let C stand for 
the index set of tensor fields which contain exactly one free index in the selected 
factor S^.V^^'^ Rijki ■ We claim that there is a linear combination of acceptable 
(/X + l)-tensor fields, J2peP flpCg"'*^ ^^^^ (^i' • ■ ■ ' ^p; 4>i, ■ ■ ■ , 0u) so that: 



aiC'f [n^, . . . , rip, 01, . . .,(j^u)y^,v . . . V,^v+ 

apXdivi^^,CP-''-'^^+' (f^i, . . . , . . . , (/)„)V,,u . . . V,^v = (10.4) 

Clearly, if we can show the two Lemmas above, then Lemma 1 1 . 1 1 will follow. 
Now, Lemma [10.21 will also follow by two claims. Recall the definitions of the 
sets from the previous subsection. We then claim: 

Lemma 10.5 In the notation above, and under the assumption that = 0, 
we claim that there exists an acceptable linear combination of {fi + 2)-tensor 

fields, J2peP ape's ''^"'"^^(^^i, • • ■ i^pj 4'It ■ 4>u) so that: 



Y aiXdiv,, . . . Xdiv,^^^,C'/'-'-+^ (Hi, . . . , fip, 01, . . . , <t>u)+ 

J2 apXdiv,, . . . Xdtv,^^,CP/^-'-+^ (r!i, . . . , rip, 01, . . . , 0„) = 

. (10.5) 

2_^ajC'g{ni, . . . ,np,(j3i, . . . 

+ Y aiXdivi, . . . Xdivi^^,CY'-'^+^ (fii, . . . , fip, 01, . . . , 0„), 

modulo complete contractions of length > a + u+1. Here each (^''^i - v+i in the 
RHS is acceptable in the form j j.5)) . with a simple character Kgimp, cind has no 
factors S^Rijki with two free indices. 

Clearly, if we can show Lemma [10.51 then Lemma [10.21 will follow. 



10.1 Proof of Lemma [TCT 

Observe that by hypothesis /i > 2 in (|1.6p in this setting. We now prove our 
claim in all cases except for a "special subcase" , which will be treated at the end 

^^'^ Recall that a free index is called "special" if it occupies the position fe,; in a factor 
St V^'^'-Rijfc; or the position i,j,k,i in a factor V'^'-Rijfc;. 

-'^^'^ Recall that a factor St,^^"^ Rijiii is called "simple" when it is contracting against no factor 
V05j in the simple character Ksimp- 
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of this subsection. The "special subcase" is when /i = 2 and the terms indexed 
in iy* have the two free indices in a factor V^^^fJ^, and all other factors have 
no removable free indices r^^ We now prove our claim, assming that (|1.6p does 



not fall under the "special subcase" . 



Wlog, by just re- naming factors, let us assume that h = 1. (So the two free 
indices belong to the factor V'^^f^i). 

We then let Y^^^QaqC^{Qi, . . . ,Qp,4>i, . . . ,4>u,4>u+i) stand for a generic 
linear combination of complete contractions (not necessarily acceptable) with 
length (7 + u + 1 and a factor V0„+i, contracting against a factor V'-'^^ili with 
A>2. 

We also denote by X^cec "cC^''' ' '" (^^i, • ■ • , ^^p, (/-i, • ■ • , 0u, 0ti+i) a generic 
linear combination of tensor fields with a u-simple character Ksimp, with pre- 
cisely one un-acceptable factor Vflx, contracting against a factor Vt/fu+i and 
a > ji. Finally, we let X^jej '^fig(P-i^ ■ • • j <^i, • ■ ■ , 4>u+i) stand for a lin- 
ear combination of contractions with length a + u+ \ and simply subsequent to 

We make Fi — S/^^^fli the selected factor and consider the equation 
Image^^^^[Lg] — 0, see equation (j6.26p . Note: By the discussion regarding 
the derivation of the super divergece formula above, this equation can always be 
applied to the equation Lg — 0-we do not need any assumptions regarding the 
sublinear combinations indexed in i* , etc. By our choice of selected factor, 
all contractions in /mage^'"^ jLg] will contain at least a + u + 1 factors. For 
each ^ £ L* we denote by F2, . ■ .F^j the real factors other than Fi — V^'^'fJi. 
We thus derive: 



aiXdiv,, . . . Xdiv^^Xdiv,, c^M:3...».,fc(n)(f^2, . . . , lip, <^i, . . . , (j)u) 
leL'^ k=2 

V^^riiVji (/)„+! -I- Y, acXdivi^ . . . X divi^Cg''^ {^1, . . . ,^}p, . . . , 0„+i) 

cSC 

^^O'j'^li^i^ . . . ,rjp,(/)i, . . . ,(j)u,<i)u+i) = 0, 

(10.6) 

modulo complete contractions of length > a + u + 2. Here each tensor field 
^i^i3...i^,k(i*) g^j.jggg fpQj^ ^Mi...v erasing the factor Fi — V-^]^rii and hit- 
ting the k^^ factor Fk by a derivative index Vi, . In the above equation we 
pick out the sublinear combination of contractions containing an expression 
VifiiV* </)„+!. This sublinear combination must vanish separately, since (|10.6p 

-"^^^See definition 4.1 in [6]. Notice that by weight considerations, if this is true of one term 
in L* then it will be true of all of them. 
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holds formally. Denote the resulting true equation by Sg — 0. Now, we formally 
erase the expression Vir2iV'0„+i in Sg, and we obtain a new true equation: 

cr-l 

aiXdm, . . . Xdm^Xdiv,, Cl''^-^^'M^,'>{n2, . . . , fip, 01, . . . 

(GL* k=l 

+ arXdiv,, . . . xdiv.^c/'-'- {n^, ...,np,(j)T_,..., 

cec 

Yo.jC^gi^2, ... ,rJp,(^l, ...,(/'„) = 0, 

(10.7) 

which holds modulo complete contractions of length > a + u. Here C"^ " has 
arisen from the previous equation by just erasing the expression V^rii V^^u+i. 
We denote by K^i^np the (u — l)-simple character of those complete contractions. 
The contractions C'^ in this setting have at least one factor V0h, h £ Def{Ksimp) 
contracting against a derivative index. 

Now, we prove Lemma ri0.3l in pieces. Consider the //-tensor fields in L* . We 
subdivide L* into subsets L*^^,z & Z so that two tensor fields (^'i^^i - v^ C''2,n...v 
with the same refined double character Kref-doub ^^^^ be indexed in the same 
index set i*'^. We let Z^jax C Z stand for the index sets corresponding to the 
maximal refined double characters. Suppose M{> 1) is the maximum number of 
free indices that can appear in a given factor Fd ^ F\ among all the tensor fields 
indexed in L* . Then, by the definition on the maximal refined double character 
in [6], M will also be the maximum number of free indices that can appear in a 
given factor among all the tensor fields indexed in U^gZa/ ^*tf' ■ denote by 
CMt(/c)^gj_^^„^ the refined double character that formally arises from Kref-doub 

(2) 

by erasing the entry that corresponds to V-J^f^i. Now, among all the factors 
Fd, d / 1 in all the tensor fields indexed in [J^^Zm -^m^ ^^^^ have M free in- 
dices, we pick out one (or a category of generic factors V^^^^ Rijki) canonically, 
using the same method that was used to choose the critical factor in [5]. We 
call that (set of) factors the (set of) a-factor(s). We index in Z'j^^^ C ZMax the 
set of maximal refined double characters f^ref-doub^ ^ ZMax that have M free 
indices in the (an) a- factor. Now, for each z G ^Ma^j we denote by i^lef-doub 
the refined double character that arises from cut{L)*^'^ by formally adding a 
(derivative) free index Vi, onto the (one of the) Q!-factor(s). 

We consider (I10.7P and we observe that the maximal refined double char- 
acters among the tensor fields in Erase[ (|10.7p ] will be K,ref-doub- Now, assume 
with no loss of generality that the Q!-factor(s) is (are) F2 {F2, ■ ■ ■ , Fd). Then, in 
(|10.7p the (/i — l)-tensor fields with {M + 1) free indices on the (one of the) a- 
factor(s) will be precisely the sublinear combination in the first line with k = 2 
(or k = 2, . . . , d). Therefore, applying our inductive assumption of Proposition 
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we derive that for each z G -^Max there is a hnear combination of ac- 
ceptable /i-tensor fields with a (/i — l)-refined double character i*'^, indexed in 
P below so that: 



J2aiY, cl'^'-'^'^^'^Hn^, . . . , rip, 01, . . . , (/.„)v,3u . . . v,,v+ 

leL^ k=i 



^ajC^(r22, . . . ,np,(/'i 



Now, in the case /it > 2, we prove our claim by our standard formal manip- 
ulation of the above equation: In that case, we identify in each of the contrac- 
tions above the one factor that is contracting against the most factors Vw-it 
will be the a-factor which will be contracting against M -|- 1 > 2 factors Vv. 
Then, we erase one of the factors Vv that is contracting against the a-factor 
(thus obtaining a n ew true equation) and we multiply the new true equation by 
V ijiliV^vV^ v)^2^ This further true equation is precisely the claim of Lemma 
110.31 (when /i > 2). In t he ca se, fi — 2, we first apply Lemma 4.6 or Corollary 



2 or Corollary 3 from |6] P^^I to ensure that for the terms indexed in P above, 
the (unique) factor contracts against a derivative index, and if it contracts 
against a factor V^^-'Jlj, then B > 3. With this extra restriction, we repeat the 
argument above and derive our claim. □ 

Proof of Lemma \lU.S\ in the "special subcases" : Let us write out: 

(In other words, we "factor out" the term V; ; fii which contains the two free 
indices); we are then left with a complete contraction. 

Now, we apply the "inverse integration by parts" technique which was intro- 
duced in section 3 in j7j , and then apply the "silly diver genc e formula" , obtained 



by integrating by parts with respect to the function fiil^fj Pick out the sublin- 
ear combination of terms with length a + u, with no internal contractions and 
with u factors Vc/ift,. The resulting equation will be in the form: 



Since all the tensor fields of minimum rank in 1 110.71 have all free indices being non-special, 
there is no danger of falling under a "forbidden case" of that Proposition. 

Since > 2 it follows that M + 1 > 1; thus since all factors Vw contract against non- 
special indices, at least one of the M + 1 factors SJv will be a derivative index, hence the 
Eraser can be applied. 

igirpj^g fact that we are not dealing with the "special subcase" ensures that l|10.8|l does not 
fall under a "forbidden case" of any of those Lemmas, by weight considerations. 
Refer to section 3 in ,7] for a detailed description of these operations. 
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ni ■ J2 aySpread^'-^'{Sprea(f^'^'[Cl]} = 0. 

(Recall that Spread^^ stands for a formal operation that acts on complete 
contractions in the form (jl.Sp by hitting two different factors by derivatives 
V*, Vt that contract against each other, and then adding over all the terms we 
can thus obtain). 

Now, since the above holds formally, we derive that: 

(2') 

Multiplying the above by V^'^fJiV^iuV" u, we derive our claim in the special 
subcase. □ 

10.2 Proof of Lemmas [ina and [inm 

Notation: Firstly, we denote by L'^ C the index set of the /i-tensor fields in- 
dexed in i^, for which the special factor S^V^^'' Rijki has the index i contracting 
against a factor and contains exactly one (non-special) free index. We will 
also denote by L the index set of the (/i -t- l)-tensor fields in (|1.6p which have 
two free indices in the expression S^V'^'''^ RijkiV^cjiu, one of which is special-we 
assume wlog that the special free index is k = ■ 

Lemma 10.6 In the notation above, we claim that there exists a linear combi- 
nation of {iJ,+ 1) -tensor fields, with a u-simple character Kgimp o,nd with certain 
additional properties explained below il0.9\) so that: 



aiC'g'' -'-{n^, . . . , rip, 01, . . . , (/.„)V,,u . . . V,^v+ 
aiXdiv,^^,C'^''-^-+' (f^i, . . . , 01, . . . , 0„)V,,u . . . V^^v- 

(10.9) 

Xdiv^^^, Y apCP/'-'-+' (f^i, . . . , 01, . . . , 0„)V.,u . . . V.^z; = 
peP 

J2 ajCf (17i, . . . , 01, . . . , 0„)V,,z; . . . V,,.u. 

The additional properties of the tensor fields indexed in P are as follows: Firstly 
only the index among the above free indices , . . . , belongs to the (special) 
factor S^^V'"''^ Rijki'^^4>y, and secondly if i^^^ does belong to the above factor 
then p > 0. 

We observe that if we can prove the above then by making the \/vs into 
Xdivs (by virtue of the last Lemma in the Appendix of [3]) we can derive both 
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Lemma [10. 4[ and Lemma [10.51 in case B. 



Proof of Lemma 1 1 0. 6V 

Definition 10.1 We denote by Cut^Ksimp) the {u — l)-simple character that 
formally arises from Kgimp by replacing the expression S^:V'^p^ Rijki'^''4'v by a 
factor v(''+2)r (Y is treated as a function flp-f-i). 

We then denote by 1"^ ^/jg tensor fields that arises from C^'^i-V i,y 

replacing the expression S^v\P}...rpRijki'^^4>i' by a factor '^''r^'^rpjk^'^i4>v- We 
also denote by - tensor field that arises from - formally 

replacing the expession 5** Vr^ ..rp-Rijfei by -V|,'^^^^|^^;FVfe(?!)i.. 

Analogously, for each I ^ L we denote by (^^'^i - ^j^+iI^ tensor field that 
arises from by by replacing the expression S^:Vill..rpRijki'^''4'L' by v[^^'^''^^j,y V;0i 
(i is not a free index). We also denote by (^^^^i ^/jg tensor field that arises 

from Cg'*'" '^ by replacing the factor 5* V^^..rpi?y7ci by -V^';'^^^^^^.,yVfe0t. 
(now k is the free index 

A note is in order: When we refer to the tensor field (^^^^^i - v+il-^ j^gj^-^ g^j^j^ 
we write Xdivi^^^-^Cg^^'"^'^^^^"^ , X'divi^j^-^ will stand for the sublinear combina- 
tion in Xdivi , , where V*^'+i is not allowed to hit the factor V^^^Y . Further- 

more, when we write Xdiui^^jCg*^ "'^'^^'^ below, X'divi^j^-^ will stand for the 
regular Xdivi but we will "forget" this structure-i.e. we will treat as a sum 
of /i-tensor fields. 

We will now denote by 

^ a„Cg^*i---'"(f7i, . . . ,l]p,y, ^1, ...,(j)u) 

ueu 

a generic linear combination of a-tensor fields (a > /x+l) with length a+u, with 
the factor V(/),y not contracting against the factor V^'^-'F and not containing a 
free index. 

Now, considering the sublinear combination in /TOagey[ig](= 0) which con- 
sists of terms where the factor S^^V^p^ Rijki^^(f>^, is replaced by ^'^p+^^Y and 
V(/)y is not contracting against \/'-p+^^Y, we derive a new true equation: 
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^ aiXdiv,, . . . xdiv,^{c'/'-'-\^{nu . . . , i]p, r, 01, . . . , 0„) 

leL-\J(L^\L-) 

leL" 

auXdm, . . . xdm^c^'^'-'^ (f^i, rip, r, 01, 

ueu 

5]a,q(f}i,...,fip,y,0i,...,0„) =0; 

(10.10) 

here the terms indexed in J are simply subsequent to the simple character 

We then apply the inductive assumption of Lemma 4.10 in [Bj^^'^l to the 
above, and pick out the sublinear combination of terms where one factor is 
contracting against the factor Sj'^^^Y and the other /i— 1 factors Vv are contract- 
ing against other factors. This sublinear combination must vanish separately, 
thus we derive a new equation: 



^ a,{C^^^-vl^(f]i,...,r!p,y,0i,...,0„) 

+ c^^*^-*-i^(i^i, . . . , i^p, r, 01, . . . , 0„)}v,,u . . . v,^v+ 

aiXdiv,^^,{C'g''-''^'^^{^i. . . . , f^p, 01, . . . , 00 
'^^^^^ (10.11) 

+ c^'^^-^-+^i^(f^i, . . . , rip, y, 01, . . . , 0„)}v,,u . . . v,^w+ 

^ a„Mw,^^,Cg"'^i-^-+i (ril, . . . , rip, y, 01, . . . , 0„)V,,z; . . . V,^u+ 

Y ajCiinu . . . , rip, r, 01, . . . , 0„, u'^) = o. 

(Here the tensor fields indexed in U are generic acceptable (/i + l)-tensor fields 
with a M-simple character Cui(Ksimp)~the free index i^^^-^ does not belong to the 
factor V0y). 

Now, we define an operation Op[. . . ] which acts on the tensor fields above by 
replacing the expression v[f ^.rs^ V''^uVq0i, by an expression Vrf.!'!^^i_iarB0i/V''^ v 

^^^Notice that some tensor fields of minimum rank ^ in l|10.10| l. i.e. the ones indexed in 
L" , will have only non-special free indices, therefore there is no danger of falling under a 
"forbidden case" of that Lemma. 
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(denote the {u — l)-siinple character that we thus construct by Cut' {Ksimp)-tiie 
factor V^^Vu+i is treated as a factor V(^)Op+i). Since (110. holds formally, 
we derive: 

ai{Op[cfg'^ -'-\^{ni, . . . , . . . , 0„) 

+ Op[c]^'^--'-i^(f}i, . . . , rip, r, 01, . . . , 0„)}v,,u . . . v,^v+ 
J2 aiXdiv,^^,{Op[cyg''-'-^'^^{ni, . . . , rip, y, 01, . . . , 0„) 

ZGi" 

+ Op[c]^^'-v+ii^(rii, . . . , rip, r, 01, . . . , 0„)}v,,u . . . v,^u+ 

^ a„M«,^^,Op[C]^'*i-*-+n^^i, . . . , rip, y, 01, . . . , 0„)V,,i; . . . V,^v+ 
ueu' 

ajOp[c]i{n,, . . . , rip, y, 01, . . . , 0„, i;^) = 

^a,C|(rii,...,rip,y,0i,...,0„,t;'^); 

(10.12) 

here the tensor fields indexed in Z on the RHS have length a + u + n (as opposed 
to all the terms in the LHS which have length a + u — 1 + fi), and in addition 
have a factor S7^^^(t)u+i with A > 2. The correction terms arise by repeating 
the formal permutations by which the LHS is made formally zero by the LHS 
of (|10.12p . The claim A > 2 follows because the rightmost two indices in each 
factor will not be permuted. 

Now, we observe that for each I G L'^: 

{Op[c]^^'-vi^(rii, . . . , rip, y, 01, . . . , 0„) + Op[c]^^'->i^(rii, . . . , rip, 

y, 01, . . . , 0„)}v,,w . . . v,^w = cl-''-''^{ni, . . . , i]p, 01, . . . , 0„)v,,t' . . . v,^u+ 

^a,c|(rii,...,rip,y,0i,...,0„,^;^), 

(10.13) 

(where the terms indexed in Z are generic complete contractions as defined 
above). Analogously, we derive that for each I £ L : 

x~dzv,^_^, {Op[c];,'*-v+ii-4(rii, . . . , rip, y, 01, . . . , 0„)v,, . . . v,^u+ 
Op[qMi...v+iiB(Oi, . . . , rip, y, 01, . . . , 0„)}v,, . . . v^^v = 
xdiv,^^^,cl''' (rii, . . . , rip, 01, . . . , 0„)v.,u . . . v,^v+ (10-14) 
^a,q(f]i,...,rip,y,0i,...,0„,z;^). 
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We then substitute the above two equations into (|10.1ip and we obtain a 
new equation: 

^ aiCl^^'-'- . . . , 01, . . . , 0„)V,,u . . . V,^v+ 

aiXdm^^,&g''^-'-+^ (17i, . . . , l]p, 01, . . . , 0„)V,,f . . . V,^u = 

Y azC|(f}i, . . . , fip, y, 01, . . . , 0„, u^), 

(10.15) 

(denote the (u — 1 + /x)-simple character o the tensor fields in the LHS of the 
above by Ext[Ksimp] (the factors Vu are now treated as factors V0/i). 

We now derive our claim from (jl0.15[) via an induction: We inductively 
assume an equation: 

Y ttuXdiv,^^^ . . . Xdivi^^,C^''^---'''+' (f^i, . . . , lip, 0^, 0i, . . . , 0^, . . . , 0„)Vi,-i; 

J2 auXdtv,^^,Cl''^-'-+H^i, 

^a,q(f}i,...,r!p,r,0i,...,0„,t;^). 
zez 

(10.16) 

Here the tensor fields indexed in are like the ones indexed in U in (|10.15p (in 
particular they have a factor Vy^Ly^Y'^^'^v with A > 3) but in addition have 
rank 6 > (thus (|10.15p is a special case of (|10.16p with 6 = 1). Furthermore, 
the tensor fields indexed in P are as described in the claim of Lemma 110.61 

Using the generic notation introduced above, we will then show (using generic 
notation in the first line below) that we can write: 



■ ■ . , 0n)VjiU . . . Vi^U + 

. . . , rip, 01, . . . , 0,JV,iU . . . V,^V+ 

. . . ,fip, 01, . . . ,0t,)VjiU. . . Vj^U = 
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Vi^v. . . Vi^v + ^ ajCl{VLi, . . . , rip, 0^., 01, . . . , 01,, . . . , (j)u,v'^)+ 
J2 ai&g'^-''^ (f^i, . . . , 01, . . . , 0„)V,,z; . . . V^^v+ 

J2 auX~div,^^,CY'-''^+' (f^i, . . . , 01, . . . , 4>u)y^^V. . . V,^U + 

^ apM,;,^^,CP^^--*-+^ (f]i, . . . , 01, . . . , 0„)V.,u . . . V,^^; = 

^a,q(f}i,...,r!p,r,0i,...,0„,u''). 

(10.17) 

If we can prove the above, then by iterative repetition we derive our claim. 

Proof of {lU.n\l : We treat the factors Vu as factors V0;i, h > u (this can be 
done easily by a simple polarization). We then notice that (jl0.16p immediately 
implies: 

^ OuXdiv,^^^ . ..Xdm^^^,C^'''--''''+^{ni, . . . ,rjp, 0^,01, . . . ,01,, . . . ,0„) 

V^^V .. .Vi^V + ^ajCl{fli, . . . ,r2p, 0^,01, . . . ,01., . . .,(j)u,V^') = 0, 

(10.18) 

modulo complete contractions of length > a + u + ii. 

Therefore, we apply our inductive assumption of Corollary 1 in f5] to the 
above, or if the above falls under a forbidden case of Corollary 1, we then apply 
the "weak substitute" of that Corollary from the Appenix in [5] . (Notice that if 
the terms in contain "forbidden tensor fields" for Corollary 1, then necessarily 
by construction 6 > 1). We derive that there exists a linear combination of 
acceptable tensor fields with a (w — 1 + /i)-simple character Ext[Ksimp] and with 
rank S + 1 (indexed in U^^^ below) so that modulo complete contractions of 
length a + u + fj, + S: 
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a„C'g''''"'''+''(Oi, . . . , fip, (^1., 01, . . . , 0,., . . . , 0„)V.iiU . . . Vj^^v 

Vj^+l^ • • • - Xd,iVi^_^,^, ^ flaCg '''■■■'^+' + ' (f^ i , . . . , lip, , , . . . , (^,., . 

(10.19) 

Now, since the above holds formally at the linearized level, it follows that 
the correction terms of length will be in the form 

J2 apC^'''-'^+'V,,v. . . V,,.^;V,,.+,w . . . V^^^.cu + E ' ' ' + E ' ' ' 
psP jeJ zez 

Then, making the factors Vcj into Xdiv^s, by virtue of the last Lemma in the 
Appendix of _3], we derive our claim. □ 
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